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The question of the linear stability of spatially periodic waves for the Boussinesq
equation (in the cases p = 2,3) and the Klein-Gordon—Zakharov system is
considered. For a wide class of solutions, we completely and explicitly characterize
their linear stability (instability) when the perturbations are taken with the same
period T'. In particular, our results allow us to completely recover the linear stability
results, in the limit 7" — oo, for the whole-line case.

1. Introduction

In this paper we are interested in the stability of spatially periodic waves for certain
models, which involve the second-order derivative in time. Our interest is mainly in
two partial differential equations, the Boussinesq equation and the Klein—-Gordon—
Zakharov (KGZ) system, although the methods that we develop here will certainly
find applications in other related models.

The Cauchy problem for the Boussinesq equation, with periodic boundary con-
ditions, is

Ut + Uprzr — Uz + (f(u))xx = 07 (tux) S Ri X [OvT]v (11)

where f(u) is, for the most part, f(u) = u?, p > 1. This is a model that was derived
by Boussinesq [7] for p = 2, but was subsequently studied by many authors, in both
the periodic and whole-line contexts. We now review the current results regarding
the well-posedness properties of the Boussinesq equation. While we have a very
satisfactory theory for the local solutions (see below), the global well-posedness
does not hold. More precisely, even if one requires smooth compactly supported
data, the solutions may develop singularities in finite time [6]. This makes the
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stability question, which is the main subject of this paper, even more relevant and
interesting.

In the whole-line scenario, local well-posedness was established by Bona and
Sachs [6] in the Sobolev spaces H®/2+(R!) x H(3/2+(R'). Further contributions
were made by Tsutsumi and Mathashi [25] and Linares [19] (who also showed global
existence for small data). Farah [11] showed well-posedness in H*(R') x H*~2(R')
when s > —1/4 and the space H® is defined via H* = {u: u, € H* 1(R")}. Kishi-
moto and Tsugava [18] finally showed well-posedness for all s > —1/2, which is
likely to be sharp.

Regarding the case of periodic boundary conditions, we refer the reader to Fang
and Grillakis [10], who established local well-posedness in H*(T) x H*~2(T), s > 0
(when 1 < p < 3 in (1.1)). This result was improved for p = 2 to s > —1/4 by
Farah and Scialom [12]. Oh and Stefanov [21] recently showed local well-posedness
in H(T) x H*~2(T), s > —3/8.

Our other main object of investigation is the Klein—-Gordon—Zakharov system,
which is given by!

Ugp — Uge +u+uv =0, (t,z) €R' xR or (t,z) € R x [0, 7], (1.2)
Nt — Ny = %(‘u|2).L‘L .

This system describes the interaction of a Langmuir wave and an ion sound wave in
plasma. More precisely, u is the fast-scale component of the electric field, whereas
n denotes the deviation in ion density [26]. The system (1.2) is locally well posed
in various function spaces (see [13,22]). In our previous paper [17], we showed that
the Cauchy problem (1.2) is locally well posed (in both periodic and whole-line
contexts) in H® x H* 1 x H* 1 x H*2 whenever a > 1/2. In [22,23], Ozawa
et al. showed that small initial data values produce solutions that persist globally,
whereas large solutions are generally expected to blow up in finite time.

The stability of periodic travelling waves has been studied extensively in the last
decade. The nonlinear stability of periodic waves for the Korteweg—de Vries equation
based on the Jacobi elliptic functions of cnoidal type was considered in [2], and for
modified Korteweg—de Vries and nonlinear Schrodinger equations of dnoidal type
in [1]. In [15], Hakkaev et al. considered the nonlinear stability of periodic waves for
the generalized Benjamin—Bona—Mahony equation. Recently, Arruda [3] considered
the nonlinear stability of periodic travelling waves for the Boussinesq equation with
p = 2. The approach is based on the theory developed in [4,5,14] for the stability
of solitary waves. It should be noted that his results are only about stability of
the waves (which happens when the Grillakis-Shatah—Strauss (GSS) functional d
is strictly convex), while the cases of instability are left open. This is due to the
well-known limitations of the GSS approach for proving instability, namely, that it
is required that the skew-symmetric operator J in the linearization must be onto.
This condition is not met in Arruda’s analysis, so one cannot say anything about
instability based on the classical GSS theory.

In this paper, we completely characterize the linearized stability of periodic trav-
elling waves for the Boussinesq model (the cases p = 2,3) and the Klein—Gordon—

IThe coefficient % in front of the nonlinear term (|Ju|?)zs is non-standard, but rather adopted

for convenience of presentation. In particular, it helps create a self-adjoint linearized operator,
which otherwise can be achieved via a simple change of the time variable.
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Zakharov system. These are the cases of second-order-in-time models, for which
we can explicitly write the solutions in elliptic functions (and, moreover, we can
explicitly compute the relevant portion of the spectrum of the linearized opera-
tors). While this certainly helps in the analysis, we believe that our results should
be generalizable to all values of p > 1. The main tool is the theory for linearized
stability for such models, recently developed by the second and third authors [24].
In particular, the theory in [24] captures both the stability and instability regions
up to and including the turning points (in which there is linear stability, but it may
be nonlinearly secularly unstable). We note that, while there are nonlinear stability
results available for the KGZ system in the whole-line case (see [8]), theorem 3.4
seems to be the first result to deal with the periodic case. Indeed, we completely
characterize the linearly stable and unstable periodic waves. In addition, we believe
that, while it is possible to generalize the nonlinear stability results to the periodic
cases, the same difficulties with the instabilities will persist within the framework
of the standard GSS theory, due to the non-invertibility of the skew-symmetric
operator J.

The paper has the following structure. In §2 we present the construction of
our main object of study: periodic travelling waves. This is not new material by
any means, but we present it in order to single out the solutions of interest (note
that there are solutions, which are not considered herein), and to introduce some
notation. In §3 we set up the linear stability problem, after which we present
the main results. In §4 we outline the theory for linearized stability for second-
order partial differential equations from [24], and point out the relevant spectral
theoretic results for their linearized operators. In §5 we prove the main results,
theorems 3.2, 3.3 for the Boussinesq model, while in §6 we prove theorem 3.4 for
the KGZ system.

2. Construction of the periodic travelling waves

In this section, we show a glimpse of the construction of the periodic waves: in §2.1
for the Boussinesq equation (when p = 2,3), and in §2.2 for the KGZ system.

2.1. Construction of the travelling wave solutions for the Boussinesq
equation

Applying the travelling wave ansatz, one sees that there is a one-parameter family
of travelling waves of the form ¢(z — ct), |¢| € (—1,1), that obey the equation
Ozl +¢" — o+ f(p)] =0, 0 <z < T, whence there exist a, C such that

Fot¢" —p+flp)=Cr+a, 0<z<T

By the periodicity of ¢, we conclude that C = 0, and thus we have a family of
waves satisfying
o' — 1=+ flp)=a, 0<z<T. (2.1)

We now construct solutions of (2.1) in various cases of interest, most notably p = 2
and p = 3. This material is not new, but in order to introduce the particular
parametrization that is convenient for us we include a sketch of the construction
for completeness.
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2.1.1. The case p =2

We consider only the symmetric case a = 0 and define w = 1 — ¢. For the
nonlinearity, f(u) = u?/2, we have that

—wp + 3>+ ¢" =0. (2.2)

Therefore,
% —wp® + 2p° =b. (2.3)

Hence, the periodic solutions are given by the trajectories H(p,¢') = b of the

Hamiltonian
H(z,y) =vy*+ %x?’ — wa?.

The level set H(z,y) = b contains two periodic trajectories if w > 0, b € (—%w?’, 0),
and a unique periodic trajectory if b > 0. We consider here the cases where b < 0
and ¢, > 0. To express ¢, through elliptic functions, we denote by ¢1 > ¢g > 0
the positive solutions of %p?’ —wp? —b = 0. Then ¢y < ¢ < 1, and one can
rewrite (2.3) as

90/02 = %(@c —©0)(P1 — @) (@e + @o + p1 — 3w). (2.4)

Introducing a new variable s € (0,1) via ¢ = o + (1 — o)s?, we transform (2.4)
into
8/2 — 0[2(1 _ 82)(1€I2 + k282)7

where a, k, k" are positive constants (k? + k"2 = 1) given by

a2:2¢1+<ﬂ0—3w B2 1= %0
12 ’ 201 + o — 3w’
Therefore,
pe(r) = @0 + (91 — o) en®(az; k). (2.5)

By the above formulae,
1 — po = 12077,
o1 = 402 (1 + K%) +w,
0o = 4a*(1 — 2x%) + w,
w? = 16a*(1 — k2 + K.
The fundamental period of the cnoidal wave ¢, in (2.5) is
2K 4K (k) V1 — K2 4 2
7= 2K _ 4K(x) R T€<7r,oo>. (2.7)
o Vw Vw

Here and below, K(x) and E(k) denote the elliptic integrals of the first and second
kind in a Legendre form. Furthermore, we use the following relations:

E(k) — (1 -rH)K(k)

Ki(r) = k(1 — K2) ’ - K
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LEMMA 2.1. For anyw >0 and T € (27/y/w, o), there exists a constant b = b(w)
such that the periodic travelling solution (2.5) has period T. The function b(w) is
differentiable.

Proof. 1t is easily seen that the period T is a strictly increasing function of k:
d 252 — 1)K 2(1 — k2 + kYK’
7(,4/1_,{2_'_/{4[{(,{)):%( K VK (k) +2( “3"_% ) K (k)
dk T2+t

2(1 — k2 + kY E(K) + (1 — k%) (k% — 2)K (k)

4k(1 — kK2)V1 — K2 + e

> 0.

Given w and b in their range, consider the functions ¢g(w,b), p1(w,c), k(w,b) and
T(w,b) given by (2.7) and (2.6). We obtain

OT _drdk _ 1dTd(i)

ob  dkdb  2kdk db

Furthermore, using that $¢3 — wed = £} — we?, we have

d(k2) 3(po — w)(9p1/0b) — 3(p1 — w)(Dpo/Ic)

db (21 + @o — 3w)?

3w?(po — 1)

(93 — 2wepo) (p3 — 2we1) (201 + o — 3w)?’

We see that 0T (w,b)/0b # 0, whence the implicit function theorem implies the
result. O

2.1.2. The case p =3

We consider the ‘symmetric’ case a = 0 only, with f(u) = u®. Definew = 1—¢? €
(0,1). Multiplying by ¢’ and integrating implies that

% =b+ wp® — 1" (2.8)

Hence, the periodic solutions are given by the periodic trajectories H(p, ) = b of

the Hamiltonian

H(z,y) = y? + ix‘l — %wa.

There are then two possibilities.
e (Outer case.) For any b > 0 the orbit defined by H(p,¢’") = b is periodic and

oscillates around the eight-shaped loop H(p,¢’) = 0 through the saddle at
the origin.

e (Left and right cases.) For any b € (—%wz, 0) there exist two periodic orbits
defined by H (¢, ¢') = b (the left and right ones). These are located inside the
eight-shaped loop and oscillate around the centres at (F+/w,0), respectively.
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We consider the left and right cases of the Duffing oscillator only. In these cases,

denote by @1 > ¢o > 0 the positive roots of the quartic equation %24 —wz2—b=0.

Then, up to a translation, we obtain the respective explicit formulae

2P e _ 22w e
= 5 = 7 =, =
P1 P1 V2 @

Note that the fundamental period T may be written as

_ 2K(k)  2K(k)V2— K2 Vor o
T="""= N : Te(\/a, ) (2.10)

Note that this is a two-parameter family of solutions, parametrized explicitly in
this case by g, ¢1, although we shall need a different parametrization. In fact, we
like to think of this family as being parametrized (implicitly) in terms of T and w,
where these two are independent of each other. We have the following lemma.

¢(z) = Fo1dn(az; k),

LEMMA 2.2. For T > \/21/\/w, there exists a constant b = b(w) such that the peri-
odic travelling wave solution (2.9) determined by H(p,¢") = b(w) has a period T.
In addition, the function b(w) is differentiable.

For the proof, see [16, lemma 3.1].

2.2. Construction of the travelling wave solutions for the KGZ system

We are looking for T-periodic travelling solutions of the Klein—-Gordon—Zakharov
system (1.2). Thus, we take the ansatz u(t,x) = pc(xz — ct), n(t,z) = Y.(x — ct),
where we take the speed ¢ € (—1,1). Putting this into (1.2), we obtain the following
relation between ¢ and ¢:

(@ -19" =4(#")", 0<z<T.
Two integrations in x imply that
(¢ = 1)) = 1¢(x) + ba+a
for some constants a, b. By the periodicity we have that b = 0, whence

__$@) ta
¢($) - 2(1 7 CQ) :

For simplicity, we only consider the case a = 0. That is,

o2
=——"° . 2.11
11[}C 2(1 _ 02) ( )
Returning to the other equation in (1.2) and using (2.11), we obtain the following
equation for @.:

(1= oy — —Fe = <z<T. 2.12
(I—c)pe +o 20— ) 0, 0<w (2.12)
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Thus, as in §2.1.2, after multiplying by ¢. and integrating we get that

2 4
2 Pc Pe 1 2 2 4
=b+ == — = —(4wb+4 — .
P =bA Tt 5 T g Wl dwet — )
Denote by 1 > g > 0 the positive roots of the polynomial

P(z) = 2* — 4wz? — 4w?b.

Then (2.13) can be written in the form
1
4w?

and the solution of (2.13) is given by

02 = —= (2 — Pg)(p3 — ¥2),

ve(r) = p1 dn(az, k),

where ) )
2 2 ¥1 2 _ %Y1~ %o
¥1 + <)00 w, «@ 211)7 K @%
Moreover,
1
(2 - /<;2)<p% = 4w, Q= —, 4w?b = 4wg0% — cp‘ll.
w(2 — Kk?)
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(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

Since dn has fundamental period 2K (k), the solution ¢, has fundamental period

T =2K(k)/a. In terms of &, w, this is given by

T =2K(k)V2 - k2w, Tel=(V2rvw,o0).

(2.18)

LEMMA 2.3. For any w > 0 and T > /2m\/w, there evists a constant b = b(w)

such that the periodic travelling solution (2.15) has period T

Proof. The period T is a strictly increasing function of x:
d K'(k) + E' (k)
—[V2 - k2K =————=>0.
Tl 2K (k)] Gy
From (2.16) and (2.17), we have that
dIr _ dT dw 1 dT dx?

db  drdb  2kdr db’
@ _ a1
db  dpi db  pi(dw —207)

The implicit function theorem then implies the result.

3. Results

3.1. Setting the linear stability problem for the Boussinesq equation

We now set up the linear stability/instability problem for (1.1). Set the ansatz
u = @c(z + ct) + v(t,x + ct) and ignore all terms O(v?). We get vy +2cv+Mov = 0,

where

Mv = 8;11) —-(1- 02)631) + (f' ()0 -
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Note that this operator M is not self-adjoint. However, if we introduce the variable
z: zy = v, we get the following linearized equation in terms of z:
Zite + 22150 + M[22] = 0. (3.1)
Note that M|z,] = 0,[H|[z]], where
Hez=0%%— (1 -2+ (f'(0e) %) e (3.2)

Thus, the linearized equation becomes 0,z + 2¢2i, + Hz] = 0. In our consid-
erations we say that the wave . is spectrally unstable, exactly when there is an
exponentially growing mode, that is, a pair A € C: ReA > 0 and a T-periodic
function ¢ € H2, (0, T) such that 0,[\?1) +2cA’ + H1p] = 0. This of course implies

per
upon integration that, for some constant a,

A2+ 2e\) + Hep = a.

Integrating in [0, 7] and taking into account that both ¢’ and Hv are exact deriva-
tives implies that a = A2 fOT Y(x)dx/T. Thus, letting ¢ := 1) — a/\? implies that
fOT (z)dx = 0 and

A4+ 2eMp + Hip = 0.
These arguments motivate the following definition.

DEFINITION 3.1. We say that the travelling wave . is spectrally/linearly unstable
if there exists a T-periodic mean value zero function ¢ € D(H.) and A: ReX > 0
such that

A2+ 2eM)’ + Hop = 0. (3.3)
The question of linear stability of equations in the form
Zet + 2(4)215;5 +Hz = O, (34)

or what is equivalent (at least in this case) to the solvability of

T
N2p+ 20Ny +Hp =0 in L2(0,T) = {f € L. (0,7): / f(z)dx = o}, (3.5)
0

was addressed in a recent paper by the second and third authors [24]. Note that
the self-adjoint operator H that appears in (3.2) is in the form

H=—0,L0,, L=-02+(1-c)—f(pc)

Here, £ is the ubiquitous standard second-order Schrédinger operator, which ap-
pears in the linearization of the generalized Korteweg—de Vries equation around its
travelling wave solution .. This observation is crucial for the spectral properties
of the operator H, as the properties of £ are generally well known, at least for the
cases under consideration, p = 2, 3.
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3.2. Setting the linear stability problem for the KGZ system

We linearize the KGZ system as follows. We take u(t, x) = pc(x—ct)+v(t, z—ct)
and n(t,x) = e(x—ct)+h(t, z—ct) and ignore the contributions of all quadratic and
higher-order terms. We obtain the following linear system for the corrections v, h:

v — 2cvp — (1 — CQ)UM + v+ Yv+ pch = 0,} (3.6)

hye — 2chy, — (1 — CQ)hxx — (SOCU):EJL' = 0.
Furthermore, we introduce a new mean value zero function z such that h = z, and
w = 1 — ¢%. The second equation in (3.6) becomes
8x [Ztt - 2cztw - (1 - 02)Z:vw - (@Czw)w] = 07

whence integrating in z yields
2ot — 2¢2t0 — (1 — ) 2w — (Pe2e)e = aft)

for some function a(t). Observe, however, that in our choice of z we have required
that fOT z(t,x)dz = 0. Thus, integrating the last equation in [0, 7] yields that all
integrals on the left-hand side are 0 (each term is either an exact derivative or zy,
which is mean value zero), a(t) = 0, whence zy — 2c20 — (1 — €2) 242 — (Pe22)e = 0.
We have shown that one can rewrite the linear stability problem (3.6) as

By, — 2B, + HP =0, (3.7)
where ¢ = (Z) and
_(Hy A
where
A

Hi=—(1-c*)2+1+ 1. = —wd?+1— Hy = —wd?,

2w’
Az = peze, Az = —(pc2)q.

Clearly, the operator H is self-adjoint and, when considered over the domain
D(H) = H?0,T] x H2[0,T) C L?[0,T] x LZ[0,T),

is such that D(H) — L?[0,T] x L3[0,T]. Note that, when considering this spec-
tral problem, our basic Hilbertian space is L%[0,T] x L[0, T}, instead of the usual
£2[0,T) x L2[0, T.

3.3. Precise formulation of the main results

Our main results are described in the following theorems. Note that, in all the-
orems, the issue is linear stability for the stated families of spatially periodic solu-
tions, when the perturbation is taken to be periodic with the same period as the
underlying solution.

The issue of stability /instability, when perturbations are taken to have a period of
the form nT (where n is integer) is a more complicated one. Clearly, the instability
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Figure 1. Graph of the positive function /M (k)/4 + M (k), together with
its terminal value v/2 /2 as a reference.

results continue to apply in this case, but it may very well be that some previously
stable waves (in the context of the same period perturbations) become unstable
when perturbed by nT-periodic functions.

THEOREM 3.2. Let the nonlinearity in (1.1) have the form f(u) = u3. The two-
parameter family of dnoidal solutions, described in (2.9), is then linearly stable, if
and only if

M(k)

>,
=\ Tt

k€ (0,1),

_ AB(R) — /K (R)(2 — #)E(r) — 2(1 — ) K (1)
M) o= (2 - ) (E2(0) — (1 - RK () C e,

where E(k), K (k) are elliptic integrals of the first and second kind in a Legendre
form.

We now give a different formulation of the main result. Let T' > /27, The waves
described in (2.9) are then a one-parameter family of waves, having a fundamental
period T, which can be parametrized by ¢: |¢| < y/1 — 272 /T? (note that ¢, x are in
a one-to-one relationship given by (2.10)). Now, theorem 3.2 asserts that the stable
waves in this family are exactly those with |c| > ¢r, where ¢p € (0,4/1 — 272/T?2)
is determined as follows. Let k7 be the unique solution of

K(k)V2 — k2\/4+ M(r) =T.

Then cr = /M (kr)/(4 + M (k7).
Our next theorem concerns the quadratic case.
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Figure 2. The solid line is the graph of the increasing function

K(k)V2 — Kk2\/4+ M(k): (0,1) — R". The dashed line is v/27.
Note that the range of this function is (v/2m, c0).

THEOREM 3.3. Let the nonlinearity in (1.1) have the form f(u) = u?/2. The peri-
odic solutions (2.5) are then linearly stable if and only if

o > 45(;()) ke (1),

- - F2(r)
F(k) = [2F(H) 16mK2(/€)}

X <F(l-£) + 256 K4 (k) F' (k)G (k) (1 — k% + K)

4096 K6(1)(1 — K2 + k1)3/2(F' (k)G (k))? )‘1
1 —16V1 — k2 + KIK2(r)F' (k) G(k)

and
F(k) = 16K (r)[3E(k) + (k* — 24+ V1 — k2 + k) K (k)]

1
G%) = T KA () (1 = #2 + r0)an

An alternative formulation is the following. Fix T" > 27 and consider the family
of cnoidal solutions, described in (2.5). This is a one-parameter family of solutions
(where k and c are related by (2.7)), having fundamental period T' and indexed
by ¢, say, where c¢: ¢ < /1 — 472 /T2. The linearly stable waves with period T are
then exactly those for which

472
1-— W > |C| >CT7
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Figure 3. Graph of the positive function \/ F(k)/(4 + F(k)),

together with its terminal value %

where e € (0,4/1 — 472/T?) is determined as follows. Take kK to be the unique
solution of the algebraic equation

2K (k)V/1— K2+ k444 F(k) =T.

Then er = \/ F(rr)/(4+ E(wr)).

REMARK. Using the results of theorems 3.2 and 3.3, one can reconstruct the results
on linear stability of the whole-line waves [24]:

w©=[(B5)a-e) T el e )

Recall that the results of [24] predict linear stability if and only if |¢| > /p — 1/2.

Take p = 3. The periodic waves described in (2.9) in the limit kK — 1— then corre-
spond to the whole-line waves described in (3.9). Note that, since lim, ;- E(k) = 1,
lim, 1 K(k) = oo and lim,_,;_(1 — k?)K (k) = 0, we can easily conclude that

limy_1— M (k) = 4, whence
hm —_— = —
r—1— 4 —+ M(H)

Similarly, one can check that, for p = 2 (more precisely if f(u) = u?/2), we have

that
lim
r—1— 4 + F

Thus, we obtain the results in [24] for p = 2,3 as a corollary.
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Figure 4. The solid line is the graph of the function

2K (k) V1 — k2 + k¥4 /4 + F(r): (0,1) — R'. The dashed line is 2.

Note that the range of this function is (27, o).

Our next result concerns the KGZ system (1.2).

THEOREM 3.4. The KGZ system (1.2) has a two-parameter family of travelling
wave solutions (e, ve), described in (2.11) and (2.15). These waves are stable if
and only if k € (ko,1) and

1
V1+4N(x)

where ko and the function N are defined later.

1>|c >

If we take a limit as k — 1, we have that

) 1
lim ————
=1\ /1+ 4N (k)
Since k — 1 corresponds to the case T' = oo or the case of the whole line, this allows
us to conclude that the corresponding whole-line solitons are stable, provided that

|c| > +/2/2. This was the conclusion in [24], so we are able to deduce this result, as
a consequence of theorem 3.4.

ol
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Figure 5. The dashed line is the graph of the function 1/4/1 + 4N (k) in (ko, 1).
The dotted line is the terminal value of v/2/2.

Once again, we provide an alternative interpretation of theorem 3.4. Let T" > 0
be a fixed period. There then exists a one-parameter family of periodic waves with
period T, described in (2.11), (2.15). This family may be parametrized by ¢ with
the following restrictions on ¢: if T' < v/27, then 1 > |¢| > /1 — T?2/272; otherwise,
if T > /2m, ¢ € (—1,1). The parameters x and c¢ are related by (2.18). The
stable waves in this family are then given by |¢| > er = 1/4/1 + 4N(k7), where
kT € (Ko, 1) is found as the unique solution (see figure 6) of the algebraic equation

4K (k)V2 — K2\/N(k) T
1+4N(x) B

4. Preliminaries

4.1. Linear stability theory for second-order equations

In this section, we give a precise statement of the results of [24], concerning the
linear stability of (3.4) or what is equivalent to the solvability of (3.5). We assume
the following about the self-adjoint operator H:

o(H) ={-6*}u{0}Uo(H), oi(H)C (6% 0), o>0,
Ho = —52¢, dim[Ker(H + 6%)] = 1,
Hipo = 0, dim[Ker(#H)] =1,
[0l = 1.

Note that, since ¥, L ¢y and Ker[H] = span[tg], we may uniquely define

(4.1)

H': Ker[H]™ — Ker[H]*

and, in particular, the vector H=1[¢{].
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T T T T
0.94 0.95 0.96 0.97 0.98 0.99 1.00

Figure 6. Graph of the increasing function
4K (k)V2 — k2\/N(k)/\/1+4N(k): (Ko, 1) — R} . Note that its range is (0, c0).

We next require that, for all 7 > 1 (note that H + 7 > 0 is invertible),
(H+7)" 20 (H+7)"2, (H+7)7'0, € B(L?). (4.2)

Finally, we require that
Hh = Hh. (4.3)

Note that the last identity ensures that H maps real-valued functions into real-
valued functions. The following theorem, in a more general form, appears as [24,
theorem 1].

THEOREM 4.1. Let H be a self-adjoint operator on a Hilbert space H. Assume that
it satisfies the structural assumptions (4.1), (4.2) as well as the reality assump-
tion (4.3).

If (H7 gl 4) = 0, one then has a solution to (3.5) for all values of w € RY,
that is, one has instability in the sense of definition 3.1. Otherwise, supposing that

(H™ ol vo) <0,
o the problem (3.5) has solutions if w satisfies the inequality

1
0<|w| < =:w*(H), (4.4)

2/ (=H " ihol, o)

e the problem (5.5) does not have solutions (i.e. stability) if w satisfies the
reverse inequality

lw| > w*(H). (4.5)
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REMARK.

(i) Theorem 4.1 appears in [24] as a result about the stability of (3.4), but we
state it in its equivalent form for solvability of (3.5).

(ii) In the applications that we consider, we restrict our attention to the Hilbert
space H = L%[0,T] or H = L?[0,T] x L0, T], depending on the situation
that we are in.

4.2. Spectral theory for the Schrodinger operators of Boussinesq waves

We review and state the main results regarding the spectral theory for the second-
order Schrodinger operators, arising in the linearization around Boussinesq waves.
We consider the cases p = 2 and p = 3 again separately.

4.2.1. The case p=2

In this section, we present some spectral results for £ that will be useful in the
following. The first is a technical lemma that is used to establish the simplicity of
the zero eigenvalue for H = —0,L0,.

LEMMA 4.2. We have that (£L711,1) # 0.

Proof. In this case £ = —0% +w — ¢, and Ker £ = span ¢... The spectral properties
of the operator A = —d?/dy? — 4(1 + k?) + 12k?sn?(y; k) in [0,2K (k)] are well
known [15]. The first three (simple) eigenvalues and corresponding eigenfunctions
of A are

po = K> —2—2v1— k2 +4r4 <0,
Yo(x) = dn(z; k)[1 — (1 +26% — /1 — K2 4+ 4k1) sn?(z; k)] > 0,
H1 :Oa
1d

Y1(x) = dn(z; k) sn(y; &) en(az; k) = 3dy en®(y; k),

po = K2 — 2421 — K2 + 4k > 0,
¥o(z) = dn(z; k)[1 — (1 + 2% + V1 — &2 + 4st) sn? (y; k)]

Since the eigenvalues of £ and A are related by A\, = oy, it follows that the first
three eigenvalues of the operator £, equipped with periodic boundary condition on
[0,2K (k)], are simple and Ag < 0, Ay = 0, Ay > 0. The corresponding eigenfunctions
are Yo (ax), 1 (ax) = const.¢’ and 99(ax). Note that 1, . L Ker £ and

L(1) = w — e, (4.6)
and hence we can take the inverse in (4.6),
l=wl™'1— L .. (4.7)
Taking the dot product with 1 yields the relation

1 1
(£711,1) = E<1’1> + E(ﬁ—l%, 1).
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Differentiating (2.2) with respect to ¢, we get that L[dg./dc] = 2¢p., whence

1 dep.
L7l = — 2=,
14 2¢ dc

Entering this last formula into the expression for (£711,1), we obtain

. 1 1 T
(L7°1,1) = =T+ —| O pedz .
w 0

2cw

Using (2.6) and

2K (k) 2
/0 e (y; ) dy = 2 [B(r) — (1 - x3)K (1))

K
we get
T 1
/ pedr = 8aBE(k) + (k2 — 2+ V1 — k2 + kMK (k)] = TF(H)’
0
where

F(k) = 16K (K)[3E(k) + (k* — 24+ V1 — k2 + k1) K (k)].
We now need to compute

dk d7w dk

IF(k) = F'(m)@ o= —2cF’(/i)@.

Thus, to compute dx/dw, we differentiate with respect to w the relation

K*(k)(1 — k2 + k%)
T4 ’

w? = 16a*(1 — k2 + k1) = 256

obtained from (2.6) and (2.7). We obtain

de 4
Em =wT"G(kK),

where
1

CR) = g AR () (1 = 72 1+ 1]/ dn”

From the above relations, (2.7) and (4.11), we have that

T

(£71,1) = — = TOF'(r)G(x)
- 5[1 —16V/1 — K2 + KK (8) F' (1) G ()]

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

The expression in the brackets above is strictly positive, as seen in figure 7, which

verifies the lemma.

O
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Figure 7. Graph of the positive function [1 — 16v/1 — k2 + k*K?(k)F’(x)G(k)].

4.2.2. The case p=3

Consider
L=—-0?+w—3¢% (4.14)

We use (2.9) to rewrite the operator £ in an appropriate form. From the expression
for (x) from (2.9) and the relations between the elliptic functions sn(x), cn(x) and
dn(z), we obtain that

L =a’[-02 4 6k%sn*(y) — 4 — k7,
where y = aux.
It is well known [15] that the first five eigenvalues of A = —97 + 6k®sn’(y, k),
with periodic boundary conditions on [0, 4K (k)], where K (k) is the complete elliptic

integral of the first kind, are simple. These eigenvalues, with their corresponding
eigenfunctions, are

Vo =242k =2/ 1T — k2 + k%, ho(y) =1 — (L+ k% — V1 — k2 + kY sn?(y, k),
v =1+k, P1(y) = en(y, k) dn(y, k) = sn’(y, k),

vy = 1+ 4k?, P2(y) = sn(y, k) dn(y, k) = —cn’(y, k),

vs =4+ k2, ¥s(y) = sn(y, k) en(y, k) = —k~>dn’(y, k),

vg =242k 42/ 1 — k2 + kY u(y) =1 — (1 + k2 + V1 — k2 + k%) sn?(y, k).

It follows that the first three eigenvalues of the operator £, equipped with periodic
boundary condition on [0, 2K (k)] (that is, in the case of the left and right families),
are simple and Ao = a?(vp —v3) < 0, \; = a?(v3 —13) =0, Ay = a?(vy — v3) > 0.
The corresponding eigenfunctions are xo = ¢o(ax), x1 = ¢’ (), x2 = Ys(ax).
Thus, we have proved the following.

PROPOSITION 4.3. The linear operator L defined by (4.14) has the following spectral
properties.

(i) The first three eigenvalues of L are simple.

(ii) The second eigenvalue of L is Ay = 0, which is simple.
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(iii) The rest of the spectrum consists of a discrete set of eigenvalues, which are
strictly positive.

We next verify the following technical result.

LEMMA 4.4. The operator L verifies that (L711,1) # 0.

Proof. This statement was needed and proved in [9], but we repeat the short argu-
ment for completeness. First we prove that, for ¢ # 0,4, (;,1) = 0.
Using the expressions for A and 14, we get that

2
Vilths, 1) = 6x2 (s (g5 K), i) = 2 (1 — ).

Vy

It follows that, for 7 # 4,

VilVy

0= (o v) = (1- 7ot

)(wi, 1). (4.15)
Observe, however, that vovy = 12x2, which means that (1 — v;v4/12k2) # 0 when-
ever ¢ # 0 (since v; # ). By (4.15), this implies that (1;,1) =0, 7 # 0, 4.

From [20, theorem 2.15], the eigenfunctions of the operator £ form an orthonor-
mal basis of L?[0, 7], and hence we compute (£~11,1) by expanding 1 in the eigen-
function expansion. Note that all terms corresponding to mean value zero eigen-
functions disappear (since (1, 1) = 0, i # 0,4). Hence, the expansion for (£~'1,1)
has only two non-zero terms. More precisely, we have that

<17X0>2 <17X2>2
a?(vo —v3)|xoll*  a*(va —vs)llx2|?
2 { Bu(k)
o (k2 — 2 —2V1 = K2 + k%) Bs(k)
By (k)

+ ;
(k2 — 24 2v/1 — K2 + Kk*)By(r)

(£7'1,1) =

(4.16)

where we have used the formulae
2K (k)
[ sy = 510 - B0
0

2K (k) 92
| sty = S5+ R ) = 20+ 58

and

2 K(x) + 2

K K

V1—kZ24+kt-1 14+ k2 —V1— K2+ k2 2
Bl(’%): E(R) )

Vv1— k2 441
_ /Q—FKJ—FK

Bar) = < - (%) + 14+ k%4 \/;2_ K2 +K4E(n)) |
2(1+ K2 — VI~ rZ T A1)

Bg(li) = K(Ki) — ,‘{2
L (+r?— V1 — K2+ r1)?

3k4

[K(r) = E(r)]

[(2+ K%) K (k) = 2(1 + %) E(5)],



474 S. Hakkaev, M. Stanislavova and A. Stefanov
1.0

0.8

0.6 1

0.4 4

0.2

0 0.2 0.4 0.6 0.8 1.0
Figure 8. Graph of the positive function

Bi(k)/(k* =2 — 21 — k2 + k%) B3(k) + Ba(k)/(k? — 2+ 2¢/1 — k2 + k%) By4(k).
B 2(1+/€2+m)[K
2

Bu(r) = K(x) - (k) — E(r)]
4 WL 4 K () — 201+ 42) B
From the graph of the function
Bl (KZ) BQ(H)

(k2 =2 —2v1— K2+ k*)Bs(k) * (K2 =2+ 2V1 — K2+ k*)By(k)

in figure 8, we realize that (£~'1,1) > 0, and hence lemma 4.4 is established.
O

Lemmas 4.2 and 4.4 allow us to verify an important property about the simplicity
of the zero eigenvalue for the operator H..

COROLLARY 4.5. Let p = 2 or p = 3. The operator H. = —0,L0, (corresponding
to f(z) = 23,2%/2) defined in (3.2) then has 0 as a simple eigenvalue in L3[0,T],
with an eigenfunction ¥y = pe. — (1/T) fOT Pc-

Proof. First, ¢. — (1/T) [ ¢c(x) dz is easily seen to be an eigenfunction, since

1
He [g&c -7 / ©c(x) dm] = —0,L[¢l] =0,
since (. is an eigenfunction for L.
Regarding uniqueness, let f € L2[0,T], so H.f = 0. It follows that
L[f'] = ¢ = const.

Since Ker(£) = span{¢.} and 1 L ¢., we can resolve the last equation as f' =
c¢L~11. Thus,
0=(1,f)=c(1,£7"1),
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whence ¢ = 0, since (1, £711) # 0 by lemma 4.4. It follows that f is an eigenvector
for £. Thus, f’ = uel, by proposition 4.3. But, then, f = ulp. — (1/T) [ ¢c(x)dz],
since we are in the space L3(0,T) and the uniqueness is established. O

4.3. Spectral theory for the Schrédinger operator H of the KGZ system

First, as in the Boussinesq case, we show that the operator H has a simple
eigenvalue at 0. In addition, we identify the unique (up to a multiplicative con-
stant) eigenfunction of H. Recall that in our considerations we work with the space
L3[0,T], that is, the second component contains only functions with mean value 0.
This proposition closely mirrors the corresponding statement of [24, proposition §],
with a few notable differences.

PROPOSITION 4.6. The self-adjoint operator H introduced in (3.8) has an eigen-
value at 0, which is simple. In addition, the unique (up to a multiplicative constant)
eigenfunction is given by

©e

Py = 1 T
—5 (w? —T‘l/ w?)
w 0

Proof. Let (f ) be an eigenvector corresponding to a zero eigenvalue, that is, let
7 g
H(q) = 0. In other words,

2
_ " _ ¥ I _
wft S =g f+eg =0, (4.17)

—(¢f) —wg" =0.
Integrating the second equation in z implies that, for some constant ¢y, we have

/
g/: 7¢7+007
w

whence the equation for f becomes

7 3902
—wf'+ f— —f+cop=0. (4.18)
2w
We show that ¢ = 0, and then f = dpl. for some constant d. To that end, recall
the defining equation for ¢., namely, (2.12), and differentiate it with respect to z.
We get that

3 2
—wp + ¢~ Sl =0. (4.19)
Following the usual analogy with the Korteweg—de Vries equation, we introduce the

second-order differential operator
3?2

Lz—w@i—i—l——.
2w
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Using that dn® + x%sn? = 1 and wa? = 1/(2 — k?), we get

L=—wd?+1- 32—%:5(1 — r%sn?(ax, K))
= —wd? + 1 — 6wa? + 6wa’k?sn?(ax, k)
= waQ(—az + 6sn%(y, k) — K2 — 4),
where y = ax. It follows that the first three eigenvalues of the operator £, equipped

with periodic boundary condition on [0,2K (k)], are simple, and
Ao = wa?(vy — v3) <0, A = wa?(vg — ) =0, Ao = wa(vy —v3) > 0.

The corresponding eigenfunctions are xo = ¥o(azx), x1 = ¢'(z), x2 = Ys(azx),
where v; and v; are given in §4.2.2.

In particular, the kernel of £ is spanned by ., i.e. Ker(£) = span[¢.]. Going
back to (4.18), we can rewrite it as

‘C[f} + Cope = 0.
Note that all solutions to this last equation are given by
f=d¢' —coL™ e,

where d is an arbitrary scalar, since ¢, L span[y)] = Ker(£). Putting this last
formula into the equation for g yields

d !
g=-2 o= ~2(dy' ~ coL7Hg]) +co = — i + CO(()D[LP] + 1).
w w w w

Integrating the last expression in [0, 7] and using the periodicity yields

W(ELED 1) g )

Thus, if we verify that (p, L71[p]) # —Tw, we can conclude from (4.20) that ¢y = 0,
whence f = dy’. Furthermore, ¢’ = —(d/w)py’, whence

2
g= —dﬂ + const.
2w

Recall, however, that the constant in the formula above is uniquely determined by
the fact that g has mean value 0 (i.e. g € L[0,T]), whence

T
g = d _9072 + fo 802
2w 2Tw )
Thus, proposition 4.6 is established modulo the following.
FAcT. We have that (pe, L7 1pe]) > —Tw/3, so, in particular, (o, L71[p]) > —Tw.

From (2.12), we have that ¢? = —2w?¢” + 2wep,, and thus

3
Lo =—wp! + pe — %@? = 2wyl — 2pe. (4.21)
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On the other hand, differentiating —w? ¢!’ —l—w(pC 3 /2 = 0 with respect to w (and
dividing by w) and using (4.21) to express ¢! results in

de. 1 1 1
E{ ul } =2¢" — ~pc = —pc + — L.
dw w w w

Taking £7! in the last identity yields

dpe
dw

Since fOK(R) dn’(y, k) dy = E(k), we compute that fOT o?dr = (16w?/T)E(k)K (k).
Therefore,

‘C_1<Pc =

— d c
<£ 19907<Pc> = w<<PC7 di}> - <§0c’900>

Wy
= 5 Oulllell”] = lleel®
w 16w? 16w
= — ——FEk)K Er)K
5 0u | S EWK()| - XK )
Sw? d dk
= —— E(k)]—.
K () B(s))
To compute dx/dw, note that, from (2.16), we have that 2wa = 7, whence
4w(2 — K2 K? (k) = T?. (4.22)
Differentiating (4.22) with respect to w, we get that
L2V 12
de Q= w)KAK) (4.23)
dw wd[(2 — k2)K?(k)]/dk
Thus, using (4.22),
_ 8w? d (2 - HQ)K2(I€)
1 —_
d[K (K)E(ﬁ)]/ dr
= —wT|2
CHEA e = K2 (R)] AR
Looking at figure 9, we realize that, since
1 lim 2 d[K(rk)E(r)]/dr S 9 d[K(k)E(k)]/dk
5 = am = )
3 k=0 d[(2-k?)K2(k)]/dk d[(2 — k?)K2(k)]/dk
we have that
<['_180Cag00> 2 —%IUT,
which establishes the claim. O

The next thing one needs to establish, in order to apply theorem 4.1, is that the
operator H for the KGZ system (defined in (3.8)) has a simple negative eigenvalue.
This result should be compared with the corresponding statement in [24, proposi-
tion 9] for the whole-line case.
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Figure 9. Graph of the function 2(d[K (x)E(x)]/dx)/(d[(2 — k*)K?(k)]/dk).

PROPOSITION 4.7. The operator H, defined in (3.8), has a simple negative eigen-
value.

Proof. Consider the eigenvalue problem in the form

()0

for some a € (0,00). As in proposition 4.6, this can be rewritten as?

2
_ " _ 907 I 2
wfT+f =g fteg a’f, (4.24)
—(pf) —wg" = —a?y.
From the second equation, we may resolve for g that

g= (a2 — wag)*lé)ﬁ[gocﬂ. (4.25)

This last formula requires a bit of justification, but, basically, since 9,[¢f] is guar-
anteed to have mean value 0, it suffices to define (a? — wd?)~! (where a? > 0,
w > 0) on L?[0,T] by

2 . 92\—1 - ino | .__ an 2mina /T
(" — wdy) { Z Un® ]'_ Z a2—|—47r2wnz/T2‘3 ’

n=—oo n=—oo

whence the formula for g in (4.25) makes sense. In fact, L3[0, 7] is invariant under
the action of (a® —wd?2)~! and, hence, g € L*[0,T]. Furthermore, we use (4.25) to
deduce the following formula for ¢':

2
o = 8@ —wd) ool =~ T a2 —wi) M oef)

2Note that the second equation requires that fOT g(z) dz = 0. This means, in particular, that
the statement for existence of a negative eigenvalue is invalid, unless the second component of the
Hilbert space is L3[0, T].
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We put this into the first equation of (4.24) to obtain the following equation for f:

2

—wf” + (1+a)f - %pgf + —[pe(a® —wd}) e f] = 0. (4.26)

a
w
Introduce a one-parameter family of self-adjoint operators:

3%02 a? 2 2\—1
Sw + E[%(a —wd;) " (per)]-

In order to finish the proof of proposition 4.7, we need to establish that there is
a unique ag > 0 such that the operator M,, has an eigenvalue 0 and such an
eigenvalue is simple. We first show that there exists ap > 0 such that M,, has an

eigenvalue at 0, and we then show that this eigenvalue 0 is simple for M,,.
To that end, we establish the following.

M, := —wd?* + (1 +a?) —

CLAM. Fora>b >0, we have M, > My + (a®> — b?)1d > M,,.

Assuming the validity of the claim, we complete the proof of proposition 4.7.
Define A(a) to be the minimal eigenvalue for M,, that is,

Ma) :==inf{r: A€ o(M,)} = ”}IHIf (Mof, f).
=1

Clearly, the function a — A(a) is continuous (in fact, more generally, a — M, is
continuous as a function from R' — B(L?[0,T])). Moreover, as a consequence of
the claim, A(a) is a strictly increasing function of its argument. In order to show
the existence of ag, it suffices to show that a — A(a) changes sign in [0, c0) (and,
hence, vanishes at some ag > 0). But at @ = 0 we have that

3 2

My=—wd®+1- 22 =,

2w
which was considered before. Since we have checked that £ has a (simple) negative
eigenvalue, —d2 say, it follows that A(0) < 0. On the other hand, by the claim,

M, > My+a*Id =L +a?1d.

In particular, for every a > §, we have M, > (a?—42)Id, whence A(a) > a®—§2 > 0.
Thus, for any b > J, the function A(a) changes sign (exactly once) in the interval
(0,b). We have shown that there exists ag: A(ag) = 0.

We now have to show the second part of the proposition, namely, that 0 is
an isolated eigenvalue for M,,. Let ¢o be the eigenvector for the simple negative
eigenvalue for My = L. Note that, by proposition 5.1, the second eigenvalue of £
is 0, which means that Mo|, 1 = L[, + > 0. In addition, by the claim, we have that
M,, = My + a¢1d = L + ag 1d, and thus, by the Courant minimax principle for the
second eigenvalue,

M (My,) =sup inf (Mg u,u) > a3+

inf  (Lu,u) > al > 0.
z£0 ulz: [lull=1 uldo: [Jul|=1

It follows that A\g(M,,) = 0, while Ay (M,,) > 0, which shows the simplicity of the
zero eigenvalue for M,,. It now remains to establish the claim.
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Proof. By the form of the operators M,, it suffices to show for all trigonometric
polynomials f € L?[0,T] that, for a > b,

a2<(PC(a2 - waﬁ)_l[WCfL = bz(‘PC(bQ - waﬁ)_l[WCfL I

But, letting a,, be the Fourier coefficients of ¢, f, that is,

2rinz /T

e 1 T —27minx
eof = ZanT or ap = ﬁ/ pe(a) f(x)e™ M da,
n 0

we see that

2 2 2\ -1 b? 2

b (pe(b” — wdy) " e f], f) = Z WMM

n
2

a 2
<
h Z a? + 4m2wn? /T2 [an|

n

= a®(pe(a® — wd?) e f], ),

where we have used that

b2 a?

<
b2+ Am2wn?/T2 a2 + dnwn? /T2

whenever w >0, a > b > 0. O
5. Linear stability for the Boussinesq equation: proof of theorems 3.2
and 3.3

Now that we have the solutions, we need to check that the operator H, satisfies the
requirements in theorem 4.1, after which we need to compute the index w*(H.).
We collect the necessary results in the following propositions.

PROPOSITION 5.1 (spectral properties of H.). The operator H, as given in (3.2),
satisfies (4.1)-(4.3) for p=2,3.

Our next result gives a precise formula for the index w*(H.).
PROPOSITION 5.2. We have the following.

(1) Forp=2,

where F (k) is defined in (5.6).
(2) Forp=3,

iy o YW [AE(K) —m?/K(k)][(2 - k) E(k) — 2(1 — &) K(x)]
w*(He.) ) o .

— w2)(E%(r) = (1 = k*)K(r))

REMARK 5.3. The function under the square root is positive for all values of k :
0<k<l
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‘We now complete the proof of theorem 3.2, based on the results of propositions 5.1
and 5.2.

Let p = 3. We apply theorem 4.1, from which we get stability, provided that
le| = w*(#H). Thus, we need to resolve the inequality

V1—c?

el > —

M(k),

where we have taken

[1E(k) — m2 /K (r)][(2 — *)E(k) — 2(1 — £2) K (k)]
(2 = r?)(E*(r) — (1 = #?)K(K)) ’

M(k) :=
and we obtain, for the interval of the stable speeds, that

M(x)

>,
=\ Tt

as stated in theorem 3.2.
Similarly, for p = 2, according to proposition 5.2 we have that

o> YL A,

whence we conclude similarly that

F(r)

o > ¢ 8L
4+ F(k)

is a necessary and sufficient condition for stability of the corresponding travelling
wave.

5.1. Proof of proposition 5.1

We note that standard arguments imply the validity of (4.2), since H is a fourth-
order operator. The reality condition (4.3) is also trivially satisfied, as all our poten-
tials are real valued. The condition that is hard to check is (4.1). We need to verify
that the operator H has a simple eigenvalue at 0. This was indeed the conclusion
of corollary 4.5.

Thus, it remains to show that the operator H defined in (3.2) has a simple
negative eigenvalue, and proposition 5.1 follows. This is a non-trivial fact. Interest-
ingly enough, this was needed (and proved in our paper [17]) when we considered
the transverse instability of the same spatially periodic waves in the Kadomtsev—
Petviashvili (KP) and modified KP models, that is, exactly for the operators con-
sidered here, corresponding to the cases f(u) = u?/2 and f(u) = u3. More pre-
cisely, we have derived a necessary condition such that the first two eigenvalues of
H = —0, L0, satisfy

/\0(7‘[) < /\1(7‘[) =0,

which was verified for p = 2, 3. This is exactly what is needed here. The interested
reader may consult [17, §4.1] for a full and complete proof.
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5.2. Proof of proposition 5.2
5.2.1. The case p =2
We compute the index of stability w*(#H). We have that
1 -1 7

-1,/ no_ /
<H ’(/}07/(/)0> - ||@C+A||2 <H (pc750c>7 (51)

where A = —(1/T) [ cda. Let f: H[f] = L. It follows that —Lf' = ¢ + b for
some constant b. Hence,

—f =L +bLTM. (5.2)
Thus,
_ 1 1 _ _
(M1, 0) = m@ﬁ @) = m<£ Yoo, ey + WL, ). (5.3)

From (5.2), we have that 0 = —(f’, 1) = (L 1., 1) + b(L~11,1), whence

(L', 1)
Combining (4.8), (5.1) and (5.4) yields
_ 1 _ <£71<Pc 1><£711 ®c)
1,/ AN 1 _ ) 9
<H ¢Oaw0> - ||<pC =+ AH2 <<‘C (pC7<pC> <£_11, 1>
— 1 i£< > _ <£71@C71><£711ﬂ¢0>
[pe + A2 \dcdc VP ¥e (£11,1) '
From (2.2), after integrating
T T
/ pide = 2w/ peda = 2—wF(/i),
0 0 T
we use (4.12) to find that
1d 1 4 / 2, .4
L Lpepe) = HF(R) ~ 356K W) F (G~ 82+ K] (55)

We next use (4.8) and (4.10)—(4.12) to compute

<£7117 Q) = <£71S007 1)

1 T
= 20(8(3/0 gpcdx>

= —wT?F' (k)G(k)
256

= — LK R F (R)G(R) (1~ &% + K.

Finally, using the formulae for fOT @2 du, fOT . dx allows us to find

oo+ A2 = w2F (k) — F (/@)/1(;\/1 — k2 + KK (/1)]
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Putting all these formulae together yields
1
w[2F (k) = F2(r)/16V1 = k2 + K1K? ()]
X [—F(n) — 256 K4 (k)F' (k)G (K)(1 — K% + &)

4096K°(k)(1 — K% 4 £4)P2(F/ (1) G(x))?
1—16V1 — k2 + KAK2(K)F'(K)G(r) ]

(H™''y") =

Thus, if we assign the function

F2(r)
16v1 — k2 4+ K*K2?(K)

X (F(/f) + 256 K* (k) F' ()G (k) (1 — K% + K)

4096 K° (k) (1 — w2 + I{4)3/2(F/(I€)G(I€))2)1 (5.6)
L= 16VT =2 + WK F(R)G(r) )

we get that (H 14, v’') = —1/wF (k). Thus, the index formula holds as stated in

proposition 5.2, namely,
W (H) = %\/F(H).

F(k) = [2F(m) -

5.2.2. The case p =3

In this section, we compute the index of stability. For this we need to first consider

1

— rH—l /7 /’
7|\90C+A||2< ©es Pe)

(H™ 45, v0)
where A = —(1/T) fOT wodz = —aV/2m /2K (k). Thus, we need to compute H ™1 [¢l].
Let f: H[f] = ¢L. It follows that —Lf’" = ¢, + b for some constant b. We conclude
that

—f' =L o + DL
Note that £71 is well defined, since 1 L ¢, which spans Ker(£). Thus,

1

lloc + Al
1 ’

- ||¢C+A||2<_fa<p6>

(L7 e, pc) +H(L, c)

— . 5.7
P (5.1

(M0, o) = (f, )

Differentiating (2.1) (with @ = 0) with respect to ¢ yields

_ 1 dpe
L7 .= — .
e 2¢ de
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From (2.9), we get that fOT p2dr = 8K (k)E(k)/T and

1 /de
-1 _ c
(L™ e, ) = 26< o ,soc>

1 .,
-5, ]

_ AR = (1= R)K2(r) di
T lﬁ)(l 7/&2) dw

In addition, note that

1 T
(ﬁ_ll,goe> = </J_1goc, 1) = %& [/ (T3 K) dx] =0,
0

and hence

<£71906a ®c)

Hfl /’ A )
< 7/)0 7vZ}O> ||<pc+A||2

From the relations (2.9), we have

2—-k? _ 4K?(k)(2 — K?)

w = 9 ¥1 T2 )

which, after differentiating with respect to w, allows us to write

dk _T2 1

dw ~ 8 (2— k2K (rk)dK(k)/dk — kK2(k)’

Thus,

oy TEAR) = (1= R)KP () !
(L™ 0c, pc) = -3 ) (2 - k2K (k) dK () /dr — kK2(k)’

Using that dK (k)/dk = (E(k) — (1 — %) K (k))/k(1 — k%), we obtain that

3 1 E?(k) — (1 — k?)K?%(K) 1
(e be) = = BT B — 20 = K () ~ al - (5.10)

Since fOQK(H) dn(y; k) dy = 7, we get that

7r2

oo + AJ? = a(4E<n> - 7

) = aC(k). (5.11)

From the above relations and (5.7), we get that

2 — k2

(H™ g, vp) = *WB(“)- (5.12)
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2/~ (HIg, )

_vw [ C)
2 \ (2—-k2%)B(k)

_ \/@\/[4E(f<é) — /K (R)][(2 = k) E(x) — 2(1 — k*) K ()]
2 (2 = w2)(E2(K) = (1 = w?) K () ’

which is exactly the claim of proposition 5.2.

6. Linear stability of the KGZ system: proof of theorem 3.4

We have already checked the conditions on the operator H, defined in (3.8) in §4.3.
Namely, we established the simplicity of the eigenvalue at 0 in proposition 4.6, and
we then verified the existence and simplicity of a single negative eigenvalue. It now
remains to compute the index w*(H), after which we obtain a characterization of
the linear stability by theorem 4.1, namely, |c| > w*(H).

PROPOSITION 6.1. For k € (0,k9), ko = 0.937095..., (H=Y), ) < 0. For
Kk € (Ko, 1), (H71,v4) > 0, and

w (M) = i’
24/N (k)
where N is defined in (6.6). Note that N(k) > 0, k € (Ko, 1).
Assuming the validity of proposition 6.1, we now complete the proof of theo-
rem 3.4. To that end, observe that, since (K=, 14) < 0, k € (0,r), we have
instability whenever & € (0, ko). For k € (ko, 1), we need to solve the inequality

Vw  V1=¢?
2v/N(k) 2y/N(x)’
which results in the following necessary and sufficient condition for linear stability:
1
V144N (k)

This is exactly the statement of theorem 3.4.

1> el =

1> = K € (ko,1).

6.1. Proof of proposition 6.1
We now estimate the index of stability (H (), (),
Pe
QZ}O =m B Spg 1 T )

2
< 4+ — d
2w + 2wT J, P 0¥
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where m is such that ||¢g|| = 1. Thus, we need to compute
(‘0//
C
H! 2V
_( P
()
We have that
o2 o2\
11 / 1 I 1
—wfit fog fred =ve, —(eef) —wgt = —<2w>
Integrating the second equation once yields
2
g fe o gef (6.1)

2w?  w w
where ¢; is a constant of integration and needs to be determined. The first equation
becomes

" C1Pc
f + f 2’102 w - SOC
or
C1¥Pc "
L = .. 6.2
f 2w2 o = e (6.2)
On the other hand, taking the derivative with respect to w in (2.12) yields
dec | ¢2
V=L <. 6.3
SOC dw + 27.02 ( )

From (6.2) and (6.3), we have that

(f - dﬁpe) = *%Wc

dsoc C1 . dep
- i T . 4
f= wﬁ we = ( 61)d +° wc (6.4)

Putting this into (6.1) and integrating, we get

Jo, #eldpe/dw)dz — (1/2w) [ o2 dx

and, hence,

“ T+ (1/w){ee L T00)
_ fo e (dpe/dw) dx — (1/2w) f (6.5)
T+f0 oe(dpe/dw) dz — (1/w) fo <p2dx .
Using that fK(N) = (16w?/T)E(k)K (k) and (4.23), we have that
T T
depe _ li 2
/0 @dedx—de 0 Pe dz

1 d [16w?
_ 8w (2 - k) K?(k)d[E(k)K (K)]/dk

)~
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0.92 0.94 0.96 0.98 1.00

-0.2

~0.4

Figure 10. The function N (), together with ;. Recall that,
for stability, one needs (H ™~ 14g, () < 0 and, hence, N(x) > 0.

The above formula allows us to express ¢; as a function of k only:

2B (k) K (r)d[(2 — £2) K2 (k)] /dk — 2(2 — £*) K2 (r)d[E(k) K (k)] /dk

O TR KRR~ /2K (r)]/dr — 22 — 12 K2(R)A[E(m)K (v)]/dr
_ (2 - K2 E?*(k) — 8(1 — K2)E(r)K (k) + 2(1 — k?)(2 — k?)K?%(k)
2(2 — k2)2E(k)K (k) — 2(1 — k2)(2 — k2)K2(k) — 2(2 — K2)E2(k)
Now,

(K™ 0, )

(). 0)
nf<_(§j (Q>
)

From (2.12) and the expression for f and ¢’, we get that

1 1
(l, f) = T(2J2 —Js—Js+ J5), <9/7 % > = T(Jl + Jo — J3 — Ju),

2w
where
K(w) — 2k? 1— k2

h= [ an'yedy - E(k) K (k),

0 3 3

T 2 2 K(x)

N 2w3< c) 162—/<;2[1’

TCl
Jo = <<PC7 LF’c> = 861E( )K( )7

2w 9012
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T(1 - c1){pe dpe/dw, ©7)

Iy =

2uw?
B 3K (k) (2-r2K3(k) d [ K(k)
=8 - [2 — 2l T Qe =) K2 jdn dn [2 /42]1”7
J4:%<Q02 >—32612K( ) Il,

C
w " dw

5 _Ta —cl)<¢ d%>

=8(1—c1) [2K(K)E(H) _ 2-R)EE(R) d[E(H)K(ﬁ)]/dm} |

d[(2 — k2)K2(k)]/dk

In addition, we have that

2
1 :

2
d
tour | Pl

1 T ) 2
4w2T</0 ‘pcdx)‘

Using that dn’(y) = —x?sn(y) en(y) and sn?(y) + cn?(y) = 1, we get that

2K (k) 2K (k)
<s0’c,<pé>=90§aﬁ4[ [ st | sn4<y,m>dy}

(P Pe) + —5 <<PC7<pc>

4w

8w K(k)
=375 322 k) E(k) — 4(1 — K*) K (k)]
and
= 2 a2 - B (e) — 41— WK ()] + P — 1)
16w 1—r? 1 2
= T R SR - )|

Combining the above relations yields

Ji+3J2—2J3 =2J4+ J5
16w[E(r)K (k) — (1 = #2)K2(r)/(2 = k%) — E*(r) /(2 — £)]
N(r)

= (6.6)

(™1, vp) =
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