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Abstract

We study a class of T-periodic parametrized differential-algebraic equations, which are equivalent
to suitable ordinary differential equations on manifolds. By combining a recent result on the degree of
tangent vector fields, due to Spadini, with an argument on periodic solutions of ODEs on manifolds,
we get a global continuation result for 7T-periodic solutions of our equations.

1 Introduction and preliminaries

In a recent paper [9], Spadini investigated the set of periodic solutions of a particular class of periodic
differential-algebraic equations (DAEs) by means of topological methods. Namely, given T° > 0, [9]
considers the T-periodic solutions of

{ & = hiz,y) + M (t,,y), )

g(l', y) =0, .

where X is a nonnegative real parameter, g : U — R® and h : U — R* are continuous maps defined
on an open connected set U C R¥ x R*, and f : R x U — R* is a continuous map which is T-periodic
in the first variable. The map g is assumed to be of class C*° with d2g(p, q), the partial derivative of
g with respect to the second variable, invertible for each (p,q) € U. Equation (1.1) is a T-periodic
perturbation of the autonomous equation

z = h(z,y),
{ g(x,y) =0. (1-2)

To study the T-periodic solutions of (1.1) it is natural to adopt a bifurcation approach.

Since 929(p, q) is invertible for all (p,q) € U, it follows that 0 € R® is a regular value of g. Thus
M := g~'(0) is a C°° submanifold of R* x R® and equations (1.1) and (1.2) give rise to ordinary
differential equations on M (see also [7]). Moreover the manifold M can be locally represented as
a graph of some map from an open subset of R* to R®. Thus equations (1.1) and (1.2) can be in
principle locally decoupled. However, this might not be true globally. Observe also that even when M
is a graph of some map 7, it might happen that the expression of 7 is complicated (or even impossible
to determine analytically), so that the decoupled version of (1.1) or (1.2) may be impractical.

The crucial idea in [9] is to take advantage of the equivalence between the given DAEs and suitable
ODEs on M, without requiring an explicit knowledge of the manifold M itself. In this way, by means
of topological methods, based on the fixed point index, as well as results about periodic solutions
of ordinary differential equations on differentiable manifolds, in [9] a global continuation result for
T-periodic solutions of (1.1) is proved.

Here we tackle a related problem. Namely, we consider the differential-algebraic equation, de-

T = )\f(t,l',y),
{ g(m,y) =0, (13)

pending on A\ > 0,



where the maps f and g satisfy the same assumptions as above, and we investigate the structure
of the set of T-periodic solutions of (1.3). In our main result (Theorem 2.2 below) we will give
conditions ensuring the existence of a connected component of elements (\;z,y), with A > 0 and
(z,y) a T-periodic solution to (1.3), that emanates from the set of constants functions, and is not
compact. This kind of results may be regarded as a useful tool to study the existence of T-periodic
solutions of the equation

g9(z,y) =0
which corresponds to the choice A =1 in (1.3) (see Corollary 2.3 below).

{ &= f(t,z,y),

We stress that it is not possible to deduce our results from those in [9], although the equation
we consider here is a particular case of (1.1), i.e., corresponding to h identically zero. In fact it is
not difficult to see that the degree-theoretical assumption needed in the main result of [9] cannot be
satisfied when h = 0. Therefore, equation (1.3) requires a slightly different approach. However, this
paper follows essentially the same scheme as [9].

Our first observation will be that, as 929(p, q) is invertible for all (p, q) € U, equation (1.3) induces
the T-periodic tangent vector field (¢, p, q) — ¥(t,p,q) on M = g~*(0) given by

U(t,p,q) = (f(t,p,q), —[029(p, a)] ' Org(p,a) f(t,p,q))

and leads to an ordinary differential equation on M. In Theorem 2.2 we will get information on the
set of T-periodic solutions of (1.3) by means of an argument of Furi and Pera (see [2]) about periodic
solutions of ordinary differential equations on a differentiable manifold. We recall the result of Furi
and Pera in Theorem 1.1. However, to apply Theorem 1.1 one has to know the degree of the following
mean value tangent vector field on M:

1 T
q)(p, Q) = T/O \I’(t7p, q)dt

In this context it will be crucial to deduce a formula (Theorem 2.1 below) relating the degree of the
vector field ® to that of F: U — R* x R®, given by

(p,q) — (% /OT f(t.p,q)dt, g(p, q)) :

In this way, combining Theorems 1.1 and 2.1, we shall give conditions only on the degree of F.

We point out that, since in Euclidean spaces vector fields can be regarded as maps and vice versa,
the degree of the vector field F' is essentially the well known Brouwer degree, with respect to 0, of F'
(seen as a map). Thus the degree of F' has a simpler nature than that of ® and, as a consequence,
it is also easier to compute. In addition, the manifold M is known only implicitly and the form of ®
may not be simple.

We conclude the paper with an example of application of Theorem 2.2 below to a bifurcation
problem for a second order DAE, depending on a nonnegative parameter.

1.1 Associated vector fields

Our first step, following [7, 9], is to associate to (1.3) an ordinary differential equation on the manifold
M = g~ (0).

Given A > 0, a solution of equation (1.3) is a pair of functions, = : I — R* of class C* and
y : I — R’ continuous, both of them defined on some interval I, with the property that

@(t) = A f(t2(t), (1)),
g9(z(t),y(t)) =0,
for each t € I. Notice that, as a consequence of the regularity assumptions on g, the Implicit Function

Theorem implies that y is actually a C' function. In fact, in what follows, it will be convenient to
consider a solution of (1.3) as a C* function ¢ := (x,y) defined on I with values in R” x R*.



Let (x,y) be a solution of (1.3) for a given A > 0, defined on I C R. Differentiating the identity
g(z(t),y(t)) =0 we get
A1g(x(), y(t)) & (t) + dag(x(t), y(t))y(t) = 0,
which yields
9(t) = =X [D2g((t), y(1))] " Drg (2 (t), y(8)) £ (t,2(1), y(t)) (1.4)
forallt e I.
Now, consider the map ¥ : R x M — RF x R® given by

U(t,p,q) = (f(t;p,q), —[029(p, 0)] " O19(p, Q) f(t, p,q)) - (1.5)

It is not hard to prove that ¥ is tangent to M in the sense that, for any (¢,p,q) € R x M, ¥(t,p,q)
belongs to the tangent space T(, oyM to M at (p,q). Taking (1.4) into account, one can see that (1.3)
is equivalent to the following ODE on M:

C=XTU(L,C), A>0, (1.6)

where ¢ = (z,v).

Observe that, when f is of class C!, so is the vector field ¥. Thus, the local resuts on existence,
uniqueness and continuous dependence of local solutions of the initial value problems translate to
(1.3) from the theory of ordinary differential equations on manifolds by virtue of the equivalence of
(1.3) with (1.6).

In order to investigate the set of T-periodic solutions of (1.3) we will study the T-periodic solutions
of the equivalent equation (1.6). For this purpose it will be crucial to determine a formula for the
computation of the degree (sometimes called characteristic or rotation) of the mean value tangent
vector field ® : M — R¥ x R® given by formula (2.2) below. Before doing that, however, we will recall
some basic facts about the notion of the degree of a tangent vector field.

1.2 The degree of a tangent vector field

Let M C R" be a manifold. Given any p € M, by T, M C R™ we denote the tangent space of M at
p. Let w be a tangent vector field on M, and let V' be an open subset of M. We say that the pair
(w,V) is admissible (or, equivalently, that w is admissible on V) if w™*(0) NV is compact. In this
case one can associate to the pair (w, V) an integer, deg(w, V'), called the degree (or characteristic)
of the tangent vector field w on V' which, roughly speaking, counts algebraically the number of zeros
of w in V (for general references see e.g. [5, 6, 8]).

We recall that, when w is a C' tangent vector field on M, a zero p € M of w is said to be
nondegenerate if w'(p) : T,M — R" is one-to-one. Since the condition w(p) = 0 implies that
w'(p) maps T, M into itself (see e.g. [8]), then w’(p) is actually an isomorphism of T, M. Thus, the
determinant det(w’(p)) is nonzero and its sign is called the inder of w at p. In the particular case
when an admissible pair (w, V') is regular (i.e. w is smooth with only nondegenerate zeros), one can
show that deg(w, V') coincides with the sum of the indices at the zeros of w in V. This makes sense,
since w1 (0) NV is compact (w being admissible in V') and discrete; therefore, the sum is finite.

When M = R", that is, V is an open subset of R, deg(w, V) is just the classical Brouwer degree,
deg(w, V,0), of the map w on V with respect to zero.

All the standard properties of the Brouwer degree for continuous maps on open subsets of Eu-
clidean spaces, such as homotopy invariance, excision, additivity, existence, still hold in the more
general context of differentiable manifolds (see e.g. [3]).

1.3 A continuation result of Furi and Pera

We conclude the preliminary part of the paper with a continuation result for ordinary differential
equations on manifolds due to Furi and Pera (see [2]).



Let M C R™ be a boundaryless smooth manifold and ¥ : R x M — R™ a T-periodic continuous
tangent vector field on M. Consider the parametrized equation

¢ = \Y(t,Q), A > 0. (1.7)

By Cr(M) we denote the metric subspace of the Banach space Cr(R™) of all the continuous
T-periodic functions with values in M. We say that (A, () € [0,00) x Cr(M) is a solution pair of
(1.7) if ¢ is a T-periodic solution of (1.7) corresponding to A. Given any s € M, it is convenient to
denote by § the map in Cr(M) that is constantly equal to s. A solution pair of the form (0, 5) is
called trivial.

Given an open subset O of [0,00) x Cr(M), with the symbol Vo we will denote the open subset
of M given by

Vo ={se M:(0,5) € O}.
The following result is an immediate consequence of Theorem 2.2 of [2].

Theorem 1.1. Let M C R™ be a boundaryless smooth manifold, v : R x M — R"™ a T-periodic
continuous tangent vector field on M, and ¢ : M — R™ the mean value autonomous vector field given

by .
9(s) = 7 / (t, s)dt.

Let O be an open subset of [0,00) X Cr(M), and assume that deg(¢, Vo) is defined and nonzero.
Then, the equation (1.7) admits in O a connected set I' of nontrivial solution pairs whose closure in
O meets the set {(0,3) € O : ¢(s) =0} and is not contained in any compact subset of O.

2 Main results

This section is devoted to the study of the set of T-periodic solutions of equation (1.3). Recall that
U C R* x R® is open and connected, f : R x U — R* and g : U — R® are continuous maps, and we
assume that f is T-periodic in the first variable for a given 7' > 0. We also assume that g is C* and
such that det d2g(p, q) # 0 for all (p,q) € U. Define F : U — RF x R® by

F(p,q) = (% /OT f(t,p,q)dt, g(p, q)>~ (2.1)

Let M = g~ '(0) and define the tangent vector field ¥ : R x M — RF x R® as in (1.5). Moreover,
define @ : M — R* x R® by

2.0 =7 [ Vepai= (5 [ ferai - Hosea 0w [ o). @2

Theorem 2.1 below gives a simple formula for the computation of the degree of ® that does not
require the explicit expression of the manifold M.
We will omit the proof since it is an immediate consequence of Theorem 4.1 of [9].

Theorem 2.1. Let U C R¥ x R® be open and connected, and let g: U — R® and f : R x U — R¥ be
such that f is continuous and g is C* with O2g(p,q) invertible for all (p,q) € U. Let M = g~(0).
Let also F : U — R* x R® and ® : M — RF x R® be given by (2.1) and (2.2), respectively. Given
W C U open, if either deg(®, M N W) or deg(F, W) is well defined, so is the other, and

| deg(®, M NW)| = | deg(F, W)]|.

As mentioned in the Introduction, the main result of this section, Theorem 2.2 below, follows
from a combination of Theorems 1.1 and 2.1 above.

We have to introduce some further notation. By Cr(U) we mean the metric subspace of Cr(R* x
R?) of all the continuous T-periodic functions with values in U. We say that (o;z,y) € [0,00) X Cr(U)



is a solution pair of (1.3) if (z,y) satisfies (1.3) for A = o; here the pair (z,y) is thought of as a single
element of Cr(U). It is convenient, given any (p,q) € R* x R®, to denote by (p,§) the element of
Cr(R* x R?®) that is constantly equal to (p,q). A solution pair of the form (0;p,§) is called trivial.
Observe that (p,§) € Cr(U) is a constant solution of (1.3) corresponding to A = 0 if and only if
9(p,q) = 0.

Given an open subset Q of [0,00) x Cp(U), with the symbol W we will denote the open subset
of U given by

Wa ={(p,q) €U : (0;p,9) € Q}.

We are now ready to state and prove our main result concerning the T-periodic solutions of (1.3).

Theorem 2.2. Let U C R* x R® be open and connected, and let f : R x U — R* be continuous
and T-periodic in the first variable. Assume that g : U — R® is C°° with d29(p,q) invertible for
all (p,q) € U. Define F : U — R* x R® by (2.1). Given Q C [0,00) x Cr(U) open, suppose that
deg(F, Wq) is well-defined and nonzero. Then, there exists a connected set of nontrivial solution pairs
of (1.3) whose closure in Q meets the set

{(0;9,9) € Q: F(p,q) = (0,0)}

and is not contained in any compact subset of ).

Proof. Let ¥ be as in (1.5). Then, as we already pointed out, equation (1.3) is equivalent to (1.6) on
M = g~'(0). Moreover, define ® as in (2.2). From Theorem 2.1 above we get that | deg(®, MNWgq)| =
| deg(F, Wq)|. Denote by O the open subset of [0, 00) x Cr(M) given by

0 =n([0,00) x Cr(M)).

Recalling the notation introduced in Subsection 1.3, we have Vo = M N Wgq. Since, by assumption,
deg(F,Wq) is well defined and nonzero, we get that deg(®, Vo) = deg(®, M N Wq) # 0. Hence,
Theorem 1.1 implies the existence of a connected subset I" of O of nontrivial solution pairs of (1.6),
whose closure T' in @ is noncompact and meets the set

{(0;p,4) € O : ®(p,q) = (0,0)}.

Now, since [0, 00) x Cr (M) is contained in [0, 00) x Cr(U), the equivalence of equations (1.3) and
(1.6) on M implies that each pair (A\;x,y) € T can be also thought as a nontrivial solution pair of
(1.3). Moreover, since M is closed in U, it is not difficult to prove that [0,00) x Cr (M) is closed in
[0,00) x Cr(U). Hence, T coincides with the closure of T' in €, and thus T' cannot be contained in
any compact subset of 2 as well. Finally, observe that

{(p,q) € M : ®(p,q) = (0,0)} = {(p,q) € U : F(p,q) = (0,0)}

and, consequently, the set {(O;ﬁ, g) € O : ®(p,q) = (0,0)} coincides with {(0;p,4) € Q : F(p,q) =
(0,0)}. Therefore, I satisfies the assertion. O

As an immediate consequence of our main result we get the following Continuation Principle.

In Corollary 2.3 below the manifold M = g~*(0) is assumed to be a closed subset of R¥ x R* so
that, in this case, Cr (M) is a complete metric space.
Corollary 2.3. Let U, f, g, F and Q be as in Theorem 2.2. Assume also that M = g~'(0) is
closed in R x R®. Let deg(F,Wq) be nonzero. Then there exists a connected component of the set
of solution pairs of (1.3) that meets {(0;p,4) € Q: F(p,q) = (0,0)} and cannot be both bounded and
contained in Q.

If, in particular, Q is of the form [0,00) x A, with A C Cr(U) open and bounded, and such that
there are no T-periodic solutions of (1.3) on the boundary Fr A of A for A € [0,1], then equation

{ T = f(t,x,y),

g(xuy) =0 (23)

admits a T-periodic solution in A.



Proof. From Theorem 2.2 it follows that there exists a connected set I' of nontrivial solution pairs
of (1.3) whose closure I in [0, 00) x Cr(U) meets the set {(0;p,4§) € Q : F(p,q) = (0,0)} and is not
contained in any compact subset of ).

Denote by ¥ be the connected component of the set of all solution pairs that contains I'. Since, by
assumption, M is a closed subset of R¥ x R*, the metric space [0, 00) x C(M) is complete. Moreover,
the Ascoli-Arzela Theorem implies that any bounded set of T-periodic solutions of (1.6) is totally
bounded. Thus, if ¥ is bounded, then it is also compact. If, in addition, ¥ is contained in {2 then
so is I' C ¥, which is impossible. This contradiction proves that ¥ cannot be both bounded and
contained in .

To prove the last part of the assertion, let A C C7(U) be open and bounded and let Q = [0, co) X A.
Consider the subset [0,1] x A of Q. Since ¥ is connected, contains some nontrivial pair (as I' C )
and cannot be contained in [0,1] X A, then X necessarily meets the boundary of (0,1] x A. Since
there are no solution pairs of (1.1) in [0,1] x Fr A, the set ¥ intersects {1} x A. This completes the
proof. O

Remark 2.1. One can deduce an existence result from Corollary 2.3 as follows. Let V' be a relatively
compact open subset of U, and assume that the following properties hold:

e the set F71(0,0) NV is compact and deg(F, V) # 0;
e there are no T-periodic solutions of (1.3) whose image intersects the boundary OV of V for
A€ (0,1].
In this situation, taking A = Cr(V) C Cr(U) and Q = [0,00) x A, we have Wo =V, and thus
deg(F,Wq) = deg(F, V) # 0. Hence, Corollary 2.3 yields a T-periodic solution of (2.3).

2.1 Some examples

We conclude the paper with some examples of applications of our results to some special class of
parametrized second order DAEs.
Consider the following second order equation, depending on a parameter p > 0:

Z= ,uga(t,x,y),
{ g(m,y) =0, (24)

where ¢ : R x R™ x R®* — R" is continuous and T-periodic in the first variable, and g : R" x R®* — R?®
is of class C*° and such that the partial derivative of g with respect to the second variable, d29(p, q),
is invertible for each (p,q) € R™ x R®.

Given p > 0, a solution of equation (2.4) is a pair of functions € C*(I,R") and y € C(I,R?),
defined on some interval I, with the property that

{ #(t) = W(t:w() y(1)),
g(z(t),y(t)) =

for each t € I. Notice that, as in Section 1, the regularity assumptions on g together with the Implicit
Function Theorem imply that y is actually a C? function.
Since p > 0, equation (2.4) can be equivalently written as a first order system as follows:

= \/ﬁz,
z= \/ﬁ@(tz T, y)7 (2'5)
9(z,y) =0,

Further, system (2.6) can be written in the form (1.3) setting \/u = A, k = 2n and
fiRXR™ xR =R™,  f(t,p,r,q) = (r,0(t,p,q))

(for convenience, here and in what follows we identify R*" x R with R*"T*),



Now, define F': R" x R® — R" x R® by

F(p,q) = <% /OT o(t,p,q)dt, g(p, q)) ;

and G : R?" x R®* — R*" x R® by

1 (T
G(p,r, q) = (73?/ 90('['7]), q)dt7g(p7 Q)) .
0
Clearly, denoting by Fi(p, q), i = 1,2, the components of the map F', one has

G(p7 r, q) = ('V', Fl(p7 q)vFZ(py q))

Lemma 2.1. We have
deg(G,R*™ x R®) = (—1)" deg(F,R" x R®).

Proof. Observe first that, by a standard approximation argument (see e.g. [1]) it is not restrictive
to assume that the map F (and consequently G) is smooth with only nondegenerate zeros. Let
F70,0) = {(pi, ¢i) }i=1,...,n be the zeros of F. Hence, G~'(0,0,0) = {(p:, 0, q:) }i=1
Idr~ the identity on R™. Then, the differential of F' at the point (p;,¢;) is given by

p Fe O (pi,qi)  O2F1(ps, qi)
(Pi>q:) 01 F2(pi,qi) O2F2(piy qi)

~. Denote by

.....

and analogously
0 Idg~n 0
d(pi,o,qi)G = 81F1(pi7qi) 0 azFl(p7;7Qi)
(91F2(pi7Qi) 0 82F2(pi7%‘)

Thus, a straightforward computation yields

N N
deg(G,R*™ x R®) = Zsigndet dip;0,a)G = (=1)" Z signdet d(,, ;) F = (—1)" deg(F,R™ x R?),
i=1 i=1
and the assertion follows. O
The following is a consequence of Theorem 2.2 and Lemma 2.1.

Corollary 2.4. Let g: R" xR* - R*, o : RxR" xR® — R" and T > 0 be such that ¢ is continuous
and T-periodic in the first variable, and g is C* with d2g(p,q) invertible for all (p,q) € R™ x R*.
Define F: R" x R* - R" x R® by

1 T
F(p,q) = <T/ o(t,p,q)dt , g(p, q)),
0
and G : R?" x R® — R?™ x R® by

G(p,r.q) = (7"7 % /OT e(t,p,q)dt, g(p, Q)) :

Assume that deg(F,R™ x R®) is well-defined and nonzero. Then, there exists an unbounded connected
set I' of nontrivial solution pairs of the system

T = Az,
z2=Xp(t,2,9), (2.6)
g(z,y) =0,

whose closure in [0, 00) x Cr (R*™ xR*) meets the set {(0;p, 7, 4) € Cr(R*™xR*) : G(p,r,q) = (0,0,0)}.



Let us now deduce some consequence of Corollary 2.4 on the structure of the set of solutions to
(2.4). For this purpose, we introduce the following further notation.

We denote by C7-(R™ xR*) the Banach space of the C* T-periodic functions with values in R” x R®.
We say that (o;x,y) € [0,00) x CH(R™ x R®) is a T-pair of (2.4) if (z,y) satisfies (2.4) for u = o;
here the pair (z,y) is thought of as a single element of CH(R™ x R*). Given any (p,q) € R™ x R, it
is convenient to denote by (p, §) the map in C(R™ x R®) that is constantly equal to (p,q). A T-pair
of the form (0;p, q) is called trivial.

Now, suppose that deg(F,R™ x R®) # 0, and let T' C [0,00) x Cr(R?*" x R®) be an unbounded
branch of nontrivial solution pairs of (2.6) as in the assertion of Corollary 2.4. Consider the map

0 : [0, 4+00) x Cr(R* x R®) — [0, +00) x C1(R™ x R*)

defined by
O\, z,y) = (N, ).
Observe that:
— © sends solution pairs of (2.6) into T-pairs of (2.4);
— © sends trivial solution pairs into trivial T-pairs;
— the restriction of © to (0, 4+00) x Cr(R*™ x R*) is continuous with inverse given by

z
(,u,w,y) = (\/E,SC, \/ﬁ’y) .

From Corollary 2.4 we get that the set T = ©(T") C [0, 00) x C7(R™ x R¥) is connected, made up
of nontrivial T-pairs of (2.4), moreover its closure in [0, 00) x C7(R™ x R*) meets the set of the trivial
T-pairs. However, we cannot deduce that Y is unbounded. In fact, it may happen that the elements
of T are bounded in [0, 00) x Cp(R™ x R*), while the norm of #/,/i “blows up” as y — 07. In other
words, as a consequence of Corollary 2.4 we have the following partial result.

Corollary 2.5. Assume that deg(F,R"™ x R?®) is well-defined and nonzero. Then, there ezists a
connected set T of nontrivial T-pairs of (2.4) whose closure in [0,00) x C3(R™ x R*) meets the set
{(0;p,9) : F(p,q) = (0,0)} and is either unbounded or contains a sequence {(uj;x;,y;)} which is
bounded in [0,00) x C3(R™ x R*) and such that p; — 07 and 2 lloe — 400 as j — +o0.

%]

As a final remark, we observe that to obtain the existence of an unbounded branch of nontrivial
T-pairs of (2.4), we need suitable a priori bounds on the quotients % as 4 — 07, = being any
T-periodic solution of (2.4) corresponding to p. It is possible to prove such a priori bounds, for
instance, in the special case when (2.4) is equivalent to a linear second order ODE.
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