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Abstract. The topic of this paper are nonlinear traveling waves occuring in a system of damped waves
equations in one space variable. We extend the freezing method from first to second order equations
in time. When applied to a Cauchy problem, this method generates a comoving frame in which the
solution becomes stationary. In addition it generates an algebraic variable which converges to the speed
of the wave, provided the original wave satisfies certain spectral conditions and initial perturbations
are sufficiently small. We develop a rigorous theory for this effect by recourse to some recent nonlinear
stability results for waves in first order hyperbolic systems. Numerical computations illustrate the
theory for examples of Nagumo and FitzHugh-Nagumo type.

Key words. Systems of damped wave equations, traveling waves, nonlinear stability, freezing method,

second order evolution equations, point spectra and essential spectra.

AMS subject classification. 65P40, 35152, 47A25 (35B35, 35P30, 37C80).

1. Introduction

In this paper we study the numerical computation and stability of traveling waves in second order evolution
equations. Our model system is a nonlinear wave equation in one space dimension

(1.1) Muy = Aty + fu,ug,u), € R, t > 0,u(x,t) € R™.

Here we use constant matrices A, M € R"™™ and a sufficiently smooth nonlinearity f : R®™ — R™. In the
numerical computations we have the simpler case where f is linear in u, and wuy, i.e.

(1.2) fu,v,w) =g(u) +Cv— Bw, B,Ce€R™™ g:R™— R™ smooth,

and B plays the role of a damping matrix. We also require M to be invertible and M 1A to be real
diagonalizable with positive eigenvalues (positive diagonalizable for short). This ensures that the principal
part of equation (1.1) is well-posed.

Our main concern are traveling wave solutions u, : R x [0,00) — R™ of (1.1), i.e.

(1.3) Ue (2, 1) = V(T — put), T ER, £ 20,

such that

(1.4) lim v,(§) =vy € R™ and f(v4,0,0) =0.
§—+o0
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Here v, : R — R™ is a non-constant function and denotes the profile (or pattern) of the wave, u, € R
its translational velocity and vy its asymptotic states. The quantities v, and pu, are generally unknown,
explicit formulas are only availabe for very specific equations. As usual, a traveling wave u, is called a
traveling pulse if v = v_, and a traveling front if v # v_.

We have two main aims for this paper. First, we want to determine traveling wave solutions of (1.1) from
second order boundary value problems and investigate their stability for the time-dependent problem.
Second, we will generalize the method of freezing solutions of the Cauchy problem associated with (1.1),
from first order to second order equations in time (cf. [4, 7]). The idea for approximating the traveling
wave uy is to determine the profile v, and the velocity u, simultaneously. For this purpose, let us transform
(1.1) via u(x,t) = v(&,t) with £ := & — p,t into a co-moving frame

(1.5) Mugy = (A — p2M)vee + 2p Muvg + f(v,ve, v — piive), € €R, ¢ > 0.

Inserting (1.3) into (1.1) shows, that v, is a stationary solution of (1.5), meaning that v, solves the
traveling wave equation

(1.6) 0= (A — ©ZM)vs 66 (6) + f(va(€), V46 (€), —1uva(€)), € ER.

There are basically two different ways of determining the profile v, and the velocity p, from the equations
above. In the first approach one solves (1.6) as a boundary value problem for vy, u, by truncating to
a finite interval and using asymptotic boundary conditions as well as a scalar phase condition (see [8]
for a survey). This method requires rather good initial approximations, but has the advantage of being
applicable to unstable waves as well. The second approach is through simulation of (1.1) via the freezing
method which transforms the orginal PDE (1.1) into a partial differential algebraic equation (PDAE). Its
solutions converge to the unknown profile and the unknown velocity simultaneously, provided the initial
data lie in the domain of attraction of a stable profile. In Section 2.1 below we will investigate this approach
in more detail. For the numerical examples we will employ and specify a well known relation of traveling
waves for the hyperbolic system (1.1), (1.2) to those of a parabolic system, cf. [12, 16] and Section 2.2.
We are also interested in nonlinear stability of traveling waves. Some far-reaching global stability results
for scalar damped wave equations have been proved in [11, 12]. Here we consider local stability only. For
a certain class of first-order evolution equations it is well-known, that spectral stability implies nonlinear
stability, see [31], for example. Spectral stability of a traveling wave refers to the spectrum of the operator
obtained by linearizing about the profile in the co-moving frame. In the case (1.1) the linearization of
(1.5) at the wave profile v, reads

(1.7) Muy — (A = pZM)vge — 2 Muge + (D3 f (%) — Do f (%))ve — D3 f(x)vy — Dy f(*)v =0,

where arguments are abbreviated by (%) = (s, Ux,e, —1+Vs,¢). Applying separation of variables (or Laplace
transform) to (1.7) via v(£,t) = e*Mw(€) leads us to the following quadratic eigenvalue problem
(1.8)

PNw = [A*M + A (~Dsf(x) — 2. Me) — (A — p2M)3 + (j1.Ds f(x) — Daf(x))% — D f ()] w =0,

for the eigenfunction w : R — C™ and its associated eigenvalue A € C of P. As usual P has the eigenvalue
zero with associated eigenfunction v, ¢ due to shift equivariance. If one requires this eigenvalue to be
simple and all other parts of the spectrum, both essential and point spectrum, to be strictly to the left
of the imaginary axis, then one expects the traveling wave to be locally stable with asymptotic phase.
This expectation will be confirmed in Section 4 by transforming to a first order hyperbolic system and
using the extensive stability theory developed in [27, 28]. We will also transform the freezing approach
and the spectral problem to the first order formulation. In this way we obtain a justification of the
freezing approach, showing that the equilibrium (v, i« ) of the freezing PDAE will be stable in the classical
Lyapunov sense (w.r.t. appropriate norms) provided the conditions on spectral stability above are satisfied.
Section 3 is devoted to the study of the spectrum of the operator P from (1.8). While there is always
the zero eigenvalue present, further isolated eigenvalues in the point spectrum are often determined by
numerical computations (see [2] and the references therein for a variety of approaches). The essential
spectrum can be analyzed by replacing v, in P by its limits v4 and the operator J; by its Fourier symbol
iw,w € R. The essential spectrum then contains all values A € C satisfying the dispersion relation

(1.9)  det (\*M + A(=D3 f () — 2iwp M) + w*(A = p2M) + iw(p D f(£) = Do f(£)) = Dif(+)) =0
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for some w € R, where the argument is now (£) = (v4,0,0). In Section 3 we investigate the shape
of these algebraic curves for two examples: a scalar equation with a nonlinearity of Nagumo type and a
system of dimension two with nonlinearity of FitzHugh-Nagumo type. These examples will also be used for
illustrating the effect of the freezing method from Section 2 when applied to the second order system (1.1).

2. Freezing traveling waves in damped wave equations

In this section we extend the freezing method ([4, 7]) from first to second order evolution equations for
the case of translational equivariance. A generalization to several space dimensions and more general
symmetries is discussed in [6].

2.1. Derivation of the partial differential algebraic equation (PDAE). Consider the Cauchy
problem associated with (1.1)

(2.1a) Muy = Aty + f(u, ug, ug), rzeR, t>0,

(2.1b) u(+,0) =wug, we(-,0) = vy, reR, t=0,

for some initial data wg,v9 : R — R™. Introducing new unknowns 7(t) € R and v({,t) € R™ via the
freezing ansatz

(2.2) u(z,t) =v(&,t), &=z—~(), zeR t=0,

we obtain (suppressing arguments)

(2.3) Up = —YeV¢ + Vg, U = —YuV¢ + vagg — 2794Vt + Vg

Inserting this into (2.1a) leads to the equation

(2.4) Muy = (A — 2 M)vee + 2y Mugs + e Mog + f(v,ve, v — yeve), €ER, >0,

It is convenient to introduce the time-dependent functions p;(t) € R and ps(t) € R via
pa(t) =y (t),  pa(t) = pae(t) = yue(t),

which transform (2.4) into the coupled PDE/ODE system

(2.5a) Muvy = (A — ,U,%M)Ugg + 2p1 Mugy + poMug + f(v,ve, v0 — pave), EeR, t>0,
(25b) K1 = K2, t > 0,
(2.5¢) Ve = pa, t>0.

The quantity v(¢) denotes the position, p1(t) the translational velocity and ps(t) the acceleration of the
wave v at time t. We next specify initial data for the system (2.5) as follows,

(26) U('7O) = Uuo, Ut(', 0) =V + M?u0,£7 M1 (O) = /j/(l)? ’V(O) =0.

Note that, requiring v(0) = 0 and p1(0) = u9, the first equation in (2.6) follows from (2.2) and (2.1b),
while the second condition in (2.6) can be deduced from (2.3), (2.1b), (2.5¢). At first glance the initial
value p{ can be taken arbitrarily and set to zero, for example. But, depending on the solver used, it can
be advantageous to define 9 such that it is consistent with the algebraic constraint to be discussed below.

To compensate the extra variable us in the system (2.5), we impose an additional scalar algebraic con-
straint, also known as a phase condition, of the general form

(27) ’(/Jan(’l},’l)t7/,L17/j/2) =0,¢=>0.

Together with (2.5) this will lead to a partial differential algebraic equation (PDAE). For the phase
condition we require that it vanishes at the traveling wave solution

(2.8) (v, 0, 1y, 0) = 0.

In essence, this condition singles out one element from the family of shifted profiles v, (- —v),y € R.

In the following we discuss two possible choices for a phase condition:

Type 1: (fixed phase condition). Let o : R — R™ denote a time-independent and sufficiently smooth
template (or reference) function, e.g. © = ug. Then we consider the following fixed phase condition

(2.9) 24 (0) o= (v — b, i) ge = 0, £ > 0,
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This condition is obtained from minimizing the L2-distance of the shifted versions of v from the template
¥ at each time instance

" 2 PN
p(v) = o 8) =0( = Nze = llo(- +7,8) = 00)IIZ2 -
The necessary condition for a local minimum to occur at v =0 is

L d R R -
0= 7<v('7t)_v('_v)’v('vt)_v('_7)>L2 :2<U('at)_v7v5>[,2v t>0.
dry 4=0
To reduce the index of the resulting PDAE, we differentiate (2.9) w.r.t. ¢ and obtain
(2.10) i (ve) == (v, De)p2 = 0, £ > 0.

Finally, differentiating (2.10) once more w.r.t. ¢ and using equation (2.5a) yields the following condition

VEn (v, 00, o) =((M ™A = P31y e + 2p1ve + M1 f(0,0¢, 00 — pu1ve), De) 12

(2.11) )
+ po{ve, g2 =0, t = 0.

Note that equation (2.11) can be explicitly solved for po, if the template ¢ is chosen such that (ve, O¢) 2 # 0
for any ¢t > 0.

The numbers 7 = 1,2,3 in the notation ¢§§dj above indicate the index of the resulting PDAE (in a
formal sense) as the minimum number of differentiations with respect to ¢, necessary to obtain an explicit
differential equation for the unknowns (v, 1, u2) (cf. [17, Ch. 1], [9, Ch. 2]). In general, the value of this
(differential) index may depend on the system formulation. For example, if we do not introduce ps, but
omit (2.5b) from the system and replace us by p1, in (2.5a), then we need only two differentiations to
obtain an explicit differential equation for (v, u1). Hence the index is lowered by one (this methodology is
described in the ODE setting in [9, Prop. 2.5.3]).

Let us note that the index 2 formulation (2.10) and the index 1 formulation (2.11) enforce constraints on
p1(0) = pf and p2(0) = p9 in order to have consistent initial values. Setting t = 0 in (2.10) and using
(2.6) yields the condition

(2.12) 1 (uo ¢, ) 2 + (vo, De)r2 =0,

from which p9 can be determined. Further, setting t = 0 in (2.11) and using (2.6) leads to an equation
from which one can determine ;9 from the remaining initial data

(2.13) 0= (M~ A+ (1) Im)uo,¢ + 2130, + M ™" f(uo, uog,v0), D¢) 12 + p(uo.e, O¢) re-
Type 2: (orthogonal phase condition). The orthogonal phase conditions read as follows:
(2.14) Yoin o vy vr) = (v, vg) 2 =0, £ >0,

¢§1€lt(%1,1(va Uty 1, /1'2) ::<<M_1A - N%Im)vgg + 2/1417}.515 + M_lf(/Ua Ve, UVt — ulv§)7 U§>L2

(2.15)
+ <'Ut7'U£t>L2 + M2<U£aUE>L2 =0,t>0.

For first order evolution equations, condition (2.14) has an immediate interpretation as a necessary con-
dition for minimizing |lv¢||z2 (cf. [4]). The same interpretation is possible here when applied to a proper
formulation as a first order system (cf. [5, (4.46)]). For the moment, our motivation is, that this condition
expresses orthogonality of v; to the vector v¢ tangent to the group orbit {v(- —~):~v € R} at v = 0. For
a different kind of orthogonal phase condition that relies on the formulation as a first order system, see
[5, (4.45)]. The condition (2.14) leads to a PDAE of index 2 in the sense above. Differentiating (2.14)
w.r.t. t and using (2.5a) implies (2.15) which yields a PDAE of index 1. Note that equation (2.15) can be
explicitly solved for g, provided that (ve,ve)r2 # 0 for any t > 0.

Similar to the type 1 phase condition, we obtain constraints for consistent initial values when setting ¢ = 0
in (2.14), (2.15). Condition (2.14) leads to an equation for ¢

(216) 0= /1(1)<UO,§,UO,§>L2 —+ <1)0,u07§>];27
while (2.15), (2.1b), (2.2) give an equation for ;3
0 =(2(1})?uo,ee + 3pvo.e + M~ (Aug ee + f(uo, uog,v0)) , uoe) L2

(2.17) . .
+ (vo, Vo,e) 12 + w1 (Vo, Uo,ge) 12 + Ha(Uo g, Uo.e) L2
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Let us summarize the system of equations obtained by the freezing method from the original Cauchy
problem (2.1). Combining the differential equations (2.5), the initial data (2.6) and the phase condition
(2.7), we arrive at the following PDAE to be solved numerically:

Muvy = (A — M?M)vgg + 2p Mue o + poMue + f(v, ve, v — pive),

(2.18a) t>0,
M1t = M2, Yt = Hi,

(2.18b) 0 = ¢* (v, vy, 1, p2), t>0,

(2.18¢) v(+,0) =ug, ve(-,0) =vg + M?UO,& u1(0) = u(l], ~(0) = 0.

The system (2.18) depends on the choice of phase condition ¥2?"? and is to be solved for (v, 1, fi2,7)
with given initial data (ug,vo, u9). It consists of a PDE for v that is coupled to two ODEs for ;1 and
(2.18a) and an algebraic constraint (2.18b) which closes the system. A consistent initial value p9 for py is
computed from the phase condition and the initial data (cf. (2.12), (2.16)). Further initialization of the
algebraic variable g is not needed for a PDAE-solver but can be provided if necessary (cf. (2.13), (2.17)).
The ODE for v is called the reconstruction equation in [30]. It decouples from the other equations in
(2.18) and can be solved in a postprocessing step. The ODE for p; is the new feature of the PDAE for
second order systems when compared to first order parabolic and hyperbolic equations, cf. [7, 27, 4].
Finally, note that (v, 1, u2) = (vs, i+, 0) satisfies

0=(A- MEM)U*fﬁ(f) + f(v2(§), vx6(§), —psav2£(§)), € ER,

0:/’(‘27 O:¢2nd(v*aoap’*70)a
and hence is a stationary solution of (2.18a), (2.18b). Obviously, in this case we have v(t) = p.t. For a
stable traveling wave we expect that solutions (v, y1, f12,7) of (2.18) show the limiting behavior

U(t) 7 U,y :ul(t) — Hx, #2(t) —0 as t— o0,

provided the initial data are close to their limiting values. In Section 4 we will provide theorems that
justify this expectation under suitable conditions.

2.2. Traveling waves related to parabolic equations. The following proposition shows an important
relation between traveling waves (1.3) of the damped wave equation (1.1), (1.2) and traveling waves
(2.19) Us (2, 8) = wy (T — eit), x €R, =0,

with nonvanishing speed c, of the parabolic equation

(2.20) Bu; = Augy + Cuy + g(u), € R, t > 0.

The matrices A,C € R™™ in (2.20) may differ from A, C in (1.1), (1.2). This observation goes back to
[16] and has also been used in [12]. Note that in this case w, : R — R™ solves the traveling wave equation

(2.21) 0= Aw*7§( + ¢, Bw, ¢ + CN’w*7< +g(wy), CER.

Proposition 2.1. (i) Let (2.19) be a traveling wave of the parabolic equation (2.20). Then for every
0#kecRand A, C, M € R™™ satisfying A = k*?A — c2M, C = kC, equation (1.3) with

(2.22) vl@) = wi (k). =T

defines a traveling wave of the damped wave equation (1.1), (1.2).
(ii) Conversely, let (1.3) be a traveling wave of (1.1), (1.2). Then for every 0 # k € R equation (2.19)
with

(2.23) Q) =0u(S), e = b

defines a traveling wave of (2.20) with A = k*(A — u2M), C = kC.
Proof. (i) By assumption, w, satisfies (2.21). Let 0 # k € R and A,C, M € R™™ be such that A=

k2A - c2M, C = kC hold and define Uy e DY (2.22). Then u,(x,t) = vy (T — pet) = wy (k(a; — /A*t))
satisfies

—Muy gt — Buwt + Aty g + Ctig 5 + g(uy) = flw*,“ + e Bw, ¢ + C’w*g +g(wy) =0.
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(ii) By assumption, v, y, from (1.3) satisfy (1.6). Let 0 # k € R and define A := k(A — p2M),C =
kC € R™™ and wy, ¢, by (2.23). Then u,(z,t) = we(x — cit) = v, (“J_kc*t) satisfies

_Bu*,t + Au*,ww + éu*,x + Q(U*) = (A - MEM)U*,& + M*BU*,g + CU*,g + Q(U*) =0.
O

According to Proposition 2.1, any traveling wave (2.19) of the parabolic equation (2.20) leads to a traveling
wave (1.3) of the damped wave equation (1.1),(1.2) and vice versa.

Remark 2.2. Note that the profiles Vs, Wi and the wvelocities i, cy coincide if k = 1. In this case
A=A- c2M, and the matrices A and A are different (provided ¢, #0). If we insist on A = A then the
profiles wzll be different.

In case C = 0 both systems (1.1), (1.2) and (2.20) share a symmetry property: if v.(§)(§ € R), ¢, resp.
wx(Q)(C € R), uy is a traveling wave then so is the reflected pair v.(—&)(§ € R), —cx resp. wi(—¢)(C €
R), —ps. Thus, choosing k < 0 in (2.22) resp. (2.23) will not produce new waves other than those induced
by reflection symmetry. Therefore, we will assume k to be positive in the following.

It is instructive to consider two limiting cases of the transformation (2.22) when a traveling wave w, with
velocity ¢y, # 0 is gwen for the parabolic equation (2.20).

First assume A = A and let M — 0. Then the relation A = k2A — 2M implies k — 1 and v, — wy,
tsx — . Thus the profile and the velocity of the traveling waves (1.3) of the system (1.1), (1.2) converge
to the correct limit in the parabolic case. Second, consider the scalar case, fit A > 0 and let M — oo.
Then the relation A = k2A — c2M implies k — oo and p, = T — 0. Thus a large value of M creates a
slow wave for the system (1.1), (1.2) which has steep gradients in its profile due to v, ¢(§) = kwy ¢ (kE).

2.3. Applications and numerical examples. In the following we consider two examples with nonlin-
earities of Nagumo and FitzHugh-Nagumo type. We use the mechanism from Proposition 2.1 to obtain
traveling waves of these damped wave equations. Then we solve the PDAE (2.18) providing us with wave
profiles, their positions, velocities and accelerations. All numerical computations in this paper were done
with Comsol Multiphysics 5.2, [1]. Specific data of time and space discretization are given below.

Example 2.3 (Nagumo wave equation). Consider the scalar parabolic Nagumo equation, [23, 24],
(224) ut:uzz+g(u)7 .’EER,tZO, g(u):u(l—u)(u—b),

with u = u(z,t) € R and some fixed b € (0,1). It is well known that (2.24) has an explicit traveling front
solution uy (m, t) = wy (T — cit) given by

wy(C) = (1 + exp (7%»—17 e =—V2 <; b> ,

with asymptotic states w_ = 0 and w; = 1. Note that ¢, < 0if b < % and ¢, > 01if b > % Proposi-
tion 2.1(i) implies that the corresponding Nagumo wave equation

(2.25) eupt + U = Uge + g(u), x €R, £ >0,

has a traveling front solution w,(z,t) = v, (x — p.t) given by

- o\ 1/2
(2.26) 02(€) = w, k), N*:_ﬂ(]jb), k= <1+25 (;—b) ) .

Figure 2.1 shows a numerical approximation of the time evolution of the traveling front solution u of (2.25)
on the spatial domain (—50,50) with homogeneous Neumann boundary conditions and initial data

1 1
(2.27) up(x) = — arctan(z) + 3 vo(x) =0, =z € (—50,50).
7
Further parameter values are ¢ = b = i. For the space discretization we used continuous piecewise linear

finite elements with spatial stepsize Az = 0.1. For the time discretization we used the BDF method of
order 2 with absolute tolerance atol = 1073, relative tolerance rtol = 10~2, temporal stepsize At = 0.1
and final time T' = 150.
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FIGURE 2.1. Traveling front of Nagumo wave equation (2.25) at different time instances
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FIGURE 2.2. Solution of the frozen Nagumo wave equation (2.28): Approximation of
profile v(z, 150) (a) and time evolutions of velocity p; and acceleration ug (b) and of the

profile v (c) for parameters ¢ = b = 1.

Next we solve with the same data the frozen Nagumo wave equation resulting from (2.18)

evy +vg = (1 — M%E)Ugg + 2p€ve ¢ + (pog + p1)ve + g(v),

28a t>0,

(2.28a) 0
it = 2, Y = M1,

(2.28Db) 0= <vt(~,t),@5>L2(R’R), t>0,

(2.28c¢) v(+,0) =ug, v(-,0) =vo+ ,u?uo,g, u1(0) = u?, ~v(0) = 0.

Figure 2.2 shows the solution (v, u11, 12,7) of (2.28) on the spatial domain (—50,50) with homogeneous
Neumann boundary conditions, initial data ug, vo from (2.27), and reference function & = ug. For the
computation we used the fixed phase condition %%3?2 (v¢) from (2.10) with consistent intial data 9, u9,
c.f. (2.12) and (2.13). Note that vy = 0 from (2.27) implies u{ = 0 according to (2.12). Then, inserting
1) =0, ug, vo from (2.27), 9 =ug, M =¢, A= B=1,C =0 and g from (2.24) into (2.13), finally implies
p9 = —1.0312. The discretization data are taken as in the nonfrozen case. The diagrams show that after a
very short transition phase the profile becomes stationary, the acceleration us converges to zero, and the
speed p; approaches an asymptotic value p™™" which is close to the exact value u, ~ —0.34816, given by
(2.26). We expect |p, — p™| — 0 as the domain (—R, R) grows and stepsizes tend to zero.

Note that the unknown function ¥(¢) (not shown), t € [0,150], is obtained by integrating the last equation
in (2.28a). From its values one can still recover the position of the front in the original system (2.25). It
turns out that the wave hits the left boundary at @ = —50 at time ¢ ~ 143.82 (cf. Figure 2.1(b)).

If we replace the phase condition 1/)%2?2 in (2.28) by @/J%Q% or wg;ﬁ,w we obtain very similar results as those
from Figure 2.2. The profile again becomes stationary, the acceleration us converges to zero, and the
speed pq approaches to an asymptotic value. Since we expect v;(t) — 0 and pq () — 0 as t — oo, we use
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FiGURE 2.3. Comparison of the phase conditions for the frozen Nagumo wave equation

(2.28): Time evolution of ||v¢|| = (a) and |p1| (b) for parameters e = b = 1.

these quantities as an indicator checking whether the solution has become stationary. Figure 2.3 shows
the time evolution of ||vs|| ;. and |p1,¢| when solving (2.28) for different phase conditions. While the phase
conditions of index 2 and 3 behave as expected, the index 1 formulation yields small but oscillating values
for the norms of v; and p; .. We attribute this behavior to the fact, that our adaptive solver enforces the
differentiated conditions (2.11), (2.15), but does not control vy, s directly. Further investigations show
that the consistency condition for 9 does not really affect the numerical results for the different phase
conditions. Therefore, in the next example we do not compute the expression for 9 but use the expected
limiting value as initial datum u = 0.

Example 2.4 (FitzHugh-Nagumo wave system). Consider the 2-dimensional parabolic FitzHugh-Nagumo
system, [10],

o ~ (1 0 _ ul—éu:f—ug
(2.29) up = Augy +g(u), € R, t >0, A—(O p>79(U)—(¢(ul+a_bu2) ,

with 4 = u(x,t) € R? and positive parameters p,a, b, » € R. Equation (2.29) is known to exhibit traveling
wave solutions in a wide range of parameters, but there are apparently no explicit formulas. For the values

(2.30) p=01 a=0.7 ¢=0.08 b=0.38
one finds a traveling pulse with
(2.31) we ~ (—1.19941, —0.62426) ", ¢, ~ —0.7892.

For the same p, a, ¢ but b = 3, there is a traveling front with asymptotic states and velocity given by
w_ ~ (1.18779, 0.62923) ", w, ~ (—1.56443, —0.28814)", ¢, ~ —0.8557.
Applying Proposition 2.1(i) with M = el requires the equality A+ 2M =Ek*A, ie.
1+ cza = k%A, o+ 035 =k?Asy, Ajp= Ay =0.

Setting A1; := 1 und using parameter values from (2.30), Proposition 2.1(i) shows that the corresponding
FitzHugh-Nagumo wave system

(2.32) Muy + Buy = Augy +g(u), x € R, ¢ >0,
with

M =¢l,, B=1, A=diag(l, ’figgi), kE=+1+c2e, >0, p,c.given

has a traveling pulse (or a traveling front) solution with a scaled profile vy, limits v = wy, and velocity
Hx = %

In the following we show the computations for the traveling pulse. Results for the traveling front are
very similar and are not displayed here. In the frozen and the nonfrozen case, we choose ¢ = 1072 and
parameter value (2.30). Space and time are discretized as in Example 2.3. Figure 2.4 shows the time
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evolution of the traveling pulse solution u = (u1,us)? of (2.32) on the spatial domain (—50,50) with
homogeneous Neumann boundary conditions. The initial data are

(2.33) up(z) = (£ arctan(z) + 1, 0)" + vy, wvo(z) =(0,0)", =z€eR,

where vy = wy is the asymptotic state from (2.31).

1.5 100

1 80
0.5

= 60
i 0

5'-0.5 40
-1

20
-1.5

0

-50 -50

FIGURE 2.4. Traveling pulse of FitzZHugh-Nagumo wave system (2.32) at different time
instances for u; (a) as well as its time evolutions (c) for parameters ¢ = 1072, p = 0.1,
a=0.7,¢=008 and b= 0.8.
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FIGURE 2.5. Solution of the frozen FitzHugh-Nagumo wave system (2.18): Approxima-
tion of profile components v1(x, 150), ve(z,150) (a), and time evolutions of velocity p;

and acceleration u (b) and of the profile’s component v; (c) for parameters e = 1072,
p=0.1,a=0.7¢=008 and b= 0.8.

Next consider for the same parameter values the corresponding frozen FitzHugh-Nagumo wave system

Muy + Buy = (A — piM)vee + 21 Mogy + (paM + pa B)og + g(v),

(2.34a) t>0,
Hie = K2, Yt = K1,

(2.34b) 0= <vt(~,t),@§>L2(R7R), t >0,

(2.34c) v(,0) =ug, vi(+,0) =vg+ pfuoe, p1(0)=pd, ~(0)=0.

Figure 2.5 shows the solution (v, y1, f12,7) of (2.34) on the spatial domain (—50,50), with homogeneous
Neumann boundary conditions, initial data wug, vg from (2.33), and reference function & = ug. For the
computation we used again the fixed phase condition 111%2?2 (v¢) from (2.10) with consistent intial data for
1. Note that vg = 0 from (2.33) implies 1§ = 0 according to (2.12). We further set 43 = 0 which does not
satisfy the consistency condition (2.13). Time and space discretization are done as in the nonfrozen case.

Again the profile quickly stabilizes and the velocity and the acceleration reach their asymptotic values.
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FiGURE 2.6. Comparison of the phase conditions for the frozen FitzHugh-Nagumo wave
system (2.34): Time evolution of |[v||;- (a) and |u1.| (b) for parameters ¢ = 1072,
p=0.1,a=0.7 ¢=0.08 and b = 0.8.

Finally, Figure 2.6 shows that similar results are obtained if we replace the phase condition ﬂ’%?cfiz in the

frozen FitzHugh-Nagumo wave system (2.34) by zbfziﬁ%, g;dl, gﬁ%,z, or even by 1,/1(2,;‘&)1. Contrary to our

first example, the fixed phase condition of index 1 provides good results in this case, while the index

1 formulation of the orthogonal phase condition wg;ﬁl)l continues to show small oscillations of the time

derivatives.

3. Spectra and eigenfunctions of traveling waves

In this section we study the spectrum of the quadratic operator polynomial (cf. (1.8))

(3.1) PN\ := NP, + AP, +P,, MeC.

Here the differential operators P; are defined by

(32) Py=M, Py =—Dsf(*) —2uM0d, Py=—(A—piM)J + (u.Dsf(x) — Daf (%) — D1 f (%),

where (%) = (Ui, Ux,e, —f1+Vx,¢) and vy, p, denote the profile and velocity of a traveling wave solution
U (2,t) = ve(x — pit) of (1.1). Note that P; is a differential operator of order 2 — j for j = 0,1,2. In the
following we recall some standard notions of point and essential spectrum for operator polynomials.

Definition 3.1. Let (X, |-|lx) and (Y,|||ly) be complex Banach spaces and let P(\) = 379_, PN NeC
be an operator polynomial with linear continuous coefficients P; : Y — X, j=0,...,q.

(a) The resolvent set p(P) and the spectrum o(P) are defined by
p(P) = {\ € C:P()) is bijective and P(N\)"*: X — Y is bounded}, o(P) := C\p(P).

(b) Xo € o(P) is called isolated if there is € > 0 such that A € p(P) for all \g # X € C with |A — Ao| < e.

(c) If P(Xo)yo = 0 for some Ao € C and yo € Y \ {0}, then Ao is called an eigenvalue with eigenvector yq.
The eigenvalue Ao has finite multiplicity if dim(N(P(Xo))) < oo and if there is a mazimum number
n € N, for which polynomials y(\) = Z;:o()‘ — Xo)y; exist in'Y satisfying

(3.3) Yo #0, Py (N)=0 v=0,...,n—1

This mazimum number n = n(Xo) is called the mazimum partial multiplicity, and dim(N (P(Xg))) is
called the geometric multiplicity of Ag.
(d) The point spectrum is defined by

Tpoint (P) = {X € a(P) : X is isolated eigenvalue of finite multiplicity}.
Points in p(P) U 0point(P) are called normal, and the essential spectrum of P is defined by
Oess(P) :={A € C: X is not a normal point of P}.
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Remark 3.2. There is no loss of generality in assuming the root polynomials in (c) to be of the form
y(A\) = Zﬁ;ol()\f)\o)jyj. Forifr <n—1 we simply set y; =0,j =r+1,...,n—1. And if r > n we
subtract from y the term Z;Zn(/\ — Xo)ly; which has \o as a zero of order at least n and thus does not
change the root property (3.3). The eigenvalue Ao is simple iff the geometric and the mazimum partial
multiplicity are equal to 1. In this case N'(P(Xo)) = span(yg) for some yo # 0 and P'(Mo)yo &€ R(P(Xo))-
For more details on root polynomials, partial and algebraic multiplicities we refer to [20, 21, 22]. Our
definition of essential spectrum follows [18].

By definition, the spectrum o (P) of P can be decomposed into its point spectrum and its essential spectrum
0(P) = 0ess(P) U Opoint (P).

The function spaces underlying the definition of spectra are subspaces of L?(R, R™) which will be specified
in Section 4 and Appendix A. In this section we carry out formal calculations without reference to a specific
function space.

3.1. Point spectrum on the imaginary axis. Applying O to the traveling wave equation (1.6), leads
to the equation

0=(4- NzM)U*,ggg + Do f(%)vsge + D1f(x)vae — D3 f(*)nee = —Povie, L ER,

provided that v, € C3(R,R™) and f € C*(R®*™ R™). Therefore, w = U,,¢ solves the quadratic eigenvalue
problem P(A)w = 0 for A = 0, and w = v, ¢ is an eigenfunction if the wave profile v, is nontrivial (i.e. not
constant). This behavior is to be expected since the original equation is equivariant with respect to the
shift, and the spatial derivative O¢ is the generator of shift equivariance.

Proposition 3.3 (Point spectrum of traveling waves). Let v, € C3(R,R™), u, be a nontrivial classical
solution of (1.6) and f € C'(R®",R™). Then A = 0 is an eigenvalue with eigenfunction v, ¢ of the
quadratic eigenvalue problem P(A)w = 0. In particular, 0 € opoint(P).

As usual, further isolated eigenvalues are difficult to detect analytically, and we refer to the extensive
literature on solving quadratic eigenvalue problems and on locating zeros of the so-called Evans function,
see e.g. [2, 32].

Example 3.4 (Nagumo wave equation). Recall from Example 2.3 that the Nagumo wave equation (2.25)
has an explicit traveling front solution u,(x,t) = v.(£), £ = © — ust, with v, and py from (2.26), i.e. vy
and pu, solve the associated traveling wave equation

0= (1 - pe)vage(€) + Havag(€) +va() (1 = vu(€)) (va() = 1), E€R.
The quadratic eigenvalue problem for the linearization then reads as follows,
[Pw]() = & (A — p1.0¢) w(€) + (A = 120) w(€) —wee (€) + (307 (€) — 2(b+ Do (§) — b) w(€) = 0, £ R
With & from (2.26), it has the solution

A=0, w(§) = vae(€) = L exp (—145) (1+eXp(f%))_2, ¢eR.

3.2. Essential spectrum and dispersion relation of traveling waves. The essential spectrum of P
from (3.1), (3.2), is determined by the constant coeflicient operators obtained by letting £ — +o00 in the
coefficient operators Py, Py (recall (+) = (v4,0,0)),

PEN) =A2P, + A\PE + PE, MeC,
P == Dsf(£) = 2 M0, Py =—(A— pZM)O; + (1. Dsf (&) — Dof ()9 — Dy f ().

We seek bounded solutions w of P£(A\)w = 0 by the Fourier ansatz w(§) = ¢“¢z,2 € C™,|z| = 1 and
arrive at the following quadratic eigenvalue problem

Ar (N w)z = (A2 A + AT (w) + AT (w)) 2 =0

(3.4)

with matrices
(3.5)
Ay =M, Af(w) = —Dsf(+)—2iwp M, Af(w) = w*(A—piM)+iw(p,Dsf(+) — Do f(£)) — D1 f(£).
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Every A € C satisfying the dispersion relation
(3.6) det (\2As + AT (w) + AT (w)) =0

for some w € R and either sign, belongs to the essential spectrum of P. A proof of this statement is
obtained in the standard way by cutting off w(§) at £ ¢ [n,2n] resp. & ¢ [—2n,—n] and letting n — oo.
Then this contradicts the continuity of the resolvent at A in appropriate function spaces. This proves the
following result:

Proposition 3.5 (Essential spectrum of traveling waves). Let f € C1(R3™ R™) with f(v4,0,0) = 0 for
some v+ € R™. Let v, € C%(R,R™), p, be a nontrivial classical solution of (1.6) satisfying v, (£) — vy as
& — +o00. Then, the dispersion set set

(3.7) 0disp(P) 1= {X € C | X satisfies (3.6) for some w € R and some sign £}
belongs to the essential spectrum cess(P) of P.

In the general matrix case it is not easy to analyze the shape of the algebraic set oqisp(P), since (3.6)
amounts to finding the zeroes of a polynomial of degree 2m. In view of the stability results in Theorem 4.8
and Theorem 4.10 our main interest is in finding a spectral gap, i.e. a constant 8 > 0 such that

(3.8) ReA< —B<0 forall A€ ogip(P).

We discuss this condition for three subcases of the special structure (1.2).
(i) Parabolic case: (M =0, B =1,,, C =0). The dispersion relation (3.6) reads

(3.9) det (5\Im + w?A - Dg(vi)> =0, A=\—iwp,,
and the corresponding eigenvalue problem may be written as

(3.10) Az =—(w?A—-Dg(vy))z, 0#2€C™ X=)\—iwp,.
Let us assume positivity of A and —Dg(v+) in the sense that

(3.11) Rezf Az >0, Rez’Dg(vi)z <0 forall z€C™.

Multiplying (3.10) by z and taking the real part, shows that the solutions A of (3.9) have negative
real parts and the gap is guaranteed. This is still true if A is nonnegative but has zero eigenvalues.
Note that in this case, equation (2.1) is of mixed hyperbolic-parabolic type and the nonlinear stability
theory becomes considerably more involved, see [29].

(i) Undamped hyperbolic case: (M =1,,, B=0, C = 0). The dispersion relation (3.6) reads
det (PIm Fw?d - Dg(vi)> 0, A=\ —iwp

Whenever A € C,w € R solve this system, so does the pair —\, —w. Hence, the eigenvalues lie either on
the imaginary axis or on both sides of the imaginary axis. Therefore, a spectral gap cannot exist. This
is the Hamiltonian case, where one can only expect stability (but not asymptotic stability) of the wave.
We refer to the local stability theory developed in [14],[15] (see also [19] for a recent account). Note
that in this case the positivity assumption (3.11) only guarantees Re A < 0, i.e. T < |arg(\)| < 5 for
A=\ —iwu, and all eigenvalues A € o(A(-,w)).

(iii) Scalar case: (M =1, B =1, C=0). It is instructive to discuss the dispersion relation (3.6) in the
scalar case with A = a, —Dg(vy) = ¢ and real numbers a,n,d > 0

(3.12) Mrpht+a®+6=0, A=\—iwp,.
This case occurs with the Nagumo wave equation below. The solutions are
2 1/2
)\:iwu*—gi(il—é—oﬂa) , weR.

If n? < 46, then all solutions A of (3.12) lie on the vertical line ReA = —% < 0. A short discussion
shows that they actually cover this line under the assumption p2 < a, which corresponds to positivity
of the matrix A — u2M occuring in (1.6). If n? > 46 then the solutions A of (3.12) lie again on this
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line (resp. cover it if u? < a) for values |w| > wg = (%(%

the ellipse

—4))/2. But for values |w| < wp they form

ReA+2)2  (Im )2
(3.13) (Re 5 2) + ( m2 ) =1, with semiaxes p; =a
p1 b3

1/2

wo, P2 = |fx]wo-

2

1/2
The rightmost point of the ellipse —f3 := —2 + (% — 6) is still negative and therefore can be taken
for the spectral gap (3.8).

Example 3.6 (Spectrum of Nagumo wave equation). As in Example 2.3, consider the Nagumo wave
equation (2.25) with coefficients

M=e>0, A=B=1, C=0.

There is a traveling front solution u,(z,t) = vi(z — pyt) with vy, p. from (2.26). With the asymptotic
states v =1, v_ =0 and ¢'(vy) =b—1, ¢'(v_) = —b from (2.24), we find the dispersion relation

N+ A+wi+b=0 or eN+A+w?—b+1=0.

The scalar case discussed above applies with the settings = 1 = a, 64+ = —@. Thus the subset

€
odisp(P) of the essential spectrum lies on the union of the line Re X = —2% and possibly two ellipses
defined by (3.13) with wy = wy = (£ + g’(vi))l/Q. The ellipse belonging to v occurs if 1 —b < -, and
the one belonging to v_ occurs if b < L. Since 0 < b < 1 both ellipses show up in oaisp(P) if e < 1. In

any case, there is a gap beween the essential spectrum and the imaginary axis in the sense of (3.8) with
1
B=5 (1- (-4 min(s,1-4)").
€

Figure 3.1(a) shows that piece of spectrum which is guaranteed by our propositions at parameter values
e=b= i. It is subdivided into point spectrum (blue circle) determined by Proposition 3.3, and essential
spectrum (red lines) determined by Proposition 3.5. There may be further isolated eigenvalues. The
numerical spectrum of the Nagumo wave on the spatial domain [—R, R] and subject to periodic boundary
conditions, is shown in Figure 3.1(b) for R = 50 and in Figure 3.1(c) for R = 400. Each of them consists
of the approximations of the point spectrum (blue circle) and of the essential spectrum (red dots). The
missing line inside the ellipse in Figure 3.1(b) gradually appears numerically when enlarging the spatial
domain, see Figure 3.1(c). The second ellipse only develops on even larger domains.

1 1 . 1
1]
0.5+ 0.5 . 0.5
~ //__L\\ - ~ ode
g 0 \\‘y § 0 . o § 0
-0.5 0.5+ . 0.5}
1]
-1 1 s 1
-4 3 2 1 0 1 4 3 -2 -1 0 1 4 3 2 1 0 1
Re A Re A Re A

FIGURE 3.1. Essential spectrum of the Nagumo wave equation for parameters ¢ = b = 1

1
(a) and the numerical spectrum on the spatial domain [—R, R] for R = 50 (b) and R = 400

(c)-

Example 3.7 (Spectrum of FitzHugh-Nagumo wave system). As shown in Example 2.4, the FitzHugh-
Nagumo wave system (2.32) with coefficient matrices

M=cl, A=diag(l,?%%%), B=1I, C=0

? 14c2e
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and parameters from (2.30) has a traveling pulse solution u,(x,t) = ve(x — pxt) with

[y = % k=112, c,~ —0.7892.

The profile v, connects the asymptotic state v+ = wy from (2.31) with itself, i.e. v4(§) = vy as & — +oo.
The profile v, and the velocity u, are obtained from the simulation performed in Example 2.4. The
FitzHugh-Nagumo nonlinearity g from (2.29) satisfies

g@h@>mdmmbC‘%f_@)

The dispersion relation for the FitzHugh-Nagumo pulse states that every A € C satisfying

A2+ p(w)A + g1 (w) 1
(3.14) det (6 P — ! eN? +p(w))\+Q2(W)> N

for some w € R belongs to gess(P), where we used the abbreviations

p+ cle
1+ c2e

) = 1= Ziwpz, () = (1 = pe) = e = (1= (020, () = pe) = i + b,

Note that (3.14) leads to the quartic problem
0= a4)\4 + a3A3 + a2/\2 + a1\ + ag
with w-dependent coefficients

ar=¢% a3=2ep, as=clq+q)+p>, a1 =pq+q), a =qqe+ o

20 g — — % 20 8 -1.311e-10
_wl(x)
10 - o 6 —W,(X)
4
~< < =2
0 bl £ k3
£ E g
-10 -2
-4
-6

v
o
o

50

F1GURE 3.2. Essential spectrum of the FitzZHugh-Nagumo wave system for parameters
from (2.30) and e = 1072 (a), the numerical spectrum (b) and both components of the
eigenfunction belonging to A ~ 0 (c).

Instead of this we solved numerically the quadratic eigenvalue problem (3.14) using parameter continuation
with respect to w. In this way we obtain analytical information about the spectrum of the FitzHugh-
Nagumo pulse shown in Figure 3.2(a) (red lines) for e = 1072, Again part of the point spectrum (blue
circle) is determined by Proposition 3.3 and part of the essential spectrum (red lines) by Proposition 3.5.
Zooming into the essential spectrum shows that the parabola-shaped structure contains at both ends a
loop which is already known from the first order limit case, see [3]. From these results it is obvious
that there is again a spectral gap to the imaginary axis, but we have no analytic expression for this gap.
The numerical spectrum for periodic boundary conditions is shown in Figure 3.2(b). It consists of the
approximations of the point spectrum (blue circle) and of the essential spectrum (red dots). Figure 3.2(c)
shows the approximation of both components w; and ws of the eigenfunction w(&) ~ v, ¢(§) belonging to
the small eigenvalue A\ = 1.311 - 10~ !% which approximates the eigenvalue 0. Note that an approximation
of vy = (vs,1,0x2)T was provided in Figure 2.5(a).
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4. First order systems and stability of traveling waves

In this section we transform the original second order damped wave equation (1.1) into a first order system
of triple size. To the first order system we then apply stability results from [28] and derive asymptotic
stability of traveling waves for the original second order problem and the second order freezing method.
Transferring regularity and stability between these two systems requires some care, and we will provide
details of the proofs in Appendix A.

4.1. Transformation to first order system and stability with asymptotic phase. In the following
we impose the smoothness condition

Assumption 4.1. The function f : R3™ — R™ satisfies f € C?(R3™,R™)
and the following well-posedness condition
Assumption 4.2. The matriz M € R™™ is invertible and M~ A is positive diagonalizable.

Assumption 4.2 implies that there is a (not necessarily unique) positive diagonalizable matrix N € R™™
satisfying N2 = M~'A. Let \; > --- > A, > 0 denote the real positive eigenvalues of V.
We transform to a first order system by introducing U = (U1, Uy, Uz) T € R3™ via

(4.1) Uy=u, Us=wus+ Nug, Us=u;— Nug+ cu,

where ¢ € R is an arbitrary constant to be determined later. These variables transform (1.1) into the first
order system

(4.2) U= EU,+ F(U),
with E € R33™ and F : R3™ — R3™ given by
N 0 O —cUy +Us
e=(o N o), roy={_ fu) |,
(4.3) 0 0 —-N FU) + cUs

~ 1 1

fU) =M1 f(Uy, 5N—l(U2 — Us + cUy), 5(U2 + Uz — cly)).
Thus we write the second-order Cauchy problem (2.1) as a first-order Cauchy problem for (4.2),
(4.4) U =FEU,+F{U), U(-0)=Up:= (up,vo + Nug g, v0 — Nug 5 + cup) "

Remark 4.3. The transformation to a first order system has some arbitrariness and does not influence
the results for the second order problem (1.1). The current transformation to a system of dimension 3m
improves an earlier version [5] of our work which was limited to the semilinear case (1.2). There we
used Uy = u, Uy = uy — Nu, to obtain a system of minimal dimension 2m. But for this transformation
the general nonlinear equation (1.1) does not lead to a semilinear system of type (4.2). The drawback
of the non-minimal dimension 3m is that extra eigenvalues of the linearized system appear which do not
correspond to those of the linearized second order system. The constant ¢ above will be used in Section A.2
to control these extra eigenvalues.

We emphasize that system (4.2) is diagonalizable hyperbolic. More precisely, there is a nonsingular block-
diagonal matrix T € R3™3™  so that the change of variables W = T~1U transforms (4.2) into diagonal
hyperbolic form

(4.5) Wi =AW, + G(W), Ap =T 'ET =diag(A,A,—A), G(W)=T"'F(TW),
where A = diag(A1,..., A\ ). For systems of type (4.4), (4.5) we have local well-posedness of the Cauchy
problem in suitable function spaces such as (see e.g. [26, Sect. 6])

k
(4.6) CHM(J;R") = () C*7(J, H/(R,R")), J C R interval, k € Ng, n € N.
j=0

Our regularity condition on the traveling wave is as follows:
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Assumption 4.4. The pair (vy, 1) € CZ(R,R™) x R satisfies vi ¢ € H*(R,R™) and is a non-constant
solution of the second order traveling wave equation (1.6) with

]" * = b 1. * = ) ? ) = *
Mm v (&) = vz Mm v £ =0, f(vs,0,00=0

The first order system (4.2) then has a traveling wave

Vs
(4.7) Ui(z,t) = Vi(x — put), Vi:= (N — podim) v g € CZ(R,R™) x C} (R, R*™).
Vs — (N + pud ) Vs ¢

The profile V, solves the equation

(48) 0= (E + /L*I3m)v*’€ + F(V*)

and satisfies

(4.9) ghrin Vi(€) = V4 := (v4,0,cv1) and F(Vy)=0.
—doco

Our next assumption is
Assumption 4.5. The matriz A — u?M is nonsingular.

It guarantees that (1.6) is a regular second order system and that v, € C(R,R™) which follows from
Assumptions 4.1 and 4.4. Further, from A — p2M = M (N — p.I,n)(N + piI,,) one infers that the matrix
E + py I3, in (4.8) is nonsingular. This will enable us to apply the stability results from [28] which hold
for hyperbolic systems where the matrix E + p4I3,, is real diagonalizable with nonzero but not necessarily
distinct eigenvalues. The condition also ensures that any solution V, € CL(R,R3™) of (4.8) has a first
component in CZ(R,R™) which solves the second order traveling wave equation (1.6). Moreover, using
the limits from Assumption 4.4 one obtains from (1.6)

(4.10) dim veee(§) =0.

Next, recall the dispersion set (3.6) for the original second order problem

(4.11)  og4isp(P) = {)\ € C:det(A\? Az + AT (w) + A7 (w)) = 0 for some w € R, and some sign i},
with A(jf, Ali, As given in (3.5). We require

Assumption 4.6. There is § > 0 such that Re (04isp(P)) < —6.

Finally, we exclude nonzero eigenvalues in the right half plane.

Assumption 4.7. The eigenvalue 0 of P is simple and there is no other eigenvalue of P with real part
greater than —§ with 6 given by Assumption 4.6.

With these assumptions our first main result reads:

Theorem 4.8 (Stability with asymptotic phase). Let Assumptions 4.1 — 4.7 hold. Then, for all0 <n < §
there is p > 0 such that for all ug € v, + H3(R,R™), vg € H?(R,R™) with

(4.12) luo = vull s + l[vo + paveellaz < p,

the Cauchy problem (2.1) has a unique global solution u € v, + CH?([0,00); R™). Moreover, there exist
Poo = Poo(u0,v0) and C = C(n, p) satisfying

(4.13) ool < C(lluo = vellars + Il + vl )

and
[u(, ) = va(- = pst = poo) [z H[ue (-, ) + pavae (- — pat — o) |

4.14
(4.14) HQ)e*”t vt > 0.

<C (o — vallms + o + puvne

The proof will be given in Appendix A. Let us note that the loss of one derivative for the solution when
compared to initial data, is typical for hyperbolic stability theorems and results from the theory in [28].
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4.2. Stability of the freezing method. Let us first apply the freezing method to the first order system
(4.4). We introduce new unknowns (t) € R and V(£,t) € R3™ via the ansatz

(4.15) Uz, t) =V(t), &=xz—~((F), zeR,t>0.

This formally leads to

(4.16a) Vi = (E + pl3m)Ve + F(V),

(4.16b) Y = i,

(4.16¢) V(-,0) = Vo := Uy = (uo,v0 + Nug,e,v0 — Nuge + cuo)T, ~v(0) =0,

with E and F from (4.3). In (4.16) we introduced the time-dependent function u(t) € R for convenience.
As before, equation (4.16b) decouples and can be solved in a postprocessing step. One needs an additional
algebraic constraint to compensate the extra variable . To relate the second order freezing equation (2.5)
and the first order version (4.16), we omit the introduction of g in (2.5) and write it in the form

(4.17a) Muy =(A — > M)vee + 2uMuvgg + p Mug + f(v, ve, v — pog), EeR, t>0,
(4.17b) Ve =

(4.17¢) v(+,0) = uo, ve(+,0) =vo + p(0)uoe, (0)=0.

Transforming (4.17) into a first order system by introducing V = (V3, V5, V3) T € R3™ via

(4.18) Vi=v, Va=uv+ (N —ply)ve, Vz=wv— (N + ply)ve +cv

we again find the system (4.16). As a consequence we obtain the equivalence of the freezing systems for
the first and the second order formulation. Henceforth we restrict to the fixed phase condition (2.9) for
which we require the following condition.

Assumption 4.9. The template function © : R — R™ belongs to v, + H'(R,R™) and satisfies
(4.19a) (0 — Uy, Ve)p2 = 0,
(419b) <'U*7§, ZA)§>L2 7é 0.

Condition (4.19a) implies that (2.8) holds for the fixed phase condition (2.9), so that (v, ., 0) is a
stationary solution of (2.18a), (2.18b) (skipping the y-equation needed for reconstruction only). Condition
(4.19b) specifies some non-degeneracy used in the proof.

Now we are ready to state asymptotic stability (in the sense of Lyapunov) of the steady state (v, fix, 0)
for the freezing system (2.18) that belongs to the nonlinear wave equation.

Theorem 4.10 (Stability of the freezing method). Let Assumptions 4.1 — 4.7 hold and consider the phase
condition 2" (v, vy, py, p2) = (v — 0,0¢)r2 with a template function © which fulfills the non-degeneracy
Assumption 4.9. Then, for all 0 < n < & there is p > 0 such that for all uy € v, + H3(R,R™), vy €
H?(R,R™) and 1§ € R which satisfy

(4.20) luo — vills + llvo + pxvsellaz < p

and the consistency conditions (2.12), (2.13), (ug — 0, 0¢) 2 = 0 the following holds. The freezing system
(2.18) has a unique global solution (v, 1, pa,y) € (ve + CH?([0,00);R™)) x C([0,00)) x C([0,00)) x
C?([0,0)). Moreover, there exists some C = C(p,n) > 0 such that the following exponential stability
estimate holds

(4.21) (o, 8) = vullizz + los ol + () = 1l < O(luo = vallis + oo + pravaglla) €™ ¥t > 0.

The proof builds on the fact that the original second order version (2.18) and the first order version (4.16)
of the freezing method for traveling waves in (1.1) are equivalent in suitable function spaces. This will be
detailed in Appendix A

Appendix A. Proof of Stability Theorems
In this Appendix we provide a detailed proof of Theorems 4.8 and 4.10.
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A.1. Results for first order systems. Let us recall the stability result from [28, Thm.2.5| for first
order systems of the general type

(A.1a) Wi =AW, +GW), xR, t>0W(xt)ecR

(A.1b) W(-,0) = Wy.

The assumptions are

(i) The matrix Ap € RV is diagonal.

(ii) The nonlinearity G belongs to C3(R!, R).
(iii) There exists a traveling wave solution W (z,t) = W, (z — ust) of (A.1) such that W, € C}(R,R!),

W,e € H2(R,RY).

) The matrix function Y'(§) = DG(W*(f)) satisfies lime 100 Y(§) = Yy and lime_, 4+ Y'(§) = 0.
v) The matrix Ag + pJ; € R is nonsingular.

) There is 6 > 0 such that Re{s € C: s € o(iw(Ag + p. ;) + Yy) for some w € R} < —4.

) The operator YVisy = (Ag + pseDy)0e + Y(-) : HY(R,RY) — L?(R,R!) has the algebraically simple
eigenvalue 0 and satisfies opoint(Vist) N {Res > =6} = {0}.
Then for every 0 < n < & there is pp > 0 so that for all Wy € W, + H?(R,R!) with |[Wy — Wy|lm> < po
the Cauchy problem (A.1) has a unique global solution W € W, + CH' ([0, 00); R!). Moreover, there is
Yoo = Yoo(Wp) € R and C = C(n, pg) > 0 such that

(A.2) [Pl < ClIWo = Wil| 2,

(A-3) W (1) = Wa(: = pat = @oo)ll 1 < C|[Wo — Wal| 2™ Yt > 0.

In [28, Thm.2.5] the eigenvalues of Ag are assumed to be in decreasing order. However, this was done for
convenience of the proof only, and the result holds verbatim without this ordering. Our goal is to apply
the stability result to the system (4.5) where Ag is diagonal but the eigenvalues are not ordered. In the
following we show the assumptions (ii)-(vii) for the system (4.5). Our first observation is that instead of
checking assumptions (ii)-(vii) for the transformed data W, = T='V,, Ap = T7'ET and G = T7'FT, it
is sufficient to check them for the data V, E and F of the original system (4.2).

Condition (ii) follows from Assumption 4.1. Moreover, conditon (iii) is a consequence of (4.7) and As-
sumption 4.4. From (4.3) we obtain (recall (x) = (vx, Vs, —fxVsg))

el 0 I @, M=1D; f(x) — cbs
(A4 Z=DFV,)=| & o, P3|, | P2|:=| M (Dof ()N~ + Dsf(x))
¢, Py+cl, P3 D3 $M (=D f(x)N~! + D3 f(%))
By Assumption 4.4 the limit is given by (recall (£) = (v4,0,0))
(A.5)
—cly 0 I of M~'D; f(£) — c®F
Zy = liftﬂ (&)= | @F oy o3 |, ) | = $M~HDyf(£)N~' + Dsf(+))
e of @5 el @5 5 IM N (=Daf(£)N ! + Daf())

Differentiating (A.4) w.r.t. £ and using Assumption 4.4 as well as (4.10) then shows Z’(§) — 0 as £ — £o0.
Further, condition (v) follows from Assumption 4.5 as has been noted in Section 4. The conditions (vi)
and (vii) are discussed in the next subsection.

A.2. Spectral relations of first and second order problems. We transfer the spectral properties of
the original second order problem (1.1) to the first order problem (4.2) and vice versa. Throughout this
section we impose Assumptions 4.1, 4.2, 4.4 and define V; by (4.7).

By Definition 3.1, the spectral problem for the second order problem (1.1), considered in a co-moving
frame, is given by the solvability properties of

P(N) : H*(R,C™) — L*(R,C™), defined by (3.1).
The analog for the first order formulation (4.2) is the first order differential operator
Prs(N) : HY(R,C*™) — L*(R,C3™) given by

A6
( ) 7)lst()\) = Mz — let7 Zist = (E + ,u*[?)m)aﬁ + Z()a
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obtained by linearizing (4.2) in the co-moving frame about the traveling wave V. Introducing the first
order operators

(A7) P_nA) =A= (N4 1)0e, Pin(A) = A+ (N — )0,
we may write P (\) as a block operator
P_~n\) + el 0 -1,
(A.8) Pist(N) = -, P_n(A) — Dy —®&4
7(1)1 7(1)2 — CIm P+N(>\) - (1)3

Finally, it is convenient to introduce the normalized operator polynomial
P(N) =M"'P(\), AeC,

which has exactly the same spectrum as P(\). The key to the relation of spectra is the following factor-
ization

(A.9)
0 0 I, P(\)  —®y—cl,,  Pin(\) — ®s I, 0 0
0 Im _Im ’Plst(A) = 0 ,P—N(A) + CIm _P+N()‘) _,P+N()‘) Im 0
I, 0 0 0 0 —1In —P_xN)—cl,, 0 I,

This follows from (A.4) and (A.8) by a straightforward but somewhat lengthy calculation. The factorization
(A.9) is motivated by the equivalence notion for matrix polynomials (see e.g. [13, Chapter S1.6]).
Let us recall a well-known result on Fredholm properties for first order operators from Palmer [25]:

Proposition A.1. Consider a first order system

(A.10) (9 — Q) = R e L*(R,CY),
where the matrix-valued function Q : R — CY:¥ is continuous and has limits
(A.11) Qi = lim Q).

£—+oo

Further assume that Q4+ have no eigenvalues on the imaginary axis. Then the operator

Q=0:—Q(): H'(R,CN) — L*(R,C")
is Fredholm of index dim E{ — dim E* , where Ei C CV is the stable subspace of Q4 (i.e. the maximal
invariant subspace associated with eigenvalues of negative real part).

A consequence of this result for parametrized systems is the following

Proposition A.2. Consider a first order system

(A12) QMV = (% — Q(§,N)V = R e L*(R,C"),

with a matrix polynomial Q(&, \) = ';:0 Q; (N, Q; € C(R,CH). Assume that the limits lime_, 1o Q;(€) =
Q;t exist and let QT ()\) = ?:0 Q?E)\J . Then the dispersion set

(A.13) 0disp(Q) = {\ € C : det(iwl — QF(\)) = 0 for some w € R and some sign +}

is contained in the essential spectrum 0ess(Q). For A ¢ 04isp(Q), the operator Q(A) : HY(R,C!) —
L%(R, C') is Fredholm of index dim E3 (\) —dim E* (\) where E% (\) denotes the stable subspace of Q* ().

This result may be found in [19, Theorem 3.1.13| (note that the dispersion set is called the Fredholm
border there).

If we replace J¢ by iw and let £ — £oo in (A.9) then the left and right factors in (A.9) are A-dependent
matrices with a constant determinant (see the equivalence notion of matrix polynomials in [13, Chapter
S1.6]). Hence the dispersion set of the first order operator P4 (\) is completely determined by the
dispersion set (3.7) of the second order operator P()\) and the first order operator P_y () + ¢I,,. Since
N + p, I, has nonzero real eigenvalues \; + p1,,5 = 1,...,m by (4.5) we find from Propositions A.1 and
A2

o(P_n +clm) = 0aisp(P-~n +clp) ={c+ (Nj+ p)iw:weR,j=1,...,m} =c+iR.
This yields the following result.
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Proposition A.3. The dispersion sets satisfy
(A.14) Odisp (Plst) = Jdisp(P) U (C + iR).

This proposition leads to a proper choice of the shift parameter ¢. Taking ¢ < —¢ , condition (vi)
immediately follows from Assumption 4.6. The following proposition relates the point spectra of the
second order operator P and the first order operator Py to each other.

Proposition A.4. The following assertions hold:
(a) There exists a A\, > ¢ such that oqisp(Pist) N [As, 00) = 0.
(b) Let p4 be the connected component of {A € C: ReA > ¢} \ 04isp(P1st) containing [A.,00). Then the
operator Pig () : HY(R,C?™) — L%(R,C?™) is Fredholm of index 0 for all A € py.
(c) The point spectra of Pig, and P(A) : H?(R,C™) — L*(R,C™) in p, coincide, i.e.
(A.15) Tpoint(P) N py = Tpoint (P1st) N py-
Eigenvalues in these sets have the same geometric and maximum partial multiplicity.

Let us first note that this proposition implies condition (vii). For the choice ¢ < —§ the set py contains
{Re A > —4} by Assumption 4.6 and Proposition A.3. Condition (vii) is then a consequence of Assumption
4.7 and assertion (c) of Proposition A 4.

Proof. Using Assumption 4.5 we can rewrite the operator from (A.6) as follows
Pist(A) = —(B + pudsm) (¢ — (B + palzm) " (Msm — DF(V,))).

The matrix (E + ju,I3,) " is hyperbolic by Assumption 4.5 and this property persists for the matrix
(E + pylsm) Y (M3, — DF(Vy)) for A > A, sufficiently large, independently of the sign 4+ and with the
same number of stable and unstable eigenvalues. Therefore P14 () is Fredholm of index 0 by Proposition
A2 for A € [\, 00). Since the Fredholm index is continuous in p4 and can only change at ogisp(Pist) Or
at ¢+ iR, assertion (b) also follows.

Consider an eigenvalue Ao € 0point (P1st) N p+ With eigenfunction V = (V4, Vs, V3) T € HL(R,C3™),V # 0.
The first block equation reads (P_n(Xo) + ¢In)Vi = V3 € H' from which we infer V; € H*(R,C™). In
the following let us write the factorization (A.9) in the short form

(A.16) TiPist(A) = R(A)T2(N)

and apply it to V. Then W (\g) := Ta(Ag)V satisfies R(Ag)W (A\g) = 0, and from the triangular structure of
R and the invertibility of P_x(Ag) 4 ¢l we obtain W3 = 0, W5 = 0 as well as 75(/\0)V1 = 75()\0)W1 =0. If
V1 =0 then Vo = 0, V3 = 0 follows from Wy = 0, W3 = 0, hence V; # 0. In a similar manner, if 75()\0)W1 =
0 for some Wy € H?(R,C™), Wy # 0 then P15 (Ag)V =0 and V # 0 for V = T(\g) ! (W1 0 O)T. By
the same argument the null spaces NV (Pye(No)) and N(P(Ag)) have equal dimension.

Finally, consider a root polynomial V'(X) = >=7_( Vi;(A — Ao)? with V};) € H'(R,C®™) satisfying

V(Ao) =Vig #0, (PisV)(Xo)=0,v=0,...,n—1

As above we find Vio); € H*(R,C™), Vg1 # 0 and then by induction Vj;; € H*(R,C™),j =1,...,n
from the equations

A PV = = 3 () POV 00),

=1

Note that the right-hand side is in H!(R,C3™) since the A-derivative of Pig; is I3,,. Setting W(\) =
T5(A)V(A) then leads via (A.16) to

(RW)M(X\) =0,v=0,...,n—1.
Working backwards through the components of this equation gives W,gy)()\o) =0,v =0,...,n—1 for
k = 3,2, and therefore,

0= (PW)M(N),v=0,...,n—1,
with W1 (Ag) = Vi(Xo) # 0.
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Conversely, let Wi(\) = 32" 70 (A — Xo0)?Wij1,1 be a root polynomial of P in H%(R,C™) with Wig,1 # 0.
Then we set W(A) = (W1 (A\) 0 0)T and find that
V) =T(N) W) = (W) Pav(WOWi(\)  (=P_n(A) +cL)Wi(\) | € H'(R,C*™)
satisfies V(A\g) # 0 and
T1(P1scV) ™) (Ao) = (RW)M)(Xg) =0,v =0,...,n— 1.
g

A.3. Stability for the second order system. In the following we consider the Cauchy problem (4.4)
and recall the function spaces (4.6). We need two auxiliary results. The first one is regularity of solutions
with respect to source terms taken from the theory of linear first order systems (see [26, Cor.2.2.2]).

Lemma A.5. Consider a first order system

(A.17) up = Ajugy + Biu+r, u(z,0) =u(x), zeR,t>0,

where Ay € RU s real diagonalizable and By € RY. If ug € HF(R,RY) for some k > 1 and r €
CH"1(]0,00); RY) then the system (A.17) has a unique solution in u € CH*([0,00); RY).

The second one concerns commuting weak and strong derivatives with respect to space and time.
Lemma A.6. For u € C([0,00); H'(R,R"))) let Lu € C°([0,00); HY(R,R'))) be its time derivative and
let Zu(-,t) be its weak space derivative pointwise in t € [0,00). Then u € C*([0,00); L*(R,R")) and its
time derivative agrees with the weak spatial derivative of %u evaluated pointwise in t € [0,00), i.e.

d, o0 d ,d

a5 = ou

Proof. Let t,t + h € [0,00) with h # 0 and note that

(A.18)

1,0 0 0, d 1 d
—(=u(,t+h) — =—u(-,t)) — —(—u(-t <= (u(-, t+h) —u(-t) — —u(- ¢t
I3 (ot R) = ol 1) = oo (ul,O)llee < 3 (ult 4+ B) = ul, 1) = St ),
where the right-hand side converges to zero as h — 0 by assumption. Therefore, the derivative %(a%u)
exists in L2(R,R!) for all ¢ € [0,00) and coincides with %(%u) € C°([0,00); L2(R,RY)). O

Remark A.7. In a loose sense we may write (A.18) as commuting partial dervatives uz = ug,. However,
this equality has to be interpreted with care since time and space derivatives are taken with respect to
different norms.

We proceed with the proof of Theorem 4.8 by using the stability statements from (A.2),(A.3). From (4.7)
and (4.16¢) we obtain

(A19) Vo —Vi=(up— s, V0 + fsVse + N(uoe — Vi), V0 + tsxVse — N(uo,e — Vsg) + c(ug — v)) .
Therefore, we have a constant C, = Cy(c, |N||) with
(A.20) Vo = Villgz < Cu(lluo — villms + [Jvo + pavag| m2) < Cup,

and we take p such that C,p < pg. Let V € V, + CH'([0,00); R3™) be the unique solution of (4.4) for
Vo — Villaz < po. The first component V; satisfies

(A21) ‘/l,t :Nvl,w —cV1 + Vs, ‘/1(’0) = Uo,
so that ‘71 = V1 — v, solves the Cauchy problem
Vl,t :N‘N/l,x_cvl +V3_V*,3 — HxUx 2y Vl(vo) = UQ — Ux-

Then Lemma A.5 applies with k =2, 41 = N, By = —cly,, 7 = V3 — V, 3 — ptu vy » and yields f/l =Vi—uv, €
C’HZ([O,OO);R'”). By Lemma A.6 we obtain V;, € C'([0,00); L2(R,R™)) as well as Vi = Vi €

C°([0,00); L?(R,R™)). Since v, does not depend on ¢ we also have Vi 1 = Vi 4y = Vi gy = V1. For
the same reason Vi 4 = Vi € C°([0,00); L2(R,R™)), and Vi 4 = (Vi — v4)az € C°([0,00); L2(R,R™))
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implies V} 4. € C°([0,00); L2(R,R™)) since v, », € H*(R,R™) by Assumption 4.4. Thus we can take
space and time derivative of equation (A.21) and obtain from the third row of (4.4)

f(V)=Va,+ NVs, —cVa
(A.22) =Vi = NVigy = NVige + Vig + NV + eNVi, — Vo
:Vl,tt - N2V1,m - C(Vz - V1,t - NVl,ac)~
Next introduce the functions
(A.23) Wo=Vo—=Vis —NViy, Wz=Vzs—-Vi 4+ NV, —cVi.
Using (A.22), the last two rows of (4.4) and Lemma A.6 again, these functions solve the hyperbolic system
Way — NWa, =Voy — Vi — NVigy — NVay + NVi gy + N?Vi 4y = —cWo

(A.24) Wyt + NWs o =Va i+ NVay = Vi = NVigg + NVige + N?Vigy — ¢Viy — eNVi,

=f(V) + cVa = (F(V) + cWa) — c(Vie + NV o) = 0.

Using from (4.4) the initial data and the differential equation at ¢ = 0 one finds that W(-,0) = 0,
Ws(-,0) = 0. Since (A.24) with homogeneous initial data has only the trivial solution we conclude
Wy = 0, W3 = 0. Therefore, by setting u = V3, equations (A.22) and (A.23) finally lead to

U — Ny = f(V) = M~ (1, %N*l(v2 — Vs + V), %(V2 + Vs — V1)) = M7 fu, ug, uy).
Applying (A.2) and using (A.20) we obtain that the asymptotic phase ., satisfies an estimate
[Poo] < ClVo = Villa> < CCL([luo — vullms + llvo + pavsallm2)-
Further, we have for ¢ > 0 the stability estimate
V(1) = Vil = pat = @oo)ll e < CCL(|luo — val s + [[vo + pav ol mr2)e™™,

where C' depends only on 7, p. From this we retrieve the estimate (4.13) for the original variables by taking
the H'-norm of the equation

I 0 0 U, 1) = Uil = fiat = Poo)
(A.25) V(t) = Vi(s — put — poo) = 0 N I, Ug (4, 1) = Vi (- — piat — Po0)

CIm _N Im ut('7 t) + N*U*,m(' - ,U/*t - (poo)
and using that the left factor of the right-hand side is invertible.

A.4. Lyapunov stability of the freezing method. Let us first recall from [28, Thm.2.7] the stability
theorem for the freezing method associated with the first order formulation (A.1)

(A.26a) W, =AW, + GW) 4+ uW,, xR, t>0W(z,t) R
(A.26Db) W(-,0) = W,
(A.26c) (W —W)=0.

Here, ¥ : L*(R,R') — R is a linear functional and W : R — R’ is a template function for which we assume
(viil) (W, ) # 0, ¥ is bounded,

(ix) W e W, + H'(R,R') and ¥(W, — W) = 0.

Under the combined assumptions of (i)-(vii) and (viii), (ix) the result is the following. For every 0 < n < §

there exists pp > 0 such that for all initial data Wy € W, + H?(R,R!) with ||[Wo — W]/ zr2 < po the system

(A.26) has a unique solution (W, ) in (W* + CHl([O,oo);R3m)> x C([0,00),R). Moreover, there is a
constant C' = C(n) such that the solution satisfies

(A.27) [W(t) = Willmn + u(t) — ] < C)[Wo = Willgze™, ¢ >0.
We apply this to the frozen version of (4.5) with the functional ¥ and the function W defined by
V=(6 0 0) ,W=1"V,

(A.28) . o
YW = W) =(T(W — W), TWe) .
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While conditions (i)-(vii) have already been verified, the conditions (viii) and (ix) easily follow from
Assumption 4.9 and the settings W, = T~'V, and (4.7). Thus the above result applies. By (W, u) we
denote the unique solution of (A.26) for ||[Wy — W,|lg2 < po, and we let (V = TW, 1) be the unique

solution in (V* + CH' ([0, 0); R3m)) x C([0,00),R) of the transformed equation

(A.29a) Vi=EVe+ F(V)+puVe, E€R, t>0,
(A.29b) V{(-,0) =V,
(A.29¢) (Vi — 0, 0¢) 2 = 0.

We impose two conditions on the radius p appearing in (4.20). The first one is Cyp < pg as in the argument
following (A.20). The second one is to ensure for some constant C > 0

(A.30) |(Vie(t),0¢) 2] =2 C, VE >0

for all solutions satisfying (4.20). In fact, from (A.27), (A.20) and Assumption 4.9 we obtain

|(Vie(51), ) p2| Z[(ag, Og) 2| = IVA( ) — vl (| O 2
>|(vee, 0¢) 2| — Cm)e” ™| T[[[[Wo — Wil 2|9 | 2
>[(vsg, 0¢) 2| = pC T T HIC 10 2
Our next step is to prove regularity of the solution in the sense that

(A.31) Vi € v, + CH?([0,00); R™), p € CH([0,00),R).

For this we define v € C1([0, 00),R) by ~v(¢) = fg u(s)ds and return to the original variables via U(z,t) :=
V(x —~(t),t) for z € R,t > 0. Then we have that U € V, +CH' ([0, 00); R*™) solves the first order system
(4.4). Hence the regularity U; € vy, +CH?([0,00); R™) is obtained via Lemma A.5 by the same arguments
as those following (A.21). In particular, U, , € CH'([0,00); R™) and thus V; ¢ € CH' ([0, 00); R™) since
Vie(,t) = Uru(- +v(t),t) and v € C'([0,00),R). For the smoothness of p we differentiate the phase
condition (A.29c) with respect to t and use (A.29a)

0 :<V17t,f)§>L2 = <NVL§ —cVi + V3,1A15>L2 + ,u<V1,57’lA)§>L2.

By (A.30) this can be solved for u and yields p € C*([0,00),R) since the other terms are known to be
C'-smooth. Thus we have v € C2([0,00),R) and then finally V; € v, + CH?([0,00); R™) from V(&,t) =
U(€+(t),t) and Uy € v, + CH?([0, 00); R™).

Retrieving the frozen second order equation (4.17) now uses the same arguments as in the nonfrozen case.

Therefore we only indicate the revised equations and leave out computations. Equation (A.22) is replaced
by

(A.32) FV) = Vige = N*Vige + 1 Vige = 20Vise — piVig + c(Vig = Vo + (N — L) Vie).
In view of (4.18) the analogous functions of (A.23) are defined as follows
(A33) W2 = V2 — Vl,t — (N - [LIm)VLg, W3 = Vg - V17t + (N + NIm)Vl,f - CVl.

They solve the hyperbolic homogeneous Cauchy problem
Wy — (N + L) Wae = — cWa, Wa(-,0) =0,
Ws i+ (N — ply)Ws e =0, Ws(-,0) =0,
hence vanish identically. Inserting this in (A.32) shows that v = V; € v, 4+ CH?([0,00); R™) and p solve

the frozen second order system (4.17).
Concerning the estimate (4.21), we note the following relation which replaces (A.25)

I, O 0 (e, 1) — Vs
(A34) Vr(7 t) — V* = 0 N Im ’UE(~7 t) — Uxg

cly, —N I, e+, 1) + e e — p(t)ve(-, 1)
Taking the H!-norm of this equation and using the estimate (A.27) with V, V,, V; instead of W, W, W, then
gives the exponential estimate in (4.21) for ||v(-,t) — vi|lm2, | — ] and |Jve (-, ) + pavi e — w(t)ve (-, )| g
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Using the estimates for the first two terms and the triangle inequality on the last term then yields an
exponential estimate for ||v¢(+,t)||g1. This finishes the proof.
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