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Laplace operator

AU = Uy + -+ Ugyx, = Uy + Uy div(v)

where v(x) = — ‘gzgg' is direction of steepest descent. In fact,
Au Ux; Ux: Ux; x; Au Uyy
d' = — ! J - —|—
M= T TR T TVl T

so that Au = uy, — |Vu| div(v) = vy + 1y, div(v) or
Au=u,, +u, (n—1)H

with H denoting mean curvature of a level set of u.

For radial u recall Au=u, + ”71 uy.
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For p € (1,00) one can write the p-Laplace operator as
Apu = div (|VulP2Vu) = [VulP2[Au+ (p — 2) ]
— [Vl 2((p ~ Dt + (1~ 1)Hu]
and the normalized or game-theoretic p-Laplace operator as

ANu= %]Vu]zfpdiv (|VulP~2Vu)

= pTTluW + %(n —1)Hu, = p;IJlAéVou+ %A{Vu :

Observe AN y=u,,, ANu=LAu and ANy = |Vu|div(ZL).
o0 2 2 1 ‘Vu‘
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p-harmonic functions

p-harmonic functions
Given Q C R" bounded, 99 of class C>* and g(x) € WP(Q)

—Apu =0 in €, (1)
u(x) =g(x) on 09. (2)

u can be charactzerized as the unique (weak) solution of the
strictly convex variational problem

Minimize Ip(v) = [|Vv|[io@) on g(x)+ WoP(Q),  (3)
so that

/ |VulP=2VuV¢ dx = 0 for every ¢ € W, P(Q). (4)
Q

It is well known, that weak solutions are locally of class C1*. They
are even of class C* wherever their gradient does not vanish.
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p-harmonic functions

One can show (Juutinen, Lindqvist, Manfredi 2001) that weak
solutions are also viscosity solutions of the associated Euler
equation

Fp(Du, D*u) = —|DulP~* (|Du[*traceD?u + (D*uDu, Du)) = 0

Incidentally, only for p € (1,2) does this imply that they are also
viscosity solutions of the normalized equation

p —2 (D?uDu, Du)

p b C

1
F,;V(Du, D?u) = —=traceD?u —
p
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p-harmonic functions

What happens as p — oo? For g € W1°(Q) the family uj, is
uniformly bounded in WP because /,(up) < Ip(g) < ||Vg||o0|Q|.

Wolog |2| := 1. For g > n fixed and p > q one finds
IV apllq < IV upllp 12978 < || Vg||oc QY941 as p— oo,

SO Up — U iN some C*.

By the stability theorem for viscosity solutions u., should be
viscosity solution to a limit equation Fo(Du, D?u) = 0.

What is this equation? Let us check the condition for subsolutions.

Bernd Kawohl
Variations on the p—Laplacian



p-harmonic functions

Let ¢ be a C? testfunction s.th. ¢ — Uy, has a min at x, and
V¢(xs0) # 0. Then wolog ¢ — up has a min at x, near xo and
Xp — Xoo @S p — 00. Since up, is viscosity subsolution

—|Dp|P~* [|DpPAp + (p — 2){D*pDy, Dy)] (xp) < 0,

or

p—
- <D290D907D90>(Xp) *!le Ap(xp).

p — oo gives (D?¢Dp, Dp)(xs0) = —Aoop < 0.

. Thus uy is (unique) viscosity solution of —Asu =0 in Q,
u=g on 0.
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p-harmonic functions

It is worth noting that the variational problem
Minimize loo(v) = [|[V|[ioo(q) on g(x) + Wy ™(Q),  (5)

can have many solutions,
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p-harmonic functions

It is worth noting that the variational problem
Minimize lo(v) = [|VV||i=(q) on g(x)+ Wy ™(RQ),  (5)

can have many solutions,
e.g. the minimum of two cones (not C1) or u, € CH (Savin).

Kawohl, Shagholian 2005
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p-harmonic functions

What happens to p-harmonic functions as p — 17 . g. no uniform
convergence, but Juutinen (2005) found sufficient conditions:

If g € C(Q2) and Q convex, then up, — vy uniformly as p — 1.
Moreover, uy is unique minimizer of

Ei(v) = sup{/ u divedx; o€ CG°(2,R"), |o(x)] <1in Q}
Q
on {veBV(Q)N C(Q), v=gond}.

Here the limiting variational problem has a unique solution, while
the limiting Euler equation can have many viscosity solutions.
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p-harmonic functions

Heuristic reason for uniqueness of minimizer of the TV-functional:

If there are two minimizers u and v (for simplicity in W1(Q)) of
E;, then any convex combination w = tu + (1 — t)v would also be
minimizer,

hence level lines of u are also level lines of v, Vul||Vv, v = f(u).

Dirichlet cond. implies f(g) = g, so that f = Id on rangesq(g).

But since minga g < u, v < maxsq g in Q we find f(u) = v in Q.

Bernd Kawohl
Variations on the p—Laplacian



p-harmonic functions

Nonuniqueness of viscosity solutions to the Dirichlet problem
—A1u=0inQ, u= g on 09.

Sternberg, Ziemer (1994) gave counterexample: Q = B(0,1) € R?,
g(x1,x2) = cos(2¢) has a whole family uy of viscosity solutions,
A € [—1,1], but only up minimizes E;. In fact,

2x2 —1 left and right of rectangle
ux(x1,x2) = A in the rectangle generated by cos(2¢) = A
1—2x3 on top and bottom

is viscosity sol. of both —Aju=0and —ANu = k|Vu| =0in Q.
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p-harmonic functions

-1

Ux

A

(level) plot of uy
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p-harmonic functions

definition of viscosity solutions for discontinuous F

u is a viscosity solution of F(Du, D?u) = 0, iff sub- and supersol.

u is subsol. if for every x € Q and ¢ € C? s.th. ¢ — u has min at
x the ineq. F.(Dy, D?p) < 0 holds. Here F, = Isc hull of F.

u is supersol. if for every x € Q and ¢ € C? s.th. ¢ — u has max
at x the ineq. F*(Dyp, D?¢) > 0 holds. Here F* = usc hull of F.

1 . _1)\949 . ;
F¥(g.X)={ P (d5+(p-DLE) Xy ifq#0
? ifg=0
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p-harmonic functions

Symm. matrix X has eigenvalues \1(X) < Aa2(X) < ... < Ap(X)

Y 0.x)= ] "D N 5 i pe 20
Pt — IV - ifpe(L?

I N VR - | i
FAV*(O,X):{ p iz N — A ifp € [2,00]

— LN - BN, ifpe(l,2]
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p-harmonic functions

Symm. matrix X has eigenvalues \1(X) < Aa2(X) < ... < Ap(X)

Y 0.x)= ] "D N 5 i pe 20
Pt — IV - ifpe(L?

A (0.) = {—é Siahi — i fpe 2o
P — LN - BN, ifpe(l,2]

In particular, for n =2, FN_(0,X) = =Xz and FV7(0,X) = —\
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p-harmonic functions

Symm. matrix X has eigenvalues \1(X) < Aa2(X) < ... < Ap(X)

_lyon—lyo p-d i
Fév*(O,X):{ p izt A = 5 An ifp € [2,00]

Ly ni—tn ifpe(l?

FY(0.6) = {—227_2 N pele ]
P — LN - BN, ifpe(l,2]

In particular, for n =2, FN_(0,X) = =X and FV°(0,X) =
so that we require —\a(D?p) < 0 for subsols. if Vgo(x) =0

and —\1(D?p) > 0 for supersols. if Vio(x) =0
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—Apu=1

The Dirichlet problem —A,up, =1 in £, u, = 0 on 92 can be
treated in a similar way. Again surprises as p — oo or 1.

lim up(x) = d(x,0Q2) (Kawohl 1990)

p—oo

and the limiting deq and bvp is [Du| =1 in Q, u =0 on 9Q
(Bhattacharya, DiBenedetto, Manfredi 1991)

It has a unique viscosity solution, but many distributional solutions.
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—Apu=1

The Dirichlet problem —A,up, =1 in £, u, = 0 on 92 can be
treated in a similar way. Again surprises as p — oo or 1.

lim up(x) = d(x,0Q2) (Kawohl 1990)

p—oo

and the limiting deq and bvp is [Du| =1 in Q, u =0 on 9Q
(Bhattacharya, DiBenedetto, Manfredi 1991)

It has a unique viscosity solution, but many distributional solutions.

0 if Q is small
Iim1 up(x) = < discontinuous  if Q is inbetween
p—
400 if Q is large
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Why this strange behaviour as p — 17
The limiting equation —Aju=1reads (n—1)H=1or H= =5

o
in intrinsic coordinates.
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Why this strange behaviour as p — 17
The limiting equation —Aju=1reads (n—1)H=1or H= =5

o
in intrinsic coordinates.

Level surfaces satisfying this curvature condition in €2 are
boundaries of so-called Cheeger sets.

A set Cq is a Cheeger set of Q if it infimizes |0D|/|D| among all
smooth subsets of , ... this would be an extra talk.

Bernd Kawohl
Variations on the p—Laplacian



N, _
—Apu—l

What about —A;,Vup =1inQ, up, =0 o0n 007

For p € (1, 0] there exists a unique viscosity solution (Lu Wang
2008), details in the published version of this talk.

For p = oo the equation reads —u,, =1in Q,
and forp=1itis [Vul(n—1)H=1in Q.

They are degenerate elliptic in the sense of viscosity solutions.
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overdetermined problems

Serrin and Weinberger

proved in 1971 that the following overdet. bvp cannot have a
solution in a smooth simply connected domain unless € is a ball.

—Au=1 inQ,
u=0 and —@:a:const. on 0f2.
ov

Physical interpretation: Laminar flow in a noncircular pipe cannot
have constant shear stress on the wall of the pipe.
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overdetermined problems

Serrin's proof uses the moving plane method and applies to positive
classical solutions of autonomous strongly elliptic equations

- Z aij(u, |Vul)uxs = f(u,|Vul),

ij=1

while Weinberger's proof is given only for —Awu =1 and uses both
variational methods and (other) maximum principles.

Does the proof at least extend to —A,u =17
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overdetermined problems

Serrin's proof uses the moving plane method and applies to positive
classical solutions of autonomous strongly elliptic equations

- Z aij(u, |Vul)uxs = f(u,|Vul),
ij=1

while Weinberger's proof is given only for —Awu =1 and uses both
variational methods and (other) maximum principles.

Does the proof at least extend to —A,u =17
Yes (Farina Kawohl 2008)

Bernd Kawohl
Variations on the p—Laplacian



overdetermined problems

1) P(x) := @|VU(X)”J + 2u(x) attains max. over Q on 9%,
and thus P(x) < 2(”7;1)3" =:cin Q.
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overdetermined problems

1) P(x) := @|VU(X)”J + 2u(x) attains max. over Q on 9%,
and thus P(x) < Map =:cin Q.

2) Show that [, P(x)dx = ||, then P(x) = c on Q.

Bernd Kawohl
Variations on the p—Laplacian



overdetermined problems

1) P(x) := @|VU(X)”J + 2u(x) attains max. over Q on 9%,
and thus P(x) < 2(”7;1)3" =:cin Q.

2) Show that [, P(x)dx = ||, then P(x) = c on Q.

3) Show that P = c in Q implies radial symmetry.
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overdetermined problems

1) P(x) := @|VU(X)”J + 2u(x) attains max. over Q on 9%,
and thus P(x) < Map =:cin Q.
2) Show that [, P(x)dx = ||, then P(x) = c on Q.
3) Show that P = c in Q implies radial symmetry.
Caution with 1) and 2):
1) ug C3 so —AP +... <0 is problematic. Regularize

2) u ¢ C2, so classical PohoZaev identities need adjustments
to Cl-functions by Degiovanni, Musesti, Squassina (2003).
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overdetermined problems

Proof that P = c in Q:
Testing —Apu =1 with u gives Jo IVulPdx = [ udx (1)
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overdetermined problems

Proof that P = c in Q:
Testing —Apu =1 with u gives Jo IVulPdx = [ udx (1)
test with (x, Vu): — [ Apu(x,Vu) = [o(x,Vu)=—n [qu (2)
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overdetermined problems

Proof that P = c in Q:

Testing —Apu = 1 with u gives Jo IVulPdx = [ udx (1)
test with (x, Vu): — [ Apu(x,Vu) = [o(x,Vu)=—n [qu (2)
lhs of (2)=q |[VulP~2VuV(x,Vu) — [,qaP 2 u,(x, Vu)
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overdetermined problems

Proof that P = c in Q:
Testing —Apu = 1 with u gives Jo IVulPdx = [ udx (1)
test with (x, Vu): — [ Apu(x,Vu) = [o(x,Vu)=—n [qu (2)
Ihs of (2)=[q |[VulP~2VuV(x,Vu) — [,qaP 2 u,(x, Vu)

= Jo|VulP-2[IVul? + (X,V(%))] ~ Jon @ (x.v)
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overdetermined problems

Proof that P = c in Q:
Testing —Apu = 1 with u gives Jo IVulPdx = [ udx (1)
test with (x, Vu): — [ Apu(x,Vu) = [o(x,Vu)=—n [qu (2)
Ihs of (2)=[q |[VulP~2VuV(x,Vu) — [,qaP 2 u,(x, Vu)

= Jo|VulP? [\Vu\2+(x VG| = fop 2 (x.v)

= [o|VulP + (X,V(@))dx — aP n|Q|
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overdetermined problems

Proof that P = c in Q:
Testing —Apu =1 with u gives Jo IVulPdx = [ udx (1)
test with (x, Vu): — [ Apu(x,Vu) = [o(x,Vu)=—n [qu (2)
Ihs of (2)=[q |[VulP~2VuV(x,Vu) — [,qaP 2 u,(x, Vu)

= o IVulP? [\Vu\2+(x V()] = fa 2P xv)

= Jo|VulP+ (6, V(L) dx — a7 n |Qf

= JoIVulP — x4 [0 2 (x,v)ds — 27 n |Q
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overdetermined problems

Proof that P = c in Q:
Testing —Apu =1 with u gives Jo IVulPdx = [ udx (1)
test with (x, Vu): — [ Apu(x,Vu) = [o(x,Vu)=—n [qu (2)
Ihs of (2)=[q |[VulP~2VuV(x,Vu) — [,qaP 2 u,(x, Vu)

= Jo|VulP? [\Vu\2+(x VG| = fop 2 (x.v)

= [o|VulP + (X,V(@))dx — aP n|Q|

= JoIVulP — x4 [0 2 (x,v)ds — 27 n |Q

= [qn [%\Vu\p — @} dx — ijlap n |Q|
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overdetermined problems

Proof that P = c in Q:
Testing —Apu =1 with u gives Jo IVulPdx = [ udx (1)
test with (x, Vu): — [ Apu(x,Vu) = [o(x,Vu)=—n [qu (2)
Ihs of (2)=[q |[VulP~2VuV(x,Vu) — [,qaP 2 u,(x, Vu)

= Jo|VulP? [\Vu\2+(x VG| = fop 2 (x.v)

= [o|VulP + (X,V(@))dx — aP n|Q|

= JoIVulP — x4 [0 2 (x,v)ds — 27 n |Q

= fQ n [%\Vu\p — @} dx — ijlap n |Q|

2
now = = o 2|VulP — SIVulPdx —c|Q = -2 [qu
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overdetermined problems

Proof that P = c in Q:
Testing —Apu =1 with u gives Jo IVulPdx = [ udx (1)
test with (x, Vu): — [ Apu(x,Vu) = [o(x,Vu)=—n [qu (2)
Ihs of (2)=[q |[VulP~2VuV(x,Vu) — [,qaP 2 u,(x, Vu)

= Jo|VulP? [\Vu\2+(x VG| = fop 2 (x.v)

VulP
= [o|VulP + (X,V(%))dx — aP n|Q|
= [ |VulP - n@dx%—fag a—:(x, v)ds — aP n |Q|
YulP —

= [qn [%\Vu\p — %} dx — %ap n |Q|

now 2 (2) = [, 2|VulP — g|Vu|”dx — Q] =-2[qu

soby (1):  Jq 2u+ 2ER|TuPdx = Q] (= [, P(x)dx)

n
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overdetermined problems

P = c in Q implies symmetry:

a) If 9Q € €%, thenP, = 0 on 9 implies H = 121-P hecause
n

2 _ 1
P, = 2(p_1)|uu|p_2uuuuu+zuu = |:(P - 1)|Uu|p 2“1/1/ + n:| 2u, =0
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overdetermined problems

P = c in Q implies symmetry:

a) If 99 € C%, thenP, = 0 on 99 implies H = %alfp, because
p—2 2 p—2 1
P, =2(p—1)|uy| u,,ul,,,—}—zul, = (p—D|u|P U, + - 2u, =0

pu=—-1=(p— D|u,|P~2u,, + (n — 1)H|uy|P~2u, imply
al=P on 99Q. Done.
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overdetermined problems

P = c in Q implies symmetry:

a) If 99 € C%, thenP, = 0 on 99 implies H = %alfp, because
p—2 2 p—2 1
P, =2(p—1)|uy| u,,ul,,,—}—zul, = (p—D|u|P U, + - 2u, =0

and Apu=—-1=(p— 1)\ul,|p_2uw, +(n— 1)H\ul,|p_2u,, imply
H= %al_” on 0. Done.

b) If 9 is not smooth, consider I = {x | u(x) = ¢}.
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overdetermined problems

P = c in Q implies symmetry:

a) If 99 € C%, thenP, = 0 on 99 implies H = %alfp, because
p—2 2 p—2 1
P, =2(p—1)|uy| u,,ul,,,—i—zul, = (p—D|u|P U, + - 2u, =0

and Apu=—-1=(p— 1)\ul,|p_2uw, +(n— 1)H\ul,|p_2u,, imply
H= %al_p on 0. Done.

b) If 9 is not smooth, consider I = {x | u(x) = ¢}.

ue CYA(Q) & u, = —aon dQ imply Vu # 0 and u € C?P near
I.
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overdetermined problems

P = c in Q implies symmetry:

a) If 99 € C%, thenP, = 0 on 99 implies H = %alfp, because
p—2 2 p—2 1
P, =2(p—1)|uy| u,,ul,,,—i—zul, = (p—D|u|P U, + - 2u, =0

and Apu=—-1=(p— 1)\ul,|p_2uw, +(n— 1)H\ul,|p_2u,, imply
H= %al_p on 0f). Done.
b) If 9 is not smooth, consider I = {x | u(x) = ¢}.

ue CYA(Q) & u, = —aon dQ imply Vu # 0 and u € C?P near
I.

ThusT € C>*and P, =0onT, ie. [(p— D)|uy|P~2u, + 1] =0

n
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overdetermined problems

P = c in Q implies symmetry:

a) If 99 € C%, thenP, = 0 on 99 implies H = %alfp, because
p—2 2 p—2 1
P, =2(p—1)|uy| u,,ul,,,—i—zul, = (p—D|u|P U, + - 2u, =0

and Apu=—-1=(p— 1)\ul,|p_2uw, +(n— 1)H\ul,|p_2u,, imply
H= %al_p on 0f). Done.
b) If 9 is not smooth, consider I = {x | u(x) = ¢}.

ue CYA(Q) & u, = —aon dQ imply Vu # 0 and u € C?P near
I.

ThusT € C>*and P, =0onT, ie. [(p— D)|uy|P~2u, + 1] =0

n

Now we get —1 — (n — 1)H|u, [P~ + 1 =0 or H = h(|u,|) on T.
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overdetermined problems

P = c in Q implies symmetry:

a) If 99 € C%, thenP, = 0 on 99 implies H = %alfp, because
p—2 2 p—2 1
P, =2(p—1)|uy| u,,ul,,,—i—zul, = (p—D|u|P U, + - 2u, =0

and Apu=—-1=(p— 1)\ul,|p_2uw, +(n— 1)H\ul,|p_2u,, imply
H= %al_p on 0f). Done.
b) If 9 is not smooth, consider I = {x | u(x) = ¢}.

ue CHF(Q) & u, = —aon 9Q imply Vu # 0 and u € C*¥ near
I
ThusT € C>*and P, =0onT, ie. [(p— D)|uy|P~2u, + %] =0

Now we get —1 — (n — 1)H|u, [P~ + 1 =0 or H = h(|u,|) on T.
But since P = ¢, |Vu| = g(u) and H = h(g(¢)) = const.on . [
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overdetermined problems

There is also an anisotropic version of the Serrin/Weinberger result

Theorem (A. Cianchi & P. Salani, Dec 2008) Suppose that H is a
norm with a strictly convex unit ball and that u is a minimizer of

/ (AH(VV)? —v) dx in Wy?(Q), and H(Vu) = a on Q.
Q

Then Q is a ball in the dual norm Hy to H of suitable radius r and

r2 — H()(X)2
ux) = ——,
The proof of Cianchi and Salani uses entirely different methods.

Independently, in May 2009 Guofang Wang and Chao Xia gave
another proof that follows our method.
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overdetermined problems

What about —Agup =1inQ, up, =0AND |Vu| = a on 007
For p =1 we look at
|IVul(n—1)H=1in Q, |Vu| =a and u =0 on 99.

So a C? solution on a smooth domain satisfies H = 1/(a(n — 1))
on 99. Apply Alexandrov to see that Q = ball of radius (n — 1)a.

For p = oo the overdetermined bvp.
—uy,, =1in Q, |Vul|=a and u=0on 9Q

can have C! viscosity solutions on special (non-ball) domains, e.g.
stadium domains. Buttazzo Kawohl 2011
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open problems

open problems

For fixed p € (1,00) consider the second eigenfunction
Dpuz + No|ua|P2up = 0'in Q, u=0on 900.

It changes sign, it has two nodal domains,
it can be characterized as a mountain pass going from u; to —ujy.
(Cuesta, de Figuereido, Gossez 1999)
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open problems

For p € (1,00) and Q C R? the eigenfunction u has a nodal line.

Conjectures:

a) For Q a disk, the nodal line is a diameter.

b) For Q a square the nodal line is diagonal if p € (2,00)
and horizontal or vertical if p € (1,2).

Conjectures a) and b) hold for p = 1 (Enea Parini 2009), p = 2,
and p = oo (Juutinen & Lindqvist 2005). Moreover, they are
supported for general p by numerical evidence of Ji¥i Hordk (2009).
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Q a disk, p = 1.1, courtesy of J. Horak
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open problems

Q a square, p =5, courtesy of J. Horak
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