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u : Ω ⊂ R
n → R

N

−

n
X
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Di

0

@

n
X

j=1

N
X

β=1

a
αβ
ij (x, u(x))Dju

β(x)

1

A = 0, x ∈ Ω, α = 1, ..., N

x → a
αβ
ij (x, u) measurable

u → a
αβ
ij (x, u) continuous

a
αβ
ij (x, u) bounded and elliptic
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De Giorgi’s counterexample (1968) =⇒ u = (u1
, ..., u

N ) not regular

additional conditions

3 / 17



a
γβ
ij (x, u) = 0 for β 6= γ

⇓

sup
Ω

u
γ ≤ sup

∂Ω
u

γ

4 / 17



θ
γ ≤ u

γ =⇒ a
γβ
ij (x, u) = 0 for β 6= γ

⇓

sup
Ω

u
γ ≤ max

»

θ
γ ; sup

∂Ω
u

γ

–

Necas - Stara (1972)

Mandras (1976)

Leonetti - Petricca (2009)
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|aγβ
ij (x, u)| ≤

c

(1 + |u|)q
for β 6= γ

θ ≤ |u| =⇒ ν|ξ|2 ≤
n

X

i,j=1

a
γγ
ij (x, u)ξjξi

|aγγ
ij (x, u)| ≤ c̃

u ∈ W
1,2(Ω, R

N ) weak solution

⇓

u ∈ L
2∗(t+1)
loc (Ω, R

N )

for every t such that

0 < t <
ν

nc̃2N
, t ≤

q

2

Leonetti - Petricca (2011)
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additional assumption

a
γγ
ij (x, u) = bij(x, u)

⇓

u ∈ L
2∗( q

2
+1)

loc (Ω, R
N )

Leonetti - Petricca (2011)
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PROOF

0 =

Z

Ω

n
X

i,j=1

N
X

α,β=1

a
αβ
ij (x, u)Dju

β
Div

α

fix γ ∈ {1, ..., N}

v
α =

(

0 if α 6= γ

φ(|u|)uαη2 if α = γ

η : R
n → R cut-off function

φ(|u|) = (p + 1)2|u|2p, p > 0
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Z
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n
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2)

Di(φ(|u|)uγ
η
2) =

= φ
′(|u|)1{|u|>0}

N
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δ=1

uδ
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(Diu

δ)uγ
η
2 + φ(|u|)(Diu

γ)η2 + φ(|u|)uγ
Di(η

2)
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Z

Ω

n
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i,j=1

a
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ij (x, u)(Dju

γ)φ(|u|)(Diu
γ)η2 =

−

Z

Ω

n
X

i,j=1
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ij (x, u)(Dju
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N
X

δ=1

uδ
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(Diu
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η
2−

−

Z
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+ . . . . . .
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ν

Z

Ω

|Du
γ |2φ(|u|)η2 ≤

Z

Ω

n
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i,j=1
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γγ
ij (x, u)(Dju

γ)φ(|u|)(Diu
γ)η2

−

Z

Ω

n
X

i,j=1

a
γγ
ij (x, u)(Dju

γ)φ′(|u|)1{|u|>0}

N
X

δ=1

uδ

|u|
(Diu

δ)uγ
η
2 ≤

nc̃

Z

Ω

|Du
γ |φ′(|u|)|Du||uγ |η2

−

Z

Ω

n
X

i,j=1

N
X

β 6=γ

a
γβ
ij (x, u)(Dju

β)φ′(|u|)1{|u|>0}

N
X

δ=1

uδ

|u|
(Diu

δ)uγ
η
2 ≤

Z

Ω

cn2N

(1 + |u|)q
|Du|φ′(|u|)|Du||uγ |η2

11 / 17



ν

Z

Ω

|Du
γ |2φ(|u|)η2 ≤ nc̃

Z

Ω

φ
′(|u|)|u||Du|2η2+

cn
2
N

Z

Ω

φ′(|u|)|u|

(1 + |u|)q
|Du|2η2 + . . . . . .

φ(|u|) = (p + 1)2|u|2p
, φ

′(|u|)|u| = (p + 1)2|u|2p−12p|u| = 2pφ(|u|)

ν

Z

Ω

|Du
γ |2φ(|u|)η2 ≤ nc̃2p

Z

Ω

φ(|u|)|Du|2η2+

cn
2
N(p + 1)22p

Z

Ω

|u|2p

(1 + |u|)q
|Du|2η2 + . . . . . .
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sum upon γ

ν

Z

Ω

N
X

γ=1

|Du
γ |2φ(|u|)η2 ≤ Nnc̃2p

Z

Ω

φ(|u|)|Du|2η2+

cn
2
N

2(p + 1)22p

Z

Ω

|u|2p

(1 + |u|)q
|Du|2η2 + . . . . . .

nc̃N2p < ν, 2p ≤ q

p <
ν

nc̃N2
, p ≤

q

2
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(ν−Nnc̃2p)

Z

Ω

|Du|2φ(|u|)η2 ≤ cn
2
N

2(p+1)22p

Z

Ω

|Du|2η2+ . . . . . .

|Du|2φ(|u|)η2 = |Du|2(p + 1)2|u|2p
η
2

|D(|u|p+1
η)|2 ≤ 2(p + 1)2|u|2p|Du|2η2 + 2n|u|2(p+1)|Dη|2
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Z

Bρ

|u|2
∗(p+1) ≤

0

@c

Z

Ω

|D(|u|p+1
η)|2

1

A

2∗/2

≤

0

@c

Z

Ω

(|u|2p|Du|2η2 + |u|2(p+1)|Dη|2)

1

A

2∗/2

≤ c

0

@

Z

Ω

|Du|2 +

Z

BR

(1 + |u|)2(p+1)

1

A

2∗/2

|u|2(p+1) ∈ L
1(BR) =⇒ |u|2

∗(p+1) ∈ L
1(Bρ)

finite number of steps since p < ν
nc̃N2

and p ≤ q
2
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with the additional assumption

a
γγ
ij (x, u) = bij(x, u)

we get the new estimate
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|Du
γ |2φ(|u|)η2 ≤ cn

2
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2p ≤ q

17 / 17


