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Abstract

In this work, we introduce a multiband transport model for quan-
tum electron transport in semiconductors following the Wigner-function
approach. By using the Bloch-Floquet decomposition of the density
matrix, we obtain the Bloch-Floquet projections of the Wigner func-
tion and derive their evolution equations for energy bands of arbi-
trary shape. The equations of the model are very general and allow,
in principle; the investigation of quantum processes in which inter-
band transitions and/or non-parabolicity effects may occur. Finally,
we present numerical applications for some particulare cases, in which

the numerical solution can be obtained easily.



1 Introduction

The Wigner-function approach to quantum electron transport in semicon-
ductors is widely used to describe the properties of electronic devices such
as the Resonant Tunneling Diode (RTD) and others [1, 2, 3, 4, 5]. By
making use of phase space concepts, it presents a close analogy to the clas-
sical Boltzmann-equation approach and therefore many of the analytical
and numerical techniques commonly used for the Boltzmann equation can
be adapted to the Wigner function. The physical picture offered by the
Wigner-function approach also remains closer to the classical one than the
picture offered by other quantum statistical approaches to electron trans-
port, such as the density-matrix approach [6, 7, 8] and the Green’s-function
approach [9, 10, 11]. In addition, when dealing with space dependent prob-
lems in finite domains, it is always difficult to devise the correct boundary
conditions to be imposed; because of the analogy with the classical Boltz-
mann equation, this difficulty is more easily overcome with the Wigner-
function approach, since one can rely on imposing classical boundary con-
ditions in a region sufficiently far from the quantum region, where classical
effects dominate [3]. Finally, adding collisions to the model equations that
govern the evolution of the Wigner function is less complicated than in-
cluding collisions into the other statistical models of quantum transport
[2].

The applications of the Wigner-function formalism to semiconductor de-
vices have been limited, until now, to the description of the conduction elec-
trons that populate the region near the minimum of the conduction band.
This leads to the single-band model in conjunction with the parabolic-band
approximation. Under these conditions, conduction electrons can be con-
sidered as particles having an effective mass related to the curvature of the
energy band function near the minimum. The evolution equation for the
Wigner function of the conduction electrons then becomes the evolution
equation for free particles with an effective mass. This allows the inclusion
of any fields (barriers or bias) by means of the standard scattering integral

(pseudodifferential [1, 12]) operator.



In the case of devices in which interband transitions or non-parabolicity
effects may occur, the single-band, effective mass approximation is not sat-
isfactory. A correctly defined Wigner function for these phenomena should
include the populations of all bands involved in the transport processes and
the evolution equation that governs the time dependence of the Wigner
function should take into account possible non-parabolicity effects. In this
work, we remove the single-band approximation and the parabolic band
approximation, by introducing a Wigner function which includes the popu-
lations of all energy bands and derive an evolution equation which allows for
energy bands of arbitrary shape. The resulting equations provide an exact
model for the description of collisionless electron transport in semiconduc-
tors without the single-band and the parabolic band approximations. We
also discuss the derivation of the parabolic band approximation starting
from the exact equations. On this topic, some results have already ap-
peared in the literature for particular cases. In absence of external fields,
the evolution equations are a generalization of an earlier result for a single
band by Markowich, Mauser and Poupaud [13, 14]. A statistical descrip-
tion of multiband transport was formulated by Krieger and lafrate [15, 16]
by making use of accelerated Bloch states in a model based on the density
matrix. A two-band kinetic model without external fields was developed
by Kuhn and Rossi [17] and by Hess and Kuhn [18] for the description of
semiconductor lasers. The Wigner-function formalism has also been used
by Buot and Jensen [19, 20, 21, 22] to formulate multi-band models within
the framework of the Lattice-Weyl transform, in which a non-canonical def-
inition of the Wigner function, based on a discrete Fourier Transform, was

introduced.

Our multi-band model adopts a straightforward expansion of the wave
functions in Bloch states and a Bloch-state representation of the density
matrix. Probably, it is the most general way of formulating a multi-band
model with the Wigner-function approach; other formulations, such as en-
velope functions and the Kane model, have recently been explored in the
literature [23, 24].

Parts of this work have already been presented and published [25, 26, 27].



Here, we intend to present the comprehensive work in full detail and add
some newer developments. The paper is organized as follows. In Section 2
we briefly recall the structure of the Hamiltonian and the energy eigenvalues
and eigenfunctions for a periodic potential; in Section 3 the multi-band
Wigner function is introduced; in Section 4 we derive the evolution equation
for the multi-band Wigner function; in Section 5 some simplified models

are presented and in Section 6 we show some numerical applications.

2 The Hamiltonian and the Bloch representation

We consider an ensemble of electrons moving in a semiconductor crystal.
For simplicity, we consider a one-dimensional case. The quantum dynamics

is generated by the Hamiltonian
H = Ho+ V(z),

where Hqg = p*/2m + V,(2) is the single electron Hamiltonian, which con-
tains the kinetic energy and the periodic potential V,(z), and which will
be called the “free Hamiltonian”. Also, p = —ihd/dx is the momentum
operator, m is the electron mass, i is Plank’s constant and V(z) is the
potential due to external fields, such as barriers or bias. Let W, (x, k) be
the eigenfunctions and €1 (k), e2(k), ..., €n—1(k), €n(k), ..., the (real)

eigenvalues of the free Hamiltonian Hy,
HoV,, (2, k) = € (B)V, (2, k). (1)

(Holm, k >= ¢, (k)|m, k > in Dirac’s notation). Here, m € N is the band
index and k£ is the crystal momentum, with & € B and B the Brillouin

zone. The eigenfunctions W, (x, k) are given by the Bloch functions
< x|lmk >=V,, (2, k) = e up(2) (2)

and form a complete orthonormal set. Here, ., (x) is the periodic part
of the Bloch function for the m-th band and the states {|mk >}, m € N,
k € B are the Bloch states. We have that u,,;(z +a) = i (2), with a the

lattice period, and

et < wlmk >=< x + p|lmk > (3)



Yu € L, with L the direct lattice. The completeness and orthogonality of

the Bloch states are expressed by the relations
Z/ dk < x|mk >< mk|z' >= 6(z — 2'),
m v B
and
/ de < mk|z >< 2|nk’ >= 8,nd(k — K.
R

For the one-dimensional model considered here, we have that

w/a
/dk:/ .
B —7/a

The functions €, (k) are the energy bands of the material and are real
functions, periodic in the crystal momentum & with period 27 /a. They can

be expanded in Fourier series,

em (k) = Y En(p)e™, (4)

pel

o~

with €, (1) = €, (—p) from the reality condition of the energy bands.

3 The multi-band Wigner function

The main quantity of a quantum statistical description of an ensemble
of electrons in phase space is the Wigner function, which is defined by a
suitable Fourier transformation of the density matrix [1]. Let p(r,s) =<
r|pls > be the single particle density matrix in the space representation.

Then, the corresponding single-electron Wigner function [1] is defined by

Jc(90720)=/61l77<ac—l—g|,o|gc_g>e—ip77/h7 (5)

together with its inverse

1 r+s (e
_ - d ip(r s)/h‘
<ripls>= g [apr (720 e (%)
Usually, @ = (r + s)/2 is identified with a center of mass variable and

n =r — s with a relative position variable.



In general, an electron in the crystal will be found in a statistical su-
perposition of Bloch states belonging to different energy bands. In many
situations, however, it is a good approximation to consider only the elec-
tron population of a single band, usually the conduction band, in which
case the Wigner function describes only that electron population. This is
the case, for example, of the RTD; for this device, only the conduction
electrons contribute significantly to the flow of current and a transport
model based on the single band approximation is sufficient to calculate the
I — V curves of the device with very good accuracy [2]. If we wish to
use the Wigner-function approach to study situations in which interband
transitions occur, however, the single-band approximation is no longer sat-
isfactory and a more general theory is needed. These situations include, for
example, Zener tunneling and resonant interband tunneling diodes (RITD
[28]); also, scattering processes could induce interband transitions and dur-
ing a scattering event an electron may be in a superposition of Bloch states
belonging to different bands. For a quantum statistical description of these
phenomena, the Wigner function has to contain the information about the

electron populations of all energy bands and their dynamics.

A suitable partition of the Wigner function among the energy bands
is obtained by using Bloch states and the matrix elements of the density
operator in the Bloch-state representation. By using the completeness of
the Bloch states {|mk >} in equation (5), the Wigner function can be

written as a double sum of contributions from all energy bands:
f2p) =D fanlz,p), (7)
where

foun(2,p) = / dkdE' p o (k, k') /dn <a+ g|mk >< k| — g > e /b
B2
(8)
and
pran(k, k') =< mk|p|nk’ > . (9)
The functions f,,,, are the projections of f onto the Floquet band subspaces.

Equation (8) can be written in a more compact form, as the result of a

projection operator P, acting on the Wigner function f, (Pn.f)(z,p) =



fmn (2, p). By introducing the coefficients
D, (kK 2, p) = /dn <z+ g|mk >< nk'lz — g > e~ Pl (10)
and after substituting into (8), we have:
() = /B Akl D, (e, K 2, ) poon (k). (11)

(the summation over repeated indeces is not used). It can be easily seen

that the coefficients (10) obey the following relations:

1 , B .
Irh //(I)mn(kvk 7$7p) drdp = (Smn(S(k k) (12)
//q)mn(khk27$7p)q)m’n’(k/17k/27$,p) dxdp =
= BB (ks — ) (ke — ) (13

The elements p,,,, (k, k') of the density matrix in the Bloch-state represen-

tation can be written in terms of the Wigner function by using (6):
poon (s k') =< mk|plnk’ >= //drds < mk|r >< rlpls >< sk’ >=
= //drds < mk|r >< s|nk’ > %/dpf (r—g—s,p) e(r=s)/h
= ooi | [ @b f ) dad,

where the change of variables = (r+s)/2, n = r — s has been used in the

integration over space. Finally, we obtain:

fon(z,p) = % //dac’dp’Van(av,p7 ' p)f (2l p) = (Pmnf)(ac,p)(.M)

where the integral kernel W,,,, is given by
Wonn (s pya's ) = [ dRdRD (2, )05 (6 ' ). (15)
B2
Equation (14) defines the linear integral operator P,,,, with the kernel

Wan, which yields the projections f,,, from the total Wigner function f.

The functions f,,, and the coefficients p,,,, (k’, k") are similar to the ones
introduced in [4, 29, 30].



The macroscopic quantities such as particle density, current and energy,
are also expressed as a sum of band terms. It can be shown that only the

diagonal terms contribute to the total number of particles, that is

[ Jrwpdein=3 [ [ funtep) dedp

which follows from the fact that [ [ W,,.(z,p,2’,p) dadp = 0 for m # n

because of equation (12).

4 General evolution equations

The time evolution of the Wigner function is given by the sum of the time

evolutions of the band projections,

zhg(w,p,t)_;zh T (z,p, 1),

and it must follow from the Liouville-von Neumann time evolution equation
for the density matrix,
dp

ihe = [H, p). (16)

We analyze separately the contribution to the time evolution of the Wigner

function due to the free Hamiltonian Hg, and the contribution due to the
dp dp 8,0)
- _(ZE il 17
ot (m)ﬁ(m . (17)

Y-

Here, ih(dp/0t)o = [Ho, p] and ih(dp/0t)y = [V, p].

external potential V,

and

We begin by considering the time evolution of the Wigner function due

to the free Hamiltonian. From equation (11) we have:

ih <8fmn) (z,p,t) = | dkdk' ih <8pmn) (b, k' 1) @y (B, K, 2, p),
8t 0 B2 8t 0
(19)



where

i (25) (k) =< k[, gk >= e (8) = €0 (K)o (8 ')

By substituting the above expression into equation (19) and by using equa-

tion (4) we then have:

ih <8J;Tzn)0 (z,p,t) =

= dkdk'®,,,, (k, K x, p)[em (k) — €, (k)] pmn(k, K, ) =

B2
= e dkdk'®,,,, (kK x, p)
S ()™ — @ (w)e™ Ippn(k, K, ). (20)
pEL

In order to obtain an equation for f,,, in closed form, the right hand side
of equation (20) must be rewritten in terms of f,,,. By using equations
(10) and (11), and the relations

eF < w4 n/2mEk >=< x4+ p+n/2lmk > and € < mklz — n/2 >=<
mklz — p — n/2 >, which follow from equation (3), we find after some
algebra:

ih (3.27271)0 (z,p,t) =

= 5 oo+ 55 = ) (o = S| eI g2
ueL

Equations (21) are the equations that govern the time evolution of the Flo-
quet projections f,, of the Wigner function for an ensemble of electrons
moving in a semiconductor crystal in the absence of external fields and
allowing for energy bands of arbitrary shape. These equations show that,
in the absence of external fields, different bands remain dinamically uncou-
pled and each contribution to the Wigner function evolves independently.
Equations (21) are a generalization to the multi-band case of an earlier
result obtained by Markowich, Mauser and Poupaud [13, 14] for a single
band. In the next Section, we shall relate these equations to the evolution

equations in the parabolic-band approximation.



Next, we consider the time evolution of the Wigner function due to the

external potential and which is given by
o .
ih (—f) (z,p,t) = /dn <z+ Q|[V, pllz — T emivn/h, (22)
at )y 2 2

We recall that the right hand side of equation (22) can be cast in the
form [1, 13]

Jdn< ot QWplle = 3> it = ©@V))(@pt) (23)

where ©(6V) is the pseudodifferential operator with symbol 8V (z,n) =
V(e +0/2) = V(z—1/2),

~

(OEV))(w.p ) = [ dnsV(e.n) flasn e (24)

and
)= —
f($7777 ) 27T

is the Fourier transform of the Wigner function with respect to the mo-

N 1 .
- /dpf(% p,t)e?/h

mentum variable.

Equations (23) and (24) are very often written in a different form. By

introducing the potential transfer function,

1 .
Vw(z,p) = ﬁ/dmﬂ/(%n)e—w”/hy (25)

we have

~

©0V)f)(z,p,t) = /dncSV(x,n) (z,n,t)e" PP =
1 o
= ﬁ/dmﬂ/(a@,n) /dp/f($7p/7 t)e~ile=pn/h
= /dp'f($7p’7t)vw(w7p—p’).

The time evolution of f,,, due to the external potential can be obtained
by acting on both sides of equation (22) with the operator P,,, defined in
(14). From equation (23) we have:

Prn(©(6V) f) (2, p, 1) =

10



1
=57 / / dz' dp' W (x, p, &', ) (OV) f) (2, p' 1) =
= oo [ [ Wt ) [ andV ) F e =

1 —ip! o~
= 5% / da’ / dp'Wn (2, p, ', p')e™ /" / dnéV (', ) f(a',n,t) =

= [ [ da'dniVnta.pos's =moV i’ ) ', .1

where

o~

1 Ry
Wmn ($7p7 $/7 77) = ﬁ / dp/Wmn(xvpv $/7p/)62p n/
is the Fourier transform of W,,, with respect to the second momentum

variable.
Finally, we obtain:

Zh (827277‘) ($7p7 t) — //dwldn/\i[mn($7p7 $/7 _77)5V($/7 77) /\($/7 777 t)
\74
(26)

or, by using the potential transfer function (25),
9 fon
h | ——— t)=
2 (M) (o

27Th/dx //dp dp//Wmn(x b,z 7p )f($/7p/7t)VW($/7p”_p/)'

The full time evolution of the Floquet projection f,,, of the Wigner func-
tion, due both to the periodic potential of the crystal lattice and to the
external potential, is obtained by adding the two contributions of equation
(21) and equation (26):

Ofn
ih e
= 5 e fnle + 5ot = 600 o = 5 pot) | 010
nEL
+//dx/dnwmn($7p7 $/7_77)5V($/,77) A($/7777t)_ (27)

4.1 Quantum effects for linear and quadratic potentials

It is well known that, for particles having a parabolic energy-momentum

dispersion relation and subject to linear and/or quadratic potentials, the

11



force term of the transport equation for the Wigner function, represented
by a pseudodifferential operator, reduces to the classical differential term
of the collisionless Boltzmann equation (the Vlasov equation). This fact is
sometimes expressed by saying that, for linear and/or quadratic potentials,
quantum effects do not appear in the dynamics. We now show that a similar

property holds in the multiband case.

For both linear and quadratic potentials, the symbol §V of the pseudod-

ifferential operator factors in the form
oV (x,m) =V(e+n/2) = V(e —n/2) = -F(x)n

where F'(z) is the force. For a linear potential, V(z) = —Fz, we have
F(z) = E and for a quadratic potential, V(z) = az?/2, we have F(z) =
—azx. In either case, the standard pseudodifferential operator with the po-
tential becomes the differential operator in momentum space of the classical

Boltzmann equation:

O@V)f= /d775V(96,77)f(x777)e_ip”/h: —F(w)/dnnf(x,n)e_“’”/h _

= —F() /dnf(w, ) (zha%) e~ it = —th(x)z—j;,

In the multiband case a more general result is obtained. From equation
(26) we have:

ih (Wﬂ) (,p,t) = Prn(©OV) /) (2, p, t) = —ihPmn (Fa—f) (x,p,t)
ot v 8])
(28)
which, in the case of a constant applied external field F, becomes
0 frmn _ 3f)
( A )V (2,9, 1) = —EPpy (ap (2, p,1). (29)

Note that, in general,

P (55) 7 %5

12



5 Derivation of simplified models from the exact

general equations

Equations (27) are the most general time evolution equations that can
be written for the Floquet projections of the multi-band Wigner function
in presence of external fields and in absence of collisions. The action of
the periodic potential is described by the first term, which contains the
Fourier coefficients of the energy bands, and which reduces to the usual
free-streaming operator in the parabolic-band approximation (see Section
5.1.1). The second term describes the action of the external potential. We
note that, while the first term requires only the knowledge of the energy
band functions, the second term requires the knowledge of the Bloch eigen-
functions of the material of interest. Therefore, the model equations (27)
are very hard to solve in full generality in practical applications, and the

derivation of a set of simplified models is desirable.

In the following subsections, we illustrate some of these simplified mod-
els; we divide them into two groups: models without external fields and
models with external fields. Though external fields are present in most
semiconductor applications, the models without external fields are useful

to emphasize some of the theoretical aspects of the problem.

5.1 Models without external fields
5.1.1 Single band model in the parabolic band approximation

Here, we analyze the first term of equation (27) for a single band and show
how it reduces to the free-streaming operator in the parabolic-band approx-
imation. The single-band model with the parabolic band approximation is
used to describe the electron population near the minimum of the conduc-
tion band. In the single band model, the total Wigner function f coincides
with the Floquet projection of the conduction band and the sum over m
and n in equation (7) collapses to a single term, say m = n = 1. Equation

(21) with m = n =1 then gives the time evolution of the Wigner function

13



of the conduction carriers for a band of arbitrary shape.

In the single band model, with the parabolic band approximation and
in the absence of external potentials, the evolution equation for the Wigner
function f is simply given by the free streaming part of the usual transport

equation. That is, for a parabolic band €(k) having a minimum at k£ = 0,

we have o/ o/
p _
Ot + m* dr 0,
where .
0%\
0k? 0

is the effective mass. If the energy band attains its minimum at k = k*,

the evolution equation is

0F  p-hk 0 _
Jt m*  dx

. 92\

k=k*

0 (30)

and

Equation (30) can be easily derived from equation (21) for a single band,

LOf ~ i
zhg(x,p t) = Z e(u) [f(x + %,p, t)— flz - %,p, t)le p“/h, (32)
pelL

where we have omitted the band index from the band energy function (e(k)
instead of €,,(k)) and from the band projection (f instead of f,,,) of the
Wigner function. We shall also write df/dt for (0f/0t)o throughout this
and the next Section. By expanding the nonlocal terms in the square
brackets in a Taylor series about p = 0, we obtain:

ae] af ,1[@361 o°f
r/

iha—f(x,p,t):—i[ +....

ot Okly 0z 4| OK® " ox3

For a parabolic band, given by

(k) = e(k™) + (33)

14



the derivatives of the energy band of third and higher order vanish identi-

de h
— = — hk*
[ak]p/h m* (p )

cally, while

and we obtain the evolution equation (30) for the Wigner function. No-
tice that the first non-parabolicity correction is proportional to the third
derivative of the energy band and it involves the third partial derivative of

the Wigner function with respect to the space variable.

5.1.2 Two-band band model in the parabolic band approxima-

tion

It is interesting to consider a simple two-band model in the parabolic band
approximation to study the off-diagonal Floquet projections of the Wigner
function, which arise in this case. In a two-band model, the Wigner function
and its evolution equation are given by equations (7) and (21) where now
m = 0,1 and n = 0,1. The Wigner function is given by the sum of four
contributions, foo, fo1, fio and fii1. It can be seen easily from equations
(10), (14) and (15) that fo; = ffy, while foo and fi; are real. Each of the
four contributions evolves according to equations (21). In the parabolic
band approximation, the differential equations for fpg and fi; are identical

to equation (30):
9 foo p — hko 9 foo

ot + mg Ox =0 (34)
afi1 p — hk1 0 f11 B
ot + my  Oxr 0, (35)

where mg and my are the effective masses for band 0 and band 1 respectively
and kg and k; are the values of the crystal momentum at which band 0 and
band 1 attain their minimum. The evolution equations for fo; and fio = f;

have instead a different structure. A simple calculation shows that:

th — { [éo(ko) + M] — |fﬂk1) + M] } fOl(xvp) +

ot 2myg 2my
10 — hk — hk\ O 1 { h? K%\ 92

_Z_<P o P 1) foo L (RT BTN O7for (36)
2 mo my oz S\ mg my /) 0x2

15



which follows from equation (21) after expanding f,..(z£n/2, p,t) in Taylor
series about g = 0 and using parabolic profiles for the two bands. By

introducing the frequencies

Wl = (GO(ICO) - 6l(kl))/h
901 (p) = Wo1 —|— (p — hko)z/(Qmoh) — (p — hkl)z/(leh)

and the new function

go1 ($7p7 t) = f01 ($7p7 t)eiQOl(p)t7
equation (36) can be cast in the more elegant form

8901+1<P—hk0+]7—hk1) 8901_@<1 1)32!]01
ot 2 mo my oz 8 0z2
Note that in the definition of the Wigner function (7) fo; and fio appear

only in the combination fo1 + fi0, consistently with the Wigner function

mo m

=0. (37)

being real.

Equation (36) shows that the time evolution of fy; is given by three con-
tributions: an oscillatory term, a free streaming term and a diffusive term
with imaginary diffusion coefficient. The frequency of the oscillatory term,
Qo1, is proportional to the difference of the total energies of the particles
of the two bands; the velocity of the free streaming term is an average of
the relative velocities of the particle with respect to the two minima and
the imaginary diffusion coefficient vanishes when the two effective masses

are equal.

Equations (34), (35) and (37) completely describe the time evolution of
all the components of the Wigner function in a two band model with the
parabolic-band approximation and in the absence of external fields. Note

that these evolution equations are uncoupled.

5.2 Models with external fields

5.2.1 Single-band model with arbitrary band profile

As in Subsection 5.1.1, the total Wigner function f coincides with the

Floquet projection of the conduction band and the sum over m and n in

16



equation (7) collapses to a single term, say m = n = 1. The time evolution
of the Wigner function is then obtained by considering equations (32), (22),
(23) and (24) and is given by

L0 R |
’ha_{(x’p’ )= %:LGW [f(w +5opt) = fle = Sty ey
‘|‘/d??(SV($7n)f(xﬂ%t)e—ipn/h‘ 58)

and describes the evolution of the conduction carriers for a band of arbitrary
shape. We shall illustrate this model with a numerical example in the next

Section.

5.2.2 Multi-band model in the Luttinger-Kohn approximation

The Luttinger-Kohn model [31] considers the carrier populations near min-
ima (or maxima) of the energy bands and it is therefore to be used in con-
junction with the parabolic-band approximation. For the Bloch states near
the minimum (or maximum) of the band, the periodic parts of the actual
Bloch functions, u,,(2), are replaced with the set of functions w.,,, (¢), i.e.
the Bloch functions at the bottom (or top) of the band, here assumed at
k = k,,. The functions e'*u,,,_(z) also form a complete set [31], and any
wave function can be expanded in their basis. In this Section, we use the
Luttinger-Kohn basis for expressing the Floquet projections of the Wigner
function and for writing the evolution equations. The action of the free

Hamiltonian is treated in the parabolic-band approximation.

If the m—th band has an extremum at k = k,,,, we can approximate
< x|mk >R g, (2)ee, (39)

Since the functions u,,g,, (¢) are periodic functions with period a, we can

introduce their Fourier expansion,

o0

ik (2) = 3 Upe™or'®,

m'/=—co

17



where, K, = 27m/a are vectors of the reciprocal lattice with K_,, = —K,,.

The coefficients ®,,,, defined by equation (10) become:

émn(k‘7k/7x p — 97 Z Um/Us* z ]x ot — K k= k/)
d 3 |
2 9 3

and the integral kernel W,,,, defined by equation (15) becomes:

W, ($7p7 $/7p/) — 472 Z ATTrrLL TTnn/»/ﬂ n//e (K=K, )e— (K ,n—K,in)z']
M
/ dkdklei(k_k/)(x_x/)(s (Iﬁm/ + I(n’ n k + k! B B)
- 2 > &
(I(m// + K, k4K p/)
o - 3 |
2 2 h

where 3~ v = >, i The integral over k and &’ can be carried out by

introducing the variables

k+ K k+ K
ky = - ko= - )
2 2
so that
, w/a w/a , w/a w/a—|k—|
dkdl’ = / ak [ aw =2 [ ak_ dies
B2 —7/a —7/a —7/a —7/a+|k_]|

After some algebra and with careful evaluation of the integration domains,

we obtain:

Wi (2, p, 2, p) = 852> U U Ui Uy e M me =R ) o= (K =Eon )]

M
p—p K+ K, K+ I(n//) <7T ‘p K, + K, )
5 _ SARN <ok et
( h 2 + 2 7 a h 2
sin2[x/a — |p/h — (K, + K,u0)/2|]](z — 2')
x—a (40)

with 7 (z) the Heaviside function. The Floquet projection f,,, of the

Wigner function then becomes:

fmn(w p —4772 TZL/’/K 77;//6 (Bm/_B"/)x
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2y <7T ‘p K, + K,

)

a |h 2
/dx’sm 27 /a — |p/h — (K + Ku)/2|](z — 2')
x—a
f <$/ p— hlﬁm' + I(n' - I(m” — I(n”) e—i(Rym//—Byn//)x"
' 2

In order to write the evolution equations, we need the Fourier transform of

the integral kernel W,,,, in the Luttinger-Kohn basis. It is easy to see that

o~

-~ ~ ~ ~ - - - - - I;
I/an(x7 », x/7 77) — 4 Z UTTnn/U:/*UmI»; n ez[(Ixm/—Ixn/)x—(Ixm//—Ixn//)x]

n//

M
ei(p—(f(m/-l—f(n/—I(m//—f(n//)/Q)n/h/}_l (Z _ ‘g _ I(m’ —I_ I(n/ )
a h 2
sin2[r/a — |p/h — (K + K.)/2|](x — 2)
-z

and, by substituting into equation (26), we obtain:

ih (agﬁn)v (2,01) = @ )11 1), (41)

where O,,,, is an operator acting on the whole Wigner function f and is

given by

@) wopt) = [ [ da'dniWonn(a,p. o, ~)V ') fla' 1) =

= Ar Y O O OO o ~iey (2 | 220 )
M a A 5
[ datem ity 2o pfh = (e 4 K)o ')
x —a
/ sV (o', m) e =Bt Ko =Ko=K [D0/R (o ) (42)

If we consider a two-band model with the parabolic band approximation,
the evolution equations for the Floquet projections of the Wigner function

are then given by the system:

dfoo . p— hkodfoo e .
dfuu  p—hkidfn e .
o Y T o T O =0, (44)
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o[+ USI] og + 2 T g4

ot 2myg 2my
_@[P—hko_l_]?—hkl] 8]801_1 h_2_h_2 82fm_l_

2 mo my oz 8\mg my/) 0z2
+ (@Olf) (907]9)7 (45)

where © is the operator given by equation (42), mg and m; are the effective
masses for band 0 and band 1 respectively and kg and k; are the values of

the crystal momentum at which band 0 and band 1 attain their minimum.

5.2.3 A two-band model with empty-lattice eigenfunctions

A different simplification of the transport equations can be obtained by
using the Bloch functions of the empty lattice, that is periodic plane waves.

Here, we consider only the two lowest energy bands, given by

(k) = F; n’i (46)
ak) = %[%(k)(k — K)* + H(=k)(k+ K)¥, (47)

with K = 27 /a and m the bare electron mass, and whose eigenfunctions

are
Vo) = < 2fOk >= —cit® (48)
T e x = €
0k /_277
Uip(2) = < 2|1k >= ——(H(k)e " + H(—k)eE™) =, 49
15(2) | oraladl (=k)e™") (49)
For the coefficients ®,,,, defined in (10) we find that:
. ! /
ook, k'), p) = e k=F)eg (% - %)

Bon (b 2, p) = 00 [ 5
E+k K p)]

kL+k K
b 2) 4

N —iK
+ H(-Fk")e 5( 5 —|—2 -

Bl 0, p) = 60 Ly
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+ [ -R) e s au ki ne] 5 (REE D)

k+ K
+?N—M%&%ﬂ5( + +1'—3)}
2 h
and the integral kernel W,,,, becomes:

i 2(m/a /e =)y (= 1)) 5 (2=0)

r—a a i

WOO($7p7 $/7p/) =

o
W01($7p7 $/7p/) = 25 (p u )

h
[ﬁ (_ 3K » 0) gilontan+K)(p—e) S0 — 01)(x — 2) |
4 r—a
‘|‘7'l~ (0 p Shl() ei(ozg—l—oq—]()(x—ac') Sin(a4 - 043)($ - $/):|
4 v —a
o
W11($7p7$/7p/) =20 (p hp)
o~ " 1 " —_ " —_ /
[7_[ (—h[(,p,—hi) sin2(K /4 — |p/h 4+ 3K /4])(z x)_l_
2 r—a
o~ " 1 " —_ —_ " —_ /
ey (@7177 hK) sin 2(K /4 — |p/h — 3K /4])(z — 2) L
2 r—a
K |p|\ sin2(K/4— |p/h|)(z — 2') 3 ,
+2H (Z_‘ﬁD — COS§K($—$) )

where the function #(a, x,b) = H(x —a)H(b— ) has been introduced, and

K |p K
am):—3+k 5
K |p K
”@::Z_%+Z
K |p K
as(p) :_Z+k_1
K |p K
%@::E_ﬁ_E‘

This gives for the band projections f,,:

Joo(z, p) =
_ l% K |p sin 2(K /2 — |p/f‘z|)(x - wl)f(ac’, )dz' (50)
T (12 ‘TLD / r—Z P

fortop) =~ |

=
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|: ( 3hK =, 0) i(a1taz+K)(z—z') Sin(oQ - 041)($ — xl) T

x —
( 371[() i(as+os—K)(z— )sin(a4 — 043)($ _ w/)
x—
e 61)
f11(96 p) = 77/
[ﬁ ( hE, p, — ZI‘) sin 2(K/4 — |pg/ch_—|-x2/3K/4|)(ac ),
L (h[§7 Tk ) sin2(K /4 — |p£h__$,3K/4|)($ _— .
o (f% _ ‘% D sin2(1{/4; lpfw =) cos 3K (e o)
f(a's p)da’. (52)

By using the first equality of equation (20), the contribution of the periodic
potential to the time evolution of the Floquet projections of the Wigner

function can be expressed in the form

ih (%%)0(96 pit) = 5 h//dw’dp Koz, py 2, p") f (', p'1)  (53)

where the integral kernel

Kpn(z,p, 2’ p) = dkdk' (e, (k) — €, (K] @y (b, K 2, p) @ (kK 2’ p).
B2
(54)

has been introduced. After some steps, we find that

- I
Kon(@, p, 2, p) = - - — = (2, p, 1)

which gives
(%) eonty+ L2z i o 55)

The Fourier transform of W,,,, in the plane-wave basis is:

Lsin2(r/a — |p/h])(z - ") ,, (Z _ ‘%D cin/h

WOO($7P7 $/7 77) =

s r — x/ a
Woi(z, p, 2’ n) =

T 4 x —
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3hK ) i(astas—K)(z—z') SiH(Oé4 - 043)($ - xl) eipn/h
x—x

+H (0 P,

W11($7p7 $/7 77) =
o~ " 1 " —_ " —_ /
_ 1 [7_[ (—h[(,p,—hi) sin2(K /4 — |p/h+ 3K/4])(z — ')
s 2 r—a
Y (h[§7 kK ) sin 2(K /4 — |p/h — 3K /4])(z — ') L+

x—

I ‘%D LEVEEY TGRS W PORS T

_I_

9 -
+%<4 x —

and, by substituting in equations (27) for m,n = 0,1, we obtain for the

time evolution of the Floquet projections of the Wigner function:

0 foo P 0 foo

W—I—E@—x—l—ﬁ(@mf)(x p) =0
0 f11 p 0f11 [
W—I_E@——I_h(@llf)(x p) =0,
9for P 0o

7
o +m O +ﬁ(@01f)($7p):07

where © is an operator acting on the total Wigner function f and is given

by
0 : in 2(r /a — |p/h|)(x — o’
(900][)(367])):;7{ (g_ ‘%D/dgg,sm (ﬂ-/ax|_p/x/|)($ x)
/d775V wlvn)]?(ﬂvl,n,t)e—ipn/h

(©o1f) (2, p) /dac
[~ (_ 3K . 0) pilontan +K) (o= S0 (@2 — 1) (2 — &) 4

H 2
4 x —

x —

+H (0 », 3“‘) (s as—K) (z—a) SID (4 — a5) (2 — @)

/dan (', ) f(a', n, t)e” /"

(O©11.f) (2, p) /dac

: S - -
[7_[ (—h[(,p,—hi) sin2(K/4 — |p/h 4+ 3K/4])(z — « )—I-
2 r—x
i (h[&7 . ) sin 2(K /4 — |p£h_—;1(/4|)(x_ v
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K P
oy [ |2
v (- |F

/ sV (', ) f(a' n, t)e~ P/

) sin2(K/4— |p/h])(x — 2')

cos §K(av — )
r—x 2

Equations (50)-(52) show that the Floquet projections of the Wigner func-
tion given by this model are functions with compact support and cover
different portions of the phase space. The support of the projection foo on
the lower band, for example, corresponds to the first Brillouin zone; the
supports of the other projections are larger and extend beyond the first

Brillouin zone.

Unfortunately, the equations of this two-band model are very hard to
approach numerically, because of the presence of convolution integrals of
highly oscillatory functions. Therefore, the numerical techniques and ex-
amples regarding this model are left for future work. In the next Section,
we present a numerical example in which these difficulties are overcome by

considering a space-homogeneous electron population.

6 Numerical examples

In this Section we present some simple numerical applications of our model.

6.1 Freestreaming evolution

In this section, by using the single-band model without external fields of
Section 5.1.1, we shall discuss the parabolic band approximation by com-
paring the solution of equation (32) with the solution of the corresponding
free-streaming equation (30) in a simple case. For the comparison, we use
dimensionless variables: the space variable z is measured in units of a, the
momentum p in units of /a, time ¢ in units of ma?/h, the crystal momen-
tum k in units of 1/a and energy in units of #%/(ma?). In the dimensionless

variables, equation (32) for a single band becomes

0 1 . :
3—{(9071’7 )= ;%6(#) [f(96+ %7197 t)— flz — %,p, | et (56)
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Figure 1: Band profile (k) = 1 —cosk + 0.4 cos2k, —m < k < 7 (dimensionless
units).

and the free-streaming equation (30) becomes

of  of
E‘FP%—O.

Also, we have chosen €(k) = 1 — cosk + 0.4cos2k, —7 < k < 7 (thus
k* = 0), for the band profile, which is shown in Figure 1, and which has a
parabolicity region that covers about one half of the Brillouin zone. Note
that, with these dimensionless quantities, the phase-space momentum p
and the crystal momentum k, though different variables, are measured in
the same units. We have followed the time evolution of an initial Gaussian
shaped Wigner function in phase space, according to the exact equation
and according to the free-streaming approximation. The initial Wigner

function corresponds to a pure state characterized by the wave function

2

V(z) = P

—iko (l’—l’o)
1

where zq is the initial average position, kg the initial average momentum
and « the initial momentum spread. The density matrix is then given by
p(z,2') = U(2)¥*(2') and the Wigner function that results is

f(vav 0) =/ Q—Te_za(x_x0)2—(p—ko)2/(2a)'
[8%
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Figure 2: (A) f(z,p) as a function of #, =20 < 2 < 20 for p = 0.5 and (B) f(=,p)
as a function of p, —7 < p < 7, for = 0, for a = 0.02 and ¢ = 20; exact solution
from equation (57) (dashed line), free-streaming approximation from equation (30)
(solid line). Dimensionless variables as defined in the text.

We have performed the comparison for two different values of the momen-
tum spread, o = 0.02 and o = 0.2. The former, corresponds to a narrow
(in momentum) wave packet, whose time evolution is not affected by the
states near the edges of the band, where non-parabolicity effects are impor-
tant. The latter, instead, corresponds to a broad wave packet, for which
we expect that non-parabolicity effects are important from the very early
evolution. Equation (56) can be solved explicitely by using Fourier Trans-
forms in space. If fk is the k—th Fourier component of f with respect to

x, it is easy to see that

~

Fr(pit) = fi(p, 0)e " (57)

where A
B WP < R nuh
-9 ME ipuf/h
7 (p) Z;é(u) sin —-e
The main features of the comparison are shown in Figures 2, 3 and 4.
Figure 2 refers to the case with o = 0.02, Figures 3 and 4 to the case with
a = 0.2. Figures 2 and 4 show f(z,p) (A) as a function of 2 for p = 0.5

and (B) as a function of p for = 0, at ¢ = 20 (in our dimensionless units).
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The dashed lines represent the exact solution and the solid lines represent

the free-streaming approximation.

These figures confirm that the free-streaming approximation gives an
accurate description of the evolution of a wave packet having a narrow mo-
mentum spread, such that only momentum states belonging to the parabol-
icity region of the band contribute to the Wigner function. The effects of
non-parabolicity become important in the evolution of a wave packet hav-
ing a wide momentum spread, and they result in oscillations of the Wigner
function in phase space, that cannot be properly described by the free-

streaming approximation.

Figure 3: f(x,p) fora=02att =20, -20< 2 <20, - <p< .

6.2 A homogeneous two-band model in empty lattice with

constant external field

In this example, we use the two-band model of Section 5.2.3, which corre-
sponds to considering an empty lattice, to illustrate an interband transition
of a spatially homogeneous electron population under the action of a con-
stant electric field. For a constant field, we know that the pseudodifferential

operator in the evolution equation for the Wigner function reduces to the
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Figure 4: (A) f(z,p) as a function of #, =20 < 2 < 20 for p = 0.5 and (B) f(=,p)
as a function of p, —7 < p <, for & = 0, for a« = 0.2 and ¢ = 20; exact solution
from (57) (dashed line), free-streaming approximation from equation (30) (solid
line). Dimensionless variables as defined in the text.

standard differential operator of the Boltzmann equation. Furthermore, for
a homogeneous population in empty lattice the streaming term is absent.

The governing equation for the total Wigner function is therefore

af af
— - F—==0. 58
ot ap (58)
The dynamics resulting from this equation can then be followed for the
total Wigner function, while the band projections fop, for and fi; are not
needed for the dynamics. Moreover, since fig9 = fj;, only the real part of
fo1, Re(fo1), is needed. For a homogeneous Wigner function f(z,p) = f(p),

equations (50)-(52) become:

Joo(p) = H (% - ‘%D f(p) (59)
Re(fo1)(z,p) = 0 , , (60)
fule) = [R (=08 =550) + 7 (S )| 1) 61)

We study an electron population characterized by a wave function initially

belonging to the band m = 0. In the representation in which the density
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matrix is diagonal in the crystal momentum k, we have
plosa’) = [ Woula) W o'y (k) dh (62)

with w(k) a probability distribution. We have chosen w(k) = exp[—(k/Ak)?]
with Ak = 0.1. The corresponding Wigner function f is then spatially ho-

mogeneous and is given by

menen(Sf)e)

At the initial time ¢ = 0 we then have f(p,0) = foo(p), which is shown in
Figure 5A. Figures 5B, 5C and 5D show the time evolution of the Wigner
function at t = 1,¢t = 1.2 and ¢t = 1.4. The Wigner function, which initially
occupies only the lower band, moves towards higher energies and occupies
the higher band. As the distribution moves rigidly towards higher mo-
menta, it starts crossing the boundary of the Brillouin zone in momentum
space. The portion of the Wigner function which has exited the Brillouin
zone is taken up by the projection of f onto the next energy band subspace.
While the Wigner momentum variable p ranges over the whole real line,
the different portions of the p space correspond to the Floquet projections
of f onto the band subspaces. We emphasize that this behaviour is a con-
sequence of using the lattice-periodic plane waves (48)-(49) for our Bloch
functions and is to be regarded only as a tool for clarifying the concepts;
the application of this model to a real situation will modify the general

picture described above.

6.3 Single band with non-parabolic profile with external

field

In this example, we study the time evolution of an ensemble of electrons
under the action of a constant external field and in presence of a non-
parabolic band profile. We use the model of Section 5.2.1 and solve nu-
merically equation (38) by a splitting algorithm. We have chosen a band
profile that resembles closely the band profile of GaAs, with a minimum at

k = 0 a second minimum at about half of the Brillouin zone. The band
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shape is shown in Figure 6A. This band profile is given by the finite Fourier
expansion
(k) = Y e,
ueL
with = la and (i) = be'®. Here, bg = 2 eV, by = —0.05 eV, by = —0.05
eVand b3 =0.25eV, b; =0, >3 and ¢; =0, = 0,.... Also, we take
a =5.65 107® cm (GaAs lattice period).

The external field acts on a spatial region slightly smaller than the sim-

ulation region and is derived from the potential energy

Vo, v < =1y
Vie)=q (Vo/2)(1—a/L1), ~Li<a<Iy
07 x Z Ll.

We have taken L = 100 a Ly = 0.8 L and Vi = 5 eV. The potential

energy is shown in Figure 6B.

The initial Wigner function (shown in Figure TA) corresponds to a pure

state characterized by the wave function

\Il($) = e_(oz2/2)(l’—x0)2 e—iko (z—m0)

9

where zq is the initial average position, kg the initial average momentum
and « the initial momentum spread. The density matrix is then given by
p(z,z') = U(z)P*(2’). The Wigner function that results is

9

F(z,p,0) = 2e~(o7/2)(w=20)* ~(p=hko)?/ (ah)?

where the normalization

Uil= [ [ G pydadp=1

has been used. In this example we have g = —0.6 L, kg = 0 and o = 0.08

7/a.

The time evolution of the Wigner function is shown in Figures TA, 7B,
SA, 8B, 9A, 9B and 10, at t = 0, 4, 12, 20, 28, 36 and 40 fs, respec-
tively. On the floor of the boxes, the graph of the band profile (in the
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p variable) is also shown for reference, together with the positions of the
secondary maxima and minima. The initial Wigner distribution describes
a group of electrons near the central minimum of the band. Initially, the
Wigner function evolves according to a free-streaming law, consistent with
the parabolic-band approximation (see figure 7B and 8A), until the front
tail reaches the non-parabolicity region of the band (see figure 8B). Subse-
quently, as the portions of the Wigner distribution enter the region where
the band profile decreases, it suffers a deceleration and it is pushed back.
This is clear from the horseshoe-like shape of the Wigner function that
appears in Figures 9A and 9B. Eventually, at ¢ = 40 fs on this example,
all portions of the Wigner function reach the secondary minimum and the
shape of the function is rebuilt for the most part. Oscillations on the body
of the Wigner distribution can be observed during the transit through the

non-parabolicity region in p-space.
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Figure 5: foo(p) (solid line) and f11(p) (dashed line) as functions of p, —K/(27) <
p< K/(2m),for E=04and (A)t=0,(B)t=1,(C)t=12and (D)t =1.4.
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Figure 6: (A) Band profile e(k) in eV, —7r < ka < 7 and (B) external potential
V(z) as a function of #, =L < 2 < L.

Figure 7: f(x,p,t) at (A) t = 0 (initial Wigner distribution) and (B) ¢t = 4 fs,
100 <2 <100, -7 <p< 7.
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Figure 8: f(x,p,t) at (A) ¢t = 12 fs and (B) t = 20 fs, —100 < z < 100,
—-m<p<T

Figure 9: f(x,p,t) at (A) ¢t = 28 fs and (B) t = 36 fs, —100 < z < 100,
—-m<p<T
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Figure 10: f(z,p,t) at t =40 fs, —100 < » < 100, —7v < p < 7.
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