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a b s t r a c t

The equation of motion of curved beams is derived in polar coordinate system which
represents exactly the geometry of the beam. The displacements of the beam in radial
and circumferential directions are expressed by assuming Bernoulli–Euler’s theory. The
nonlinear strain–displacement relations are obtained from the Green–Lagrange strain
tensor written in cylindrical coordinate system, but only the components related with
radial and circumferential displacements are used. The equation of motion is derived by
the principle of virtual work and it is discretized into a system of ordinary differential
equations by Ritz method. Static analysis is performed in parametrical domain, assuming
themagnitude of the applied force as parameter, and stability of the solution is determined.
The nonlinear system of equations is solved by Newton–Raphson’s method. Prediction for
the next point from the force–displacement curve is defined by the arc-length continuation
method. Bifurcation points are found and the corresponding secondary branches with the
deformed shapes are obtained and presented.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Curved beams are structural elements with variety of applications among engineering constructions. Curved beams have
application inmodern bridges, they are also used in the design of light-weight roof structures or in composite components of
engineering structures, like helicopter blades or wind turbine blades. The increasing use of curved beams demands accurate
mathematical models to perform their analysis and to understand their behavior.

The most popular approach for modeling curved structures is by the finite element method. Majority of the research is
based on straight beam elements. This approach is sufficiently accurate for slender curved beams, for which the product of
the initial curvature and the height of the beam is much smaller than unity. When this product is not small, the strains of
curved beams are much different than the strains of straight beams [1]. The circumferential strain varies linearly with the
distance from the center of the cross section for straight beams, but does not vary linearly for curved beams. Thus, additional
considerations should be taken into account for achieving better mathematical models of curved beams.

Someof themost commonmodels of curved beams in the literature are shortly referenced here. The differential equations
of elastic, curved beams with un-symmetric axes were derived in Cartesian coordinates in [2] and free vibrations were
analyzed. The authors extended the derived beam model by including the effects of axial extension, shear deformation,
and rotatory inertia [3]. Linear static analysis of orthotropic functionally graded curved beams was performed in [4]. The
equilibrium equations were derived in polar coordinate system. Buckling of curved beams was analyzed in [5]. The authors
used transformation from curvilinear coordinate to local coordinate for representing the curvature of the beam.

A hierarchical finite element for curved thick beams was developed in [6]. Geometrical nonlinearity was included in the
model and nonlinear vibrations were investigated in time domain. A co-rotational finite element formulation for modeling
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Fig. 1. Geometry of curved beam in polar coordinate system.

curved beams by assuming Bernoulli–Euler’s theory was developed in [7]. The deformational nodal forces were derived by
consistent linearization of the geometrically nonlinear beam theory.

Three-dimensional displacement components of curved beams were derived in cylindrical coordinate system in [8]. The
authors considered torsion and warping deformations of the cross section, and investigated linear static behavior of the
beam with different cross sections. Thermo-elastic vibrations of curved beams were analyzed in [9]. The influence of the
temperature and ratio of curvature were investigated and periodic and non-periodic vibrations were found. Free and forced
vibrations of curved nanobeamswere investigated by nonlocal elasticity beam theory [10]. The effects of several parameters
like thickness ratio, beam length, curvature of the beam on the dynamic response were investigated. Mixed finite element
for curved beams was developed in [11] based on geometrically exact beam theory. More recent works on development and
analysis of curved beams can be found, for example in [12–17].

In the current work, the equilibrium equation of curved beam is derived in polar coordinate system. This approach
allows one to model exactly the initial curvature of the beam. Bernoulli–Euler hypothesis for thin beams is expressed in
polar coordinate system. Geometrical type of nonlinearity is included in the model, hence the curved beam is suitable
for large displacements. The equation of motion is derived by the principle of virtual work. The Ritz method is used
for space discretization. Hierarchical higher order polynomial functions are used as shape functions for achieving better
approximations of the displacement components. The derived beammodel is validated by three-dimensional finite elements.
Static deformations are analyses and the nonlinear algebraic system of equation is solved by Newton–Raphson’s method.
Prediction for the next point from the force–displacement curve is defined by the arc-length continuation method. The
magnitude of the applied static load is assumed as parameter. Buckling, loss of stability and secondary branches are found,
presented and analyzed.

2. Derivation of the equation of motion

A curved beamwith rectangular cross section is considered (Fig. 1), where l is the length of the beam, b is the width and h
is the thickness. R represents the radius of the arch. The material of the beam is assumed to be isotropic, homogeneous and
elastic. r and θ are the polar coordinates in radial and circumferential directions, respectively, r ∈

[
R −

h
2 , . . . , R +

h
2

]
and

θ ∈
[
−

l
2R , . . . ,

l
2R

]
.

The equation of motion is derived in polar coordinate system. The polar coordinate system is preferred for accurately
representing the initial geometry of the beam. The displacements of the beam in radial and circumferential directions
are expressed by the displacements on the middle line. Bernoulli–Euler’s hypothesis is applied here for deriving the
displacement components. It is assumed that the cross section does not deform and cross sections perpendicular to the
middle line before deformation remain perpendicular to the middle line after deformation. The angle of rotation of the cross
section is expressed by the derivative of the radial displacement on the middle line (Fig. 2).

Taking into account this assumption, the following expression for the displacement components is obtained [8]:

ur (r, θ, t) = u0
r (θ, t) ,

uθ (r, θ, t) =
r
R
u0

θ (θ, t) +

(
1 −

r
R

) ∂u0
r (θ, t)
∂θ

,
(1)

where ur denotes the radial displacement of the beam, uθ is the circumferential displacement of the beam, u0
r and u0

θ are the
radial and circumferential displacements on the middle line, i.e. r = R.

The nonlinear strain–displacement relations are derived from Green–Lagrange strain tensor expressed in cylindrical
coordinate system, but using only the components related with radial and circumferential displacements. Assuming that
uθ ≪ ur , the following expression for the circumferential strain is obtained [18]:

εθ =
ur

r
+

1
r

∂uθ

∂θ
+

1
2

(
1
r

∂ur

∂θ

)2

+
1
2

(ur

r

)2
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Fig. 2. Deformation of curved beam in polar coordinate systems by assuming Bernoulli–Euler’s hypothesis. (a) Beam configuration before deformation,
(b) beam after deformation.

From the displacement field (1), it can be verified that the shear strain γrθ , which is given by the expression [18]:

γrθ =
1
r

∂ur

∂θ
+

∂uθ

∂r
−

uθ

r
= 0, (3)

vanishes, which confirms that the displacement components satisfy Bernoulli–Euler’s condition for zero shear strain. Hence,
the only significant strain for the curved beam is the circumferential strain εθ .

A simplified form of Hooke’s law is used to express the circumferential stress:

σθ = Eεθ , (4)

where E is the Young modulus of the material.
The equation of motion is derived by the principle of virtual work and discretized into a system of ordinary differential

equations by the Ritz method. Accuracy is achieved by including higher order polynomials in the finite-dimensional
subspace. This kind of discretization is widely known among engineers as p-version of the finite element method. The
displacement components on the middle line are expressed by shape functions and generalized coordinates in a local
coordinate system:{

u0
r (ξ , t)

u0
θ (ξ , t)

}
=

[
Nr(ξ)T 0

0 Nθ(ξ)T

]{
qr (t)
qθ (t)

}
, (5)

where Nr (ξ) and Nθ (ξ) are vectors of shape functions and qr (t) and qθ (t) are the unknown vectors of generalized
coordinates which depend on time t. ξ ∈ [−1, . . . , 1] is the local coordinate, which has the following relation with the
circumferential coordinate ξ =

2R
l θ .

The shape functionsmust satisfy the geometric boundary conditions. In thiswork, clamped-clamped boundary conditions
are assumed, thus:

u0
r (ξ , t) = 0,

∂u0
r (ξ , t)
∂ξ

= 0,

u0
θ (ξ , t) = 0.

for ξ = ±1. (6)

The sets of shape functions used in previous works [19,20] are implemented here.
The equation of motion is derived by the principle of virtual work:

δWV + δWin + δWE = 0, (7)

whereWV , Win and WE are the virtual work of internal, inertia and external forces due to a virtual displacement δd:

δd =

{
δur
δuθ

}
. (8)

The variations of the work of internal, inertia and external forces are defined as:

δWV = −

∫
V

δεθσθdV ,

δWin = −

∫
V

ρδdTd̈dV , (9)

δWE =

∫
V

δdT
0f0dV ,
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where d̈ is the acceleration vector of a point of the beam, d0 is the vector of displacement components on the middle line, ρ
is the density of the beam, f0 represents external forces applied on the middle line.

By substituting Eq. (9) into (7), the following nonlinear system of ordinary differential equations is obtained:

Mq̈ (t) + K (q (t)) q (t) = f (t) (10)

where M represents the mass matrix, which results from the inertia forces, K (q (t)) represents the stiffness matrix which
depends on the vector of generalized coordinates q (t). f (t) is the vector of generalized external forces. The structure of the
mass and stiffness matrices is given in details in Appendix.

3. Numerical methods for static analysis

The equilibrium equation under the influence of static loads has the following form:

K (q) q = af, (11)

where a is the load parameter and the vector of generalized coordinates q does not depend on time. The magnitude of the
static force is assumed as parameter and the algebraic system (11) is solved by Newton–Raphson’s method. Prediction for
the next point in the parametric domain is defined by the arc-length continuation method [21].

Eq. (11) can be written in the following form:

g (q, a) = 0 (12)

where

g (q, a) = K (q) q − af, g : Rn+1
→ Rn (13)

The arc-length continuationmethod is predictor–corrector method where one follows a branch of solutions. Themethod
is suitable to pass turning points (saddle–node bifurcation points) and by additional computations allows one to investigate
the stability of the solution, to determine bifurcation points and to follow secondary branches.

Stability of the solution is determined by computing the eigenvalues of the Jacobian of (12). Suppose that (q0, a0) is
solution of (12) and the Jacobian is defined by:

J =
∂g
∂q

(q0, a0) (14)

The stability is determined by the real parts of the eigenvalues µi of the evaluated Jacobian at the solution (q0, a0) in the
following way [22]:

Re (µi) < 0 for all i implies asymptotic stability,
Re (µk) > 0 for one or more k implies instability.
Bifurcation points are determined taking into account that in the q − a state space, the point (q0, a0) is bifurcation point

if the following conditions are satisfied:

g (q0, a0) = 0
∂g
∂q

(q0, a0) = 0 (15)

The first equation ensures that the point (q0, a0) is solution of the equilibrium equation, and the second equation ensures
that this point is a nonhyperbolic fixed point [22].

The conditions (15) include the so called saddle–node bifurcation points, from which there is no secondary branch of
solutions. The saddle–node bifurcation points are also known as folds, or turning points.

Secondary branches are computed from the solution where bifurcation point (but not turning point) is found. By the
implicit function theorem, in a neighborhood of the bifurcation point, the equilibrium equation has more than one solution.
At the bifurcation point, at least one eigenvalue of the Jacobian has zero real part. The corresponding eigenvector is used
to determine the direction of the predictor in the continuation method. In this way, the corrector step ensures that new
solution belong to the secondary branch of solutions.

4. Validation of the model

The model is validated by comparing the natural frequencies and static displacements of equivalent curved beam
structure discretized with three-dimensional finite elements. The material of the beam is assumed to be aluminium with
the following properties: E = 70 GPa, ρ = 2778kg/m3, ν = 0.34. The length of the beam is considered to be l = 0.58 m, the
width b = 0.02m, the thickness h = 0.002m, and different curvature of the beamare assumed. Clamped-clamped boundary
conditions are considered. 15 shape functions are used for each displacement component, i.e. the degrees of freedom are 30.

The natural frequencies are comparedwith results obtained by finite element software Elmer [23]. Elmer is finite element
software which employs three-dimensional finite elements for the nonlinear equation of elasticity. The three-dimensional



S. Stoykov / Journal of Computational and Applied Mathematics 340 (2018) 653–663 657

Table 1
Natural frequencies (rad/s) of semi-circular arc beam with clamped-clamped boundary conditions.

Mode Elmer Beam model 20 DOF Beam model 30 DOF Diff. between
Elmer and beam 20 DOF %

Diff. between
Elmer and beam 30 DOF %

1 375.74 372.80 372.80 0.79 0.79
2 826.23 820.58 820.57 0.69 0.69
3 1534.04 1527.86 1523.73 0.41 0.68
4 2355.01 2361.84 2339.54 0.28 0.66
5 3406.12 3889.47 3383.14 14.18 0.68
6 4575.50 5701.99 4550.50 24.61 0.56

Table 2
Static displacements of curved beam with R = 5 m. Comparison of the
current beam model with Elmer.

Force [N] Elmer [m] Beam model [m] Diff. %

−5 −8.150E−04 −8.155E−04 0.06
−8.6 −2.740E−03 −2.795E−03 1.99
−8.7 −1.312E−02 −1.317E−02 0.38
−10 −1.342E−02 −1.347E−02 0.37
−20 −1.484E−02 −1.488E−02 0.21
−30 −1.570E−02 −1.571E−02 0.11
−40 −1.633E−02 −1.634E−02 0.03
−50 −1.686E−02 −1.685E−02 0.04

equation of elasticity does not consider any simplifications, like the Bernoulli–Euler hypothesis, or it does not neglect any
of the nonlinear terms. Thus, the comparison of the beammodel with the three-dimensional equation of elasticity presents
reliable validation of the model. Convergence with the size of the mesh is performed for guaranteeing accurate results.

A fine mesh of quadratic tetrahedrons is generated by Gmsh [24]. The resulting system has about 1.8 million DOF.
The resulting large-scale system is solved on parallel processors using Mumps library (MUltifrontal Massively Parallel
Solver) [25]. It was verified, by reducing the size of the tetrahedrons, that the results obtained by the large-scale model
are converged.

The natural frequencies of semi-circular arc are given in Table 1. The results confirm that accurate results are achieved
by the derived beam model in polar coordinate system. The natural modes of vibration are shown in Fig. 3.

Further to validate the curved beam model, including the geometrically nonlinear terms, a static force is applied on
the middle of the beam in direction to the center of the polar coordinate system. A beam with R = 5 m and the same
material and geometrical properties is considered. The magnitude of the static force is considered as parameter, and the
nonlinear algebraic equation of equilibrium is solved in parametric domain by Newton–Raphson’s method and by the arc-
length continuation method. For certain values of the load parameter, the displacement in radial direction is computed
by the three-dimensional beam structure and Elmer software. The results are presented in Table 2 and the corresponding
force–displacement curve is shown in Fig. 4. The deformed beam structure is presented in Fig. 5, obtained by the current
beam model and Elmer.

The results confirm that the derived nonlinear beam model in polar coordinate system gives very close results to the
three-dimensional elasticity equation of equilibriumapplied to equivalent curved beam structure. Furthermore, the buckling
of the curved beam, which becomes for static forces between −8.6 and −8.7 N is successfully modeled. The Elmer software
does not provide parametric analysis, thus the results were compared for certain fixed values of the static force.

5. Static analysis of curved beams

Curved beams with different radius of the arch are compared and investigated. Static force with uniformly distributed
load is applied on the beam in radial direction. The magnitude of the force is assumed as parameter and the results are
presented in force–displacement diagrams. The aim of the analysis is to investigate the influence of the applied force on
the displacements of the beam, to determine the critical values where buckling appears, to determine bifurcation points,
stability of the equilibrium solution and to find the secondary branches of solutions. Furthermore, the aim is to investigate
the influence of the radius of the arch on the displacements of the beam.

Curved beams with fixed length l = 0.58 m are investigated. Three different radii of the arch are considered: R = 10
m, R = 5 m and R = 3m. The total magnitude of the uniformly distributed applied forces is assumed to vary from −70
to 70 N. The arc-length continuation method is started with parametric load with magnitude zero. Then, it is increased in
positive direction to obtain the force–displacement curves that correspond to positive load. The continuation method is
started again from parametric load with zero magnitude, but the parameter is increased in negative direction to obtain the
force–displacement curves that correspond to negative load. The parametric analysis of the three curved beams is presented
in Fig. 6.
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Fig. 3. Mode shapes of curved beam corresponding to the natural frequencies given in Table 1. The results are obtained by three-dimensional FEM with
Elmer, equivalent mode shapes are obtained by the beam model.

It is seen that when the force is positive, the behavior of the beam is straightforward, there is no buckling, there is no loss
of stability, neither secondary branches. Increasing the load parameter leads to bigger displacements of the beam, but the
‘‘force–displacement’’ relations are nonlinear.

More interesting results appear when the applied force is negative. In this case, for certain values of the applied force,
buckling of the beam appears, bifurcation points and secondary branches also exist.

Fig. 6 presents the force–displacement diagram of the three curved beams under study. Subcritical pitchfork bifurcation
points and saddle–node bifurcation points are found. It is important to note that the pitchfork bifurcation points are obtained
before the saddle–node bifurcation points. Hence, the equilibrium of the solution loses stability after the bifurcation point.
The main branch of the solutions, between the bifurcation point and the saddle–node bifurcation point is unstable. This
means that when external forces are applied in real experiment, the buckling will appear immediately after the bifurcation
point and before the saddle–node bifurcation point (Fig. 7). The beam will deform with shape that correspond to the stable
solution after the second saddle–node bifurcation point. If the force is decreased in buckled configuration, the beam will
reduce its displacement significantly, after the saddle–node bifurcation point.
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Fig. 4. Static displacements of curved beam with R = 5. Dots represent the values obtained by Elmer.

Fig. 5. Deformed shape of curved beam due to static forces. (a) Beam model: undeformed beam, deformation due to static forces fy = −8.6,
fy = −8.7 N, (b) Deformations of beam structure obtained by Elmer for fr = −8.6 and fr = −8.7, x and y are the Cartesian coordinates.

Fig. 6. Static displacements of curved beam due to uniformly distributed force in radial direction. Red – R = 10 m, blue – R = 5 m, black – R = 3 m.
■ – saddle–node bifurcation (turning point), • – subcritical pitchfork bifurcation point. Displacements are measured in the middle of the beam (ξ = 0).
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

There are two unstable secondary branches which arise from the pitchfork bifurcation point. In Fig. 7 they are not visible,
because the deformed shapes from the secondary branches are symmetric with respect to the middle of the beam and the
magnitude of displacement is measured in themiddle of the beam (ξ = 0). The unstable branches are visible in Fig. 8, where
the magnitude of the deformed beam is measured for ξ = 0.5.

Fig. 9 shows that for certain values of the applied force, there are three solutions from themain branch and two solutions
from the secondary branches. Fig. 9 shows the displacement configurations of the beam for applied uniformly distributed



660 S. Stoykov / Journal of Computational and Applied Mathematics 340 (2018) 653–663

Fig. 7. Buckling of curved beam, R = 3 m, ■ – saddle–node bifurcation (turning point), • – subcritical pitchfork bifurcation point.

Fig. 8. (a) Static displacements of curved beam due to uniformly distributed force in radial direction, R = 3 m. (ξ = 0.5), (b) zoomed area of (a).

Fig. 9. Displacements from the (a) main and (b) secondary branch of curved beam (R = 3 m) due to uniformly distributed force F = 35 N/m.
undeformed beam, deformed beam, stable solution, deformed beam, unstable solution.

force of 35N/m. Themain branchpresents symmetrical solutionswith respect to themiddle of the beam. It has stable solution
with small displacements, unstable solution with bigger displacements, which is between the two saddle–node bifurcation
points and stable solution with large displacements, which appears after buckling. The solutions from the secondary branch
are unstable and non-symmetric with respect to the middle of the beam. It is important to note that secondary branches
were not found when the applied force was a point force on the middle of the beam.
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6. Conclusions

The equation of motion of curved beams is derived in polar coordinate system by the principle of virtual work, assuming
Bernoulli–Euler’s theory and including geometrical type of nonlinearity. It is discretized by Ritzmethod by using hierarchical
higher order polynomial functions as shape functions. The derived model is validated by three-dimensional finite elements
based on three-dimensional equation of elasticity. It is shown that accurate results of curved structures can be achieved by
the proposed beam model with few degrees of freedom.

Static analysis is performed in the parametric domain, assuming the magnitude of the applied force as parameter.
Beams with different curvatures are analyzed. Stability of the solution is determined, bifurcation points are found and the
corresponding secondary branches are obtained and presented. It is shown that buckling can appear before the saddle–node
bifurcation point from the ‘‘force–displacement’’ due to lose of stability of the solution.

Appendix

Here are presented the mass and the stiffness matrices of the curved beam model introduced in Section 2.
To simplify the derivation of the stiffness matrix, the circumferential strain, given in Eq. (2), is separated into linear and

nonlinear parts:

εθ = εL + εNL (A.1)

where

εL =
1
R

∂u0
θ

∂θ
+

(
1
r

−
1
R

)
∂2u0

r

∂θ2 +
1
r
u0
r (A.2)

εNL =
1
2r2

(
∂u0

r

∂θ

)2

+
1
2r2

u02
r (A.3)

The stiffness matrix can be separated into matrix that is constant, two matrices that depend linearly on the vector of
generalized coordinates and one matrix that depends quadratically on the vector of generalized coordinates. It is written in
the following form:

K (q) = K1 + K2 (q) + K3 (q) + K4 (q, q) (A.4)

where each of the sub-matrices is defined by the following expressions:∫
V

δεLEεLdV = (δq)TK1q (A.5)∫
V

δεLEεNLdV = (δq)TK2 (q) q (A.6)∫
V

δεNLEεLdV = (δq)TK3 (q) q (A.7)∫
V

δεNLEεNLdV = (δq)TK4 (q, q) q (A.8)

The stiffness matrix of constant terms has the following structure:

K1 =

[
K111 K112

K1T
12 K122

]
(A.9)

where each of the sub-matrices is expressed by the vectors of shape functions. The transformation from global to local
coordinates is presented only for the stiffness matrix of constant terms. Vectors N

r
(θ) and N

θ
(θ) denote the vectors of

shape functions, written in global coordinate system, while vectors Nr (ξ) and Nθ (ξ) denote the vectors of shape functions,
written in local coordinate system.

K111 = E
∫
V

(
1
r

−
1
R

)2
∂2N

r
(θ)

∂θ2

∂2N
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(θ)T

∂θ2 dV + E
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−
1
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)
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(
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−
1
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dr
∫ 1
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∂2Nr (ξ)
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∂ξ 2 dξ

+
2EbR
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∫ R+ h
2
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2

(
1
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−
1
R

)
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∫ 1

−1

∂2Nr (ξ)

∂ξ 2 Nr(ξ)Tdξ
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+
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The K2 (q) matrix that depends linearly on the vector of generalized coordinates has the following form:

K2 (q) =

[
K211 (qr) 0
K221 (qr) 0

]
(A.10)

where
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∂u0
r (θ)

∂θ
dV +

1
2
E

∫
V

1
r3

N
r
(θ)N

r
(θ)Tu0

r (θ) dV

K221 (qr) =
1
2R

E
∫
V

1
r2

∂N
θ
(θ)

∂θ
N

r
(θ)Tu0

r (θ) dV +
1
2R

E
∫
V

1
r2

∂N
θ
(θ)

∂θ

∂N
r
(θ)T

∂θ

∂u0
r (θ)

∂θ
dV

The matrix K3 (q) has the following relation with matrix K2 (q), which used in the model:

K3 (q) = 2K2(q)T (A.11)

The quadratically dependent on the vector of generalized coordinates matrix K4 (q, q) has the following structure:

K4 (q, q) =

[
K411 (qr) 0

0 0

]
(A.12)

where

K411 (qr) =
1
2
E

∫
V

1
r4

∂N
r
(θ)

∂θ

∂N
r
(θ)T

∂θ

(
∂u0

r (θ)

∂θ

)2

dV +
1
2
E

∫
V

1
r4

∂N
r
(θ)

∂θ

∂N
r
(θ)T

∂θ
u0
r (θ)2dV

+
1
2
E

∫
V

1
r4

N
r
(θ)N

r
(θ)T

(
∂u0

r (θ)

∂θ

)2

dV +
1
2
E

∫
V

1
r4

N
r
(θ)N

r
(θ)Tu0

r (θ)2dV

The mass matrix has the following structure:

M =

[
M11 M12

MT
12 M22

]
(A.13)

where

M11 = ρ

∫
V
N

r
(θ)N

r
(θ)TdV + ρ

∫
V

(
1 −

r
R

)2 ∂N
r
(θ)

∂θ

∂N
r
(θ)T

∂θ
dV

M12 = ρ

∫
V

r
R

(
1 −

r
R

) ∂N
r
(θ)

∂θ
N

θ
(θ)TdV

M22 = ρ

∫
V

r2

R2N
θ
(θ)N

θ
(θ)TdV .
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