A DEGREE THEORY FOR A CLASS OF PERTURBED FREDHOLM MAPS

PIERLUIGI BENEVIERI, ALESSANDRO CALAMAI, AND MASSIMO FURI

We define a notion of degree for a class of perturbations of nonlinear Fredholm maps of index zero
between infinite dimensional real Banach spaces. Our notion extends the degree introduced by Nussbaum
for locally a-contractive perturbations of the identity, as well as the recent degree for locally compact
perturbations of Fredholm maps of index zero defined by the first and third authors in [3].

1. INTRODUCTION

In this paper we define a concept of degree for a special class of perturbations of (nonlinear) Fredholm
maps of index zero between (infinite dimensional real) Banach spaces, called a-Fredholm maps. The
definition is based on the following two numbers (see e.g. [10]) associated with a map f: Q@ — F from an
open subset of a Banach space E into a Banach space F":

a(f) =sup {w : A C Q bounded, a(A) > 0} ,

o falf(4))
= inf
o(f) = int { L
where « is the Kuratowski measure of noncompactness (in [10] w(f) is denoted by 3(f), however, since
w is the last letter of the Greek alphabet, we prefer the notation w(f) as in [8]).
Roughly speaking, the a-Fredholm maps are of the type f = g — k, where g is Fredholm of index zero
and k satisfies, locally, the inequality

: A C Q bounded, a(A4) > O} ,

a(k) < w(g).

These maps include locally compact perturbations of Fredholm maps (called quasi-Fredholm maps, for
short) since, when g¢ is Fredholm and k is locally compact, one has a(k) = 0 and w(g) > 0, locally.
Moreover, they also contain the a-contractive perturbations of the identity (called a-contractive vector
fields), where, following Darbo [5], a map k is a-contractive if a(k) < 1.

The degree obtained in this paper is a generalization of the degree for quasi-Fredholm maps defined
for the first time in [14] by means of the Elworthy—Tromba theory. The latter degree has been recently
redefined in [3] avoiding the use of the Elworthy—Tromba construction and using as a main tool a natural
concept of orientation for nonlinear Fredholm maps introduced in [1] and [2]. Our construction is based
on this new definition.

The paper ends by showing that for a-contractive vector fields our degree coincides with the degree
defined by Nussbaum in [12] and [13].

2. ORIENTABILITY FOR FREDHOLM MAPS

In this section we give a summary of the notion of orientability for nonlinear Fredholm maps of index
zero between Banach spaces introduced in [1] and [2].
The starting point is a preliminary definition of a concept of orientation for linear Fredholm operators

of index zero between real vector spaces (at this level no topological structure is needed).
1



2 P. BENEVIERI, A. CALAMAI, AND M. FURI

Recall that, given two real vector spaces F and F, a linear operator L: E — F is said to be (algebraic)
Fredholm if the spaces Ker L and coKer L = F/Im L are finite dimensional. The index of L is the integer

ind L = dim Ker L — dim coKer L.

Given a Fredholm operator of index zero L, a linear operator A: E — F' is called a corrector of L if
i) Im A has finite dimension,
ii) L+ A is an isomorphism.

We denote by C(L) the nonempty set of correctors of L and we define in C(L) the following equivalence
relation. Given A, B € C(L), consider the automorphism

T=(L+B) ™ L+A) =1-(L+B)""(B-A4)

of E. Clearly, the image of K = (L + B)~!(B — A) is finite dimensional. Hence, given any finite
dimensional subspace Ey of E containing the image of K, the restriction of T to Fy is an automorphism
of Ey. Therefore, its determinant is well defined and nonzero. It is easy to check that this value does not
depend on Ejy (see [1]). Thus, the determinant of T, det T in symbols, is well defined as the determinant
of the restriction of T' to any finite dimensional subspace of E containing the image of K.

We say that A is equivalent to B or, more precisely, A is L-equivalent to B, if

det ((L+ B)"'(L+ A)) > 0.

In [1] it is shown that this is actually an equivalence relation on C(L) with two equivalence classes. This
equivalence relation provides a concept of orientation of a linear Fredholm operator of index zero.

Definition 2.1. Let L be a linear Fredholm operator of index zero between two real vector spaces. An
orientation of L is the choice of one of the two equivalence classes of C(L), and L is oriented when an
orientation is chosen.

Given an oriented operator L, the elements of its orientation are called the positive correctors of L.

Definition 2.2. An oriented isomorphism L is said to be naturally oriented if the trivial operator is a
positive corrector, and this orientation is called the natural orientation of L.

We now consider the notion of orientation in the framework of Banach spaces. From now on, and
throughout the paper, E and F denote two real Banach spaces, L(E, F') is the Banach space of bounded
linear operators from F into F, and ®¢(E, F) is the open subset of L(E, F) of the Fredholm operators
of index zero. Given L € ®y(E, F'), the symbol C(L) now denotes, with an abuse of notation, the set of
bounded correctors of L, which is still nonempty.

Of course, the definition of orientation of L € ®(F, F') can be given as the choice of one of the two
equivalence classes of bounded correctors of L, according to the equivalence relation previously defined.

In the context of Banach spaces, an orientation of a linear Fredholm operator of index zero induces, by
a sort of stability, an orientation to any sufficiently close operator. Precisely, consider L € ®o(E, F') and
a corrector A of L. Since the set of the isomorphisms from E into F' is open in L(FE, F'), A is a corrector
of every T' in a suitable neighborhood W of L. If, in addition, L is oriented and A is a positive corrector
of L, then any T in W can be oriented by taking A as a positive corrector. This fact leads us to the
following notion of orientation for a continuous map with values in & (E, F).

Definition 2.3. Let X be a topological space and h: X — ®(E, F') be continuous. An orientation of h
is a continuous choice of an orientation a(x) of h(z) for each z € X, where ‘continuous’ means that for
any x € X there exists A € a(z) which is a positive corrector of h(z’) for any 2’ in a neighborhood of z.
A map is orientable when it admits an orientation and oriented when an orientation is chosen.
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Remark 2.4. It is possible to prove (see [2, Proposition 3.4]) that two equivalent correctors A and B
of a given L € ®y(FE, F) remain T-equivalent for any T in a neighborhood of L. This implies that the
notion of ‘continuous choice of an orientation’ in Definition 2.3 is equivalent to the following one:

o for any v € X and any A € a(x), there exists a neighborhood W of x such that A € a(z') for
all ' e W.

As a straightforward consequence of Definition 2.3, if h: X — ®¢(FE, F) is orientable and g: ¥ — X
is any continuous map, then the composition hg is orientable as well. In particular, if h is oriented, then
hg inherits in a natural way an orientation from the orientation of h. Thus, if

H: X x[0,1] — ®y(E, F)

is an oriented homotopy and t € [0, 1] is given, the partial map H; = Hi;, where i;(x) = (z,t), inherits
an orientation from H.

The following proposition shows an important property of the notions of orientation and orientability
for maps into ®¢(E, F). Such a property may be regarded as a sort of continuous transport of the
orientation along a homotopy (see [2, Theorem 3.14]).

Proposition 2.5. Let X be a topological space and consider a homotopy
H: X x[0,1] — ®¢(E, F).

Assume that for some t € [0, 1] the partial map Hy = H(-,t) is oriented. Then there exists and is unique
an orientation of H such that the orientation of Hy is inherited from that of H.

Definition 2.3 and Remark 2.4 allow us to define a notion of orientability for Fredholm maps of index
zero between Banach spaces. Recall that, given an open subset 2 of E, a map g: Q — F' is Fredholm if
it is C! and its Fréchet derivative, ¢’(x), is a Fredholm operator for all 2 € Q. The index of g at x is the
index of ¢’(x) and g is said to be of indezx n if it is of index n at any point of its domain.

Definition 2.6. An orientation of a Fredholm map of index zero g:  — F is an orientation of the
derivative ¢': Q — ®o(E, F), and g is orientable, or oriented, if so is g’ according to Definition 2.3.

The notion of orientability of Fredholm maps of index zero is mainly discussed in [1] and [2], where the
reader can find examples of orientable and nonorientable maps and a comparison with an earlier notion
given by Fitzpatrick, Pejsachowicz and Rabier in [9]. Here we recall a property (Theorem 2.8 below) that
is the analogue for Fredholm maps of the continuous transport of an orientation along a homotopy stated
in Proposition 2.5. We need first the following definition.

Definition 2.7. Let 2 be an open subset of E and G': 2 x [0,1] — F a C! homotopy. Assume that any
partial map G; is Fredholm of index zero. An orientation of G is an orientation of the partial derivative

0G: QA x[0,1] = Po(E, F), (x,t)— (Gy)(2),
and G is orientable, or oriented, if so is 01 G according to Definition 2.3.

From the above definition it follows immediately that if G is oriented, any partial map G; inherits an
orientation from G.
Theorem 2.8 below is a straightforward consequence of Proposition 2.5.

Theorem 2.8. Let G: Q x [0,1] — F be a C' homotopy and assume that any Gy is a Fredholm map of
index zero. If a given Gy is orientable, then G is orientable. If, in addition, Gy is oriented, then there
exists and is unique an orientation of G such that the orientation of Gy is inherited from that of G.
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We conclude this section by showing how the orientation of a Fredholm map ¢ is related to the
orientations of domain and codomain of suitable restrictions of g. This argument will be crucial in the
definition of the degree for quasi-Fredholm maps.

Let g: @ — F be an oriented map and Z a finite dimensional subspace of F' transverse to g. By
classical transversality results, M = g~1(Z) is a differentiable manifold of the same dimension as Z. In
addition, M is orientable (see [1, Remark 2.5 and Lemma 3.1]). Here we show how the orientation of g¢
and a chosen orientation of Z induce an orientation on any tangent space 71, M.

Let Z be oriented. Choose any x € M and let A be any positive corrector of ¢'(x) with image contained
in Z (the existence of such a corrector is ensured by the transversality of Z to g). Then, orient the tangent
space T, M in such a way that the isomorphism

(g/(l‘) + A)|TIM TmM — 7

is orientation preserving. As proved in [3], the orientation of T, M does not depend on the choice of the
positive corrector A, but just on the orientation of Z and g¢'(x). With this orientation, we call M the
oriented Fredholm g-preimage of Z.

3. ORIENTABILITY AND DEGREE FOR QUASI-FREDHOLM MAPS

In this section we summarize the main ideas in the construction of a topological degree for quasi-
Fredholm maps. See [3] for details. We start by recalling the construction of an orientation for this class
of maps.

As before, E and F' are real Banach spaces, and €2 is an open subset of E. A map k: Q — F' is called
locally compact if for any zy € €2 the restriction of k to a convenient neighborhood of zg is a compact
map (that is, a map whose image is contained in a compact subset of F').

Definition 3.1. A map f: Q — F is said to be quasi-Fredholm provided that f = g — k, where g is
Fredholm of index zero and k is locally compact. The map g is called a smoothing map of f.

The following definition provides an extension to quasi-Fredholm maps of the concept of orientability.
Definition 3.2. A quasi-Fredholm map f: 2 — F is orientable if it has an orientable smoothing map.

If f is an orientable quasi-Fredholm map, any smoothing map of f is orientable. Indeed, given two
smoothing maps ¢° and g* of f, consider the homotopy

Gz, t) = (1 —t)g°(x) + tg' (x), (z,t) € Qx[0,1]. (3.1)

Notice that any G is Fredholm of index zero, since it differs from ¢g° by a C! locally compact map. By
Theorem 2.8, if ¢° is orientable, then ¢! is orientable as well.

Let f: Q — F be an orientable quasi-Fredholm map. To define a notion of orientation of f, consider
the set S(f) of the oriented smoothing maps of f. We introduce in S(f) the following equivalence relation.
Given ¢°, g in S(f), consider, as in formula (3.1), the straight-line homotopy G joining ¢° and g'. We
say that ¢° is equivalent to g' if their orientations are inherited from the same orientation of G, whose
existence is ensured by Theorem 2.8. It is immediate to verify that this is an equivalence relation.

Definition 3.3. Let f: Q — F be an orientable quasi-Fredholm map. An orientation of f is the choice
of an equivalence class in S(f).

In the sequel, if f is an oriented quasi-Fredholm map, the elements of the chosen class of S(f) will be
called positively oriented smoothing maps of f.

As for the case of Fredholm maps of index zero, the orientation of quasi-Fredholm maps verifies a
homotopy invariance property, stated in Theorem 3.6 below. We need first some definitions.
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Definition 3.4. A map H: Q x [0,1] — F of the type
H(xz,t) = G(x,t) — K(x,t)

is called a homotopy of quasi-Fredholm maps provided that G is C!, any G; is Fredholm of index zero,
and K is locally compact. In this case G is said to be a smoothing homotopy of H.

‘We need a concept of orientability for homotopies of quasi-Fredholm maps. The definition is analogous
to that given for quasi-Fredholm maps. Let H: Q x [0,1] — F be a homotopy of quasi-Fredholm maps.
Let S(H) be the set of oriented smoothing homotopies of H. Assume that S(H) is nonempty and define
on this set an equivalence relation as follows. Given GY and G' in S(H), consider the map

G: Qx[0,1] x[0,1] - F
defined as
G(x,t,8) = (1 —8)G%x,t) + sG'(x,1).
We say that GO is equivalent to G' if their orientations are inherited from an orientation of the map
(x,t,8) — 01G(x,t, ).
The reader can easily verify that this is actually an equivalence relation on S(H).

Definition 3.5. A homotopy of quasi-Fredholm maps H: Q x [0,1] — F is said to be orientable if S(H)
is nonempty. An orientation of H is the choice of an equivalence class of S(H).

The following homotopy invariance property of the orientation of quasi-Fredholm maps is the analogue
of Theorem 2.8 and a straightforward consequence of Proposition 2.5.

Theorem 3.6. Let H: Q x [0,1] — F be a homotopy of quasi-Fredholm maps. If a partial map Hy is
oriented, then there exists and is unique an orientation of H such that the orientation of Hy is inherited
from that of H.

Let us now summarize the construction of the degree.

Definition 3.7. Let f: ) — F be an oriented quasi-Fredholm map and U an open subset of 2. The
triple (f, U, 0) is said to be gF-admissible provided that f=1(0) N U is compact.

The degree is defined as a map from the set of all ¢F-admissible triples into Z. The construction is
divided in two steps. In the first one we consider triples (f,U,0) such that f has a smoothing map g
with (f — ¢g)(U) contained in a finite dimensional subspace of F. In the second step this assumption is
removed, the degree being defined for general gF-admissible triples.

Step 1. Let (f,U,0) be a ¢gF-admissible triple and let g be a positively oriented smoothing map of f
such that (f — g)(U) is contained in a finite dimensional subspace of F. As f~1(0) N U is compact, there
exist a finite dimensional subspace Z of F and an open subset W of U containing f~*(0) N U and such
that g is transverse to Z in W. We may assume that Z contains (f — g)(U). Choose any orientation of
Z and, as in Section 2, let the manifold M = ¢g=(Z) N W be the oriented Fredholm g|y -preimage of
Z. One can easily verify that (f|p)~1(0) = f~1(0) N U. Thus (f|a)"*(0) is compact, and the Brouwer
degree of the triple (f|ar, M,0) is well defined.

Definition 3.8. Let (f,U,0) be a ¢F-admissible triple and let g be a positively oriented smoothing map
of f such that (f —g)(U) is contained in a finite dimensional subspace of F. Let Z be a finite dimensional
subspace of F and W C U an open neighborhood of f~1(0) N U such that

(1) Z contains (f — g)(U),
(2) g is transverse to Z in W.
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Assume Z oriented and let M be the oriented Fredholm g|y -preimage of Z. Then, the degree of (f,U,0)
is defined as

deg,p(f,U,0) = deg(f|m, M,0), (3.2)
where the right hand side of the above formula is the Brouwer degree of the triple (f|as, M, 0).

In [3] it is proved that the above definition is well posed, in the sense that the right hand side of (3.2)
is independent of the choice of the smoothing map g, the open set W and the oriented subspace Z.

Step 2. Let us now extend the definition of degree to general gF-admissible triples.

Definition 3.9 (General definition of degree). Let (f,U,0) be a ¢F-admissible triple. Consider:
(1) a positively oriented smoothing map g of f;

(2) an open neighborhood V of f~!(0) N U such that V C U, g is proper on V and (f — g)|s is
compact;

(3) a continuous map £: V — F having bounded finite dimensional image and such that
lg(x) = f(z) = &E(@)l| < p, Vo edV,
where p is the distance in F' between 0 and f(9V).
Then, the degree of (f,U,0) is given by

degqF(f7 U? O) = degqF (g - 57 ‘/7 0) (33)
Observe that the right hand side of (3.3) is well defined since the triple (g — £, V,0) is gF-admissible.
Indeed, g — £ is proper on V and thus (g — &) ~!(0) is a compact subset of V which is actually contained

in V' by assumption (3). Moreover, as shown in [3], Definition 3.9 is well posed since deg, (g — £, V,0)
does not depend on g, £ and V.

Theorem 3.10 below collects the most important properties of the degree for quasi-Fredholm maps (see
[3] for the proof).

Theorem 3.10. The following properties of the degree hold:
1. (Normalization) If the identity I of E is naturally oriented, then

deg, (1, £,0) = 1.

2. (Additivity) Given a gF-admissible triple (f,U,0) and two disjoint open subsets Uy, Uy of U such
that f~4(0)NU C Uy UU,, one has

deg,p(f,U,0) = deg,p(f,U1,0) + deg,p(f, Uz,0).
3. (Excision) If (f,U,0) is qF-admissible and Uy is an open subset of U containing f~1(0)NU, then
deg,r(f,U,0) = deg,p(f,U1,0).
4. (Ezistence) If (f,U,0) is qF-admissible and
deg,p(f,U,0) # 0,

then the equation f(x) =0 has a solution in U.

5. (Homotopy invariance) Let H: U x [0,1] — F be an oriented homotopy of quasi-Fredholm maps.
If H=1(0) is compact, then deg,r(Hy,U,0) does not depend on t € [0, 1].



A DEGREE THEORY FOR A CLASS OF PERTURBED FREDHOLM MAPS 7

4. MEASURES OF NONCOMPACTNESS

In this section we recall the definition and properties of the Kuratowski measure of noncompactness [11],
together with some related concepts. For general reference, see e.g. Deimling [6].

From now on the spaces E and F' are assumed to be infinite dimensional. As before 2 is an open
subset of E.

The Kuratowski measure of noncompactness «(A) of a bounded subset A of F is defined as the
infimum of the real numbers d > 0 such that A admits a finite covering by sets of diameter less than
d. If A is unbounded, we set a(A) = 4+00. We summarize the following properties of the measure of
noncompactness. Given A C F, by © A we denote the closed convex hull of A.

Proposition 4.1. Let A, B C E. Then
(1) a(A) =0 if and only if A is compact;
(2) a(AA) = |Na(A) for any A € R;
(3) a(A+ B) < a(A)+ a(B);

(4) if AC B, then a(A) < a(B);

(5) a(AU B) = max{a(A),a(B)};

(6) a(@A) = a(A).

Properties (1)—(5) are straightforward consequences of the definition, while the last one is due to
Darbo [5].

Given a continuous map f: Q — F, let a(f) and w(f) be as in the Introduction. It is important
to observe that a(f) = 0 if and only if f is completely continuous (that is, the restriction of f to any
bounded subset of 2 is a compact map) and w(f) > 0 only if f is proper on bounded closed sets. For a
complete list of properties of a(f) and w(f) we refer to [10]. We need the following one concerning linear
operators.

Proposition 4.2. Let L: E — F be a bounded linear operator. Then w(L) > 0 if and only if Im L is
closed and dim Ker L < +o0.

As a consequence of Proposition 4.2 one gets that a bounded linear operator L: E — F' is Fredholm
if and only if w(L) > 0 and w(L*) > 0, where L* is the adjoint of L.

Let f be as above and fix p € Q. We recall the definitions of a,,(f) and w,(f) given in [4]. Let B(p,r)
denote the open ball in F centered at p with radius r. Suppose that B(p,r) C © and consider

) =50 { L 4 € B o) > 0.

This is nondecreasing as a function of r. Hence, we can define
ap(f) = }g% a(flBp.r)-
Clearly a,(f) < a(f) for any p € Q. In an analogous way, we define
"‘J;D(f) = li_‘nbw(f‘B(p,’r))’
and we have wy(f) > w(f) for any p. It is easy to show that the main properties of o and w hold, with
minor changes, as well for a;, and w, (see [4]).
Proposition 4.3. Let f: Q — F be continuous and p € Q. Then
(1) if f is locally compact, op(f) = 0;
(2) if wp(f) >0, f is locally proper at p.
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Clearly, for a bounded linear operator L: E — F, the numbers «,(L) and w,(L) do not depend on
the point p and coincide, respectively, with (L) and w(L). Furthermore, for the C! case we get the
following result.

Proposition 4.4 ([4]). Let f: Q — F be of class C1. Then, for any p € Q we have ay,(f) = a(f'(p))
and wp(f) = w(f'(p))-
Observe that if f: Q — F is a Fredholm map, as a straightforward consequence of Propositions 4.2

and 4.4, we obtain w,(f) > 0 for any p € Q.
As an application of Proposition 4.4 one could deduce the following result.

Proposition 4.5 ([4]). Let g: Q@ — F and p: Q — R be of class C, with p(x) > 0. Consider the
product map f: Q — F defined by f(x) = o(x)g(x). Then, for any p € Q we have a,(f) = ¢(p)op(g)
and wy(f) = ¢(p)wp(9)-

By means of Proposition 4.5 one can easily find examples of maps f such that o(f) = 0o and a,(f) < oo

for any p, and examples of maps f with w(f) = 0 and w,(f) > 0 for any p (see [4]). Moreover, in [4]
there is an example of a map f such that a(f) > 0 and «a,(f) = 0 for any p.

In the sequel we will deal with maps G' defined on the product space £/ xR. In order to define o, 4 (G),
we consider the norm

[|(p, )| = max{|[pl|, [¢]}-
The natural projection of E x R onto the first factor will be denoted by 7.

Remark 4.6. With the above norm, 7; is nonexpansive. Therefore a(m (X)) < a(X) for any subset X of
E x R. More precisely, since R is finite dimensional, if X C E' xR is bounded, we have a(m (X)) = a(X).

5. DEFINITION OF DEGREE

This section is devoted to the construction of a concept of degree for a class of triples that we shall
call a-admissible. We start with two definitions.

Definition 5.1. Let g: 2 — F be an oriented map, k: {2 — F' a continuous map and U an open subset
of . The triple (g, U, k) is said to be a-admissible if

i) ap(k) < wp(g) for any p € U;
ii) the solution set S ={x € U : g(z) = k(z)} is compact.
Definition 5.2. Let (g,U, k) be an a-admissible triple and V = {V4,...,Vy} a finite covering of open

balls of its solution set S. We say that V is an a-covering of S (relative to (g, U, k)) if for any i € {1,..., N}
the following properties hold:

i) the ball ‘N/Z of double radius and same center as V; is contained in U;
i) alkly,) <w(gly,)-

Let (g,U, k) be an a-admissible triple and V = {V4,...,Vx} an a-covering of the solution set S. We
define the following sequence {C,,} of convex closed subsets of E:

N
0 = (U{x € Vi glx) € k(m}) ,

i=1
and, inductively,

N
C, =co <U{x eVi:g(x) € k(f/Z ﬂCn_l)}> , nm>2.

i=1
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Observe that, by induction, C),+1 C C}, and S C C,, for any n > 1. Then the set

Coo =[] Cn
n>1
turns out to be closed, convex, and containing S. Consequently, if S is nonempty, so is C'»,. To emphasize
the fact that the set C, is uniquely determined by the covering V), sometimes it will be denoted by CY .
Let us prove two other crucial properties of C:
(1) {z€V;:g(x) € k(ViNCu)} C Cup, for any i = 1,..., N;
(2) Cs is compact.
To verify the first one, fix i € {1,..., N} and let € V; be such that g(x) € k:(f/Z NCs). In particular,
it follows g(z) € k(V;) and, consequently, € Cy. Moreover, for any n > 1 we have g(x) € k(V; N C),)
and this implies € C,,4+1. Hence, z € C, and the first property holds.
To check the compactness of Cy,, we prove that «(C,) — 0 as n — oco. Let n > 2 be fixed. By the
properties of the measure of noncompactness (see Section 4) we have

N
a(C) = «a (U{x €Vi:g(z) € k(Vin cn_l)}>

i=1
= Daxo ({:z: eV;:g(x) e k(V;in C’n_l)}) .

Fix i € {1,..., N}, and denote
Ani={zeV;i:gx) e k(V,NCh 1)}

Since A, ; C Vi, by definition we have a(An,i)w(gly) < a(g(An,i)). Moreover, g(An;) C E(Vi N Cpy).

Therefore, as w(g|g;,) > 0, we have

a(An) < a(k(V; N Cp_y)).

On the other hand, by definition, a(k(V; N Cy,—1)) < a(kl )a(V; N Cy,_1), thus

i

alk
w(yg

‘:/i;a(f/i N Cno1) = pia(V; N Crm1) < i Cr),
Vi

a(An,i) <

where by assumption p; = a(kly )/w(gly,) < 1. Finally,

a(Cy) = max a(4,;) < e pia(Cp_1) = pa(Cp_1),

where p = max; u; < 1. Hence, a(C,,) — 0, and this implies that the set Co, is compact, as claimed.
Definition 5.3. Let (g,U, k) be an a-admissible triple, V = {V;,...,Vy} an a-covering of the solution

set S and C' a compact convex set. We say that (V,C) is an a-pair (relative to (g, U, k)) if the following
properties hold:

(1) UNC # 0;
(2) C¥ € C;
(3) {z€V;:g(zx) e k(VinC)} CC forany i =1,...,N.

Remark 5.4. Given any a-admissible triple (g, U, k), it is always possible to find an a-pair (V,C).
Indeed, fix an a-covering V of the solution set S. If the corresponding compact set CY is nonempty,
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then, clearly, the pair (V,CY) verifies properties (1)—(3). If C¥ = () (this can happen only if S = (}), we
may assume without loss of generality that

UV #0.

=
=

i=1

Omne can check that, given any p € U \ Uf\il V;, the pair (V,{p}) satisfies properties (1)—(3).

Let now (V, C) be an a-pair. Consider a retraction r: E' — C, whose existence is ensured by Dugundji’s
Extension Theorem [7]. Denote V = Ufil V;, and let W be a (possibly empty) open subset of V' containing
S such that, for any i, « € W NV, implies r(z) € IZ For example, if p denotes the minimum of the radii
of the balls V;, one may take as W the set

{z eV le—r@)<p}

Observe that property (3) above implies that the two equations g(x) = k(z) and g(x) = k(r(x)) have
the same solution set in W (notice that the composition kr is defined in r~(U)). The map kr is locally
compact (even if not necessarily compact), hence the triple (¢ — kr, W, 0) is admissible for the degree for
quasi-Fredholm maps. We define the degree of (g, U, k) as follows:

deg(g’ U, k) = degqF(g — kr, W, O)a
where the right hand side is the degree defined in Section 3.

The following definition summarizes the above construction.

Definition 5.5. Let (g,U, k) be an a-admissible triple and (V,C) an a-pair. Consider a retraction
r: E—C. Let V={Vi,...,Vn}, denote V = Ufil V;, and let W be an open subset of V' containing S
such that, for any i, z € W NV, implies r(x) € V;. We put

deg(g,U, k) = deg, (g — kr, W,0).

In order to show that this definition is well posed, we have to prove that it is independent of the choice
of the a-pair (V,C), of the retraction r and of the open set W. This is the purpose of the following
proposition.

Proposition 5.6. Let (V,C) and (V',C") be two a-pairs relative to an a-admissible triple (g,U, k), where
V={WVi,....,Vn} and V' ={V/,...,Vy}
Consider two retractions r: E — C and r': E — C'. Denote V = Ufil Vi, and let W be an open subset
of V' containing S such that, for any i, x € WNV; implies r(x) € V;. Analogously, denote V' = Uj‘il Vi,
and let W' be an open subset of V' containing S such that, for any j, x' € W' NV, implies r'(z') € 17j’.
Then
degqF(g - kT‘, VV& O) = degqF(g - :ZCT‘/, W/a 0)
Proof. Consider a third covering V" = {V{’,..., V/'} of the solution set S of open balls such that for any
I € {1,...,T} there exist i and j such that V}” C V; N V]. In particular, V" is still an a-covering of S.
Consider the compact convex set C;}O”. We distinguish two different cases.

i) C’;)o” = (. In this case S = () and, consequently, by the existence property of the degree for quasi-
Fredholm maps we have

deg,r(g — kr,W,0) =0 and deg,r(g—kr',W’,0) =0.

ii) C’;}oﬂ # (0. In this case, (V”,C;’O”) is an a-pair. To simplify the notations, denote C7 = C’;’o”.
Consider a retraction r: E — C!_. Denote V" = U;f:1 V/, and let W be an open subset of V"
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containing S such that, for any [, z € W’ NV} implies 1" (x) € XN/I”. Clearly, to prove the assertion it is
sufficient to show that

deg, (g — kr, W,0) = deg, (g — kv, W",0).

Now, denote Co, = CY and let {C,} and {C”} be the sequences of sets defining C., and C”.,
respectively. Since C)/ C C,, for any n > 1, it follows C, C Cw. In particular, C’ C C. Moreover,
without loss of generality, we can assume that the open set W is contained in W. Thus, by the excision
property of the degree for quasi-Fredholm maps we have

deg, (g — kr,W,0) = deg,r(g — kr,W",0). (5.1)
Consider the following homotopy:
H:W" x[0,1] — F,
H(z,t) = g(x) — k(tr(z) + (1 — t)r"(2)).

Let x € W”, let V/” contain x for some [, and let V; contain V" for some 4. Since x € W C W, we have
r(z) € V; and r’(x) € V”. Hence, as V" C V;, it follows r”’(x) € V; and, consequently, H is well defined.

Let now (z,t) € W" x 0, 1] be a pair such that H(z,t) = 0. If x € V}” for some [, and V}” C V; for some
i, then both r(z) and r”(z) belong to V; NC, since r"'(z) € C and C/, C C. Thus, tr(z)+ (1—t)r"(x) €
V; N C and, in particular, g(z) € k(V; N C). This implies € C' and, consequently, r(z) = .

We want to show that, actually, z € C/_. Since r(x) = x, we have

te+ (11—t (@) e V' nC

and, in particular, g(z) € k(V}"). Consequently, z € C}. As C”, C CY, we have r’(z) € C}, and
tr + (1 — t)r"(z) € V" N CY since this is convex. Thus, g(z) € k(V/" N CY), and this implies z € C¥.
Inductively, we get « € C/ for any n > 1. Hence, x € C’ and, consequently, r”(z) = x.
Finally, g(x) = k(z), that is, z € S. Therefore, the solution set
{(z,t) e W" x [0,1] : H(z,t) = 0}

coincides with S x [0,1]. Hence, we can apply the homotopy invariance of the degree for quasi-Fredholm
maps to get
degqF (g - k’l", WH? 0) = degqF (g - k?"//, WH? 0)3

and the assertion follows taking into account formula (5.1). O

6. PROPERTIES OF THE DEGREE

Theorem 6.1. The following properties of the degree hold:
1. (Normalization) Let the identity I of E be naturally oriented. Then
deg(I, E,0) = 1.

2. (Additivity) Given an a-admissible triple (g,U, k) and two disjoint open subsets U',U? of U,
assume that S = {zx € U : g(z) = k(z)} is contained in U UU?2. Then

deg(g, U, k) = deg(g, U, k) + deg(g,U? k).

3. (Homotopy invariance) Let H: U x [0,1] — F be a homotopy of the form H(x,t) = G(x,t) —
K(x,t), where G is of class C*, any Gy = G(-,t) is Fredholm of index zero, K is continuous, and
) (K) < wp(G) for any pair (p,t) € U x [0,1]. Assume that G is oriented and that H=1(0)
is compact. Then deg(Gy, U, Ky) is well defined and does not depend on t € [0, 1].
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Proof. 1. (Normalization) It follows easily from the normalization property of the degree for quasi-
Fredholm maps.

2. (Additivity) Let S* = SN U and S? = SNU?, so that S = S' U S2. The fact that the triples
(g,UY k) and (g,U?, k) are a-admissible is clear from the definition.

Let V! = {Vi,...,Vi}and V2 = {VZ,...,V&} be two a-coverings of S? (relative to (g, U*, k)) and of
52 (relative to (g, U2, k)), respectively. For simplicity, denote CL, = C¥' and C2, = CY’. Then, consider
the family

V={Vl,. . VA Vi Vi)
Note that V is an a-covering of S. Consider the compact convex set Co, = CY. By definition, Cy
contains both CL and C2 ; moreover, it has the following properties:

{r eV g(a) €k(V}NCx)} C Oy i=1,....N;
and
{reV?ig(x) €k(VPNCx)} CCuoy j=1,...,M.

We distinguish two different cases.
i) If Coo = 0, then S = 0, hence S* = §) and S? = (). Consequently, applying Definition 5.5, by the
existence property of the degree for quasi-Fredholm maps it follows

deg(g, U, k) =0; deg(g,U", k) =0; deg(g,U? k) =0.

ii) If Co, # 0, consider a retraction r: E — Ca. Denote V! = JN, V!, V2 = Ujvil V?and V =

VIUV?2. Let W be an open subset of V containing S such that, for any i, z € W NV,! implies r(z) € f/il
and, for any j, ' € W nN Vj2 implies r(z') € Vf. By definition we have

deg(ga U7 k) = degqF(g - k’f‘, VV7 O)

Since W is an open neighborhood of S in V, and V is the disjoint union of V! and V2, we can assume
W =W!'UW?2, where W' C V! and W2 C V2. The open sets W' and W? are disjoint. In addition, W'
contains S*, and W? contains S2. Therefore, by the additivity property of the degree for quasi-Fredholm
maps, we have

deg,r(g — kr,W,0) = deg,r(g — kr, wt o)+ deg, (g — kr, W?2,0).
Now, observe that (W}, Cy) is an a-pair relative to (g, U*, k), for A = 1,2. Consequently,
deg(g, U k) = deg, p(g — kr,W?,0), A=1,2, (6.1)
and the assertion follows.

3. (Homotopy invariance) For t € [0, 1], let £ denote the compact set {z € U : G¢(z) = K¢(x)}. Given
any t, the fact that the triple (Gy, U, K;) is a-admissible follows easily from the compactness of ¥¢ and
observing that o, (K;) < a4 (K) and wy(Gt) > w4 (G) for all p € U. Consequently, it is sufficient to
show that the integer-valued function

t— deg<Gt7 Ua Kt)
is locally constant. To this purpose, fix 7 € [0, 1] and, given 6 > 0, let Is denote the interval [T — §,7 +
5]N[0,1]. Tt is possible to find § > 0 and a finite family of open balls V = {Vi,..., Vi } with the following
properties:
i) V=X, Vi contains X for any ¢ € Is;
ii) the ball ‘N/l of double radius and same center as V; is contained in U;

i) a(Kly ) <w(Gly ), foranyi=1,...,N.
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In particular it follows that, for any t € I5, V is an a-covering of ¥f. As in the construction of the
sequence {C,} in Section 5, for any fixed ¢t € Is we define the following sequence of sets:

N
Ci=to <U{x €Vi:Gy(x) € KA'VZ)}) ,

i=1
and, inductively,

N

C! =to (U{ZE €V;: Gy(z) € Ki(Vin C’fl_l)}> , n>2.

i=1
Then we set CL, =(),,»; Cl,. We observe that CZ, is compact and convex, moreover it has the following
property: -

{zeV,:Gz) e K,(VinC! )y ccCl,, i=1,...,N.

Now, we define the following sequence {C*n} of convex closed subsets of E independent of ¢:

N
C,=co (m (U{(x,t) eV xIs: Gx,t) € K(V; x Ls)})) :

i=1
and, inductively,

N
6n:C7 <7T1< {(IE,t)E%XIg:G(ZII,t)GK((‘Zﬂ@n_l)XL;)})), n > 2.
i=1
Observe that, by induction, @IH - @L for any n > 1. Then the set
G =G
n>1

is closed and convex. We claim that the following properties of (1,0 hold:

(1) Cse is compact;

(2) Cs contains C*_ for any t € Iy;

(3) {z€V;:Gy(x) € K;(VinCoo)} CCx forany i = 1,...,N and t € I,.

Let us prove that Cu is compact. For simplicity, for any n > 2 and i € {1,..., N} we denote

A i={(z,t) €V, x I : G(,t) € K((V;nCpy) x I5)},

and we set ﬁn = il\il ﬁm Let n > 2 be fixed. Since ﬁn - én x Is, by Remark 4.6 we have
a(A,) < a(C, x Is) = a(Cy). On the other hand,

-~ -~

a(Cr) = (@ (m1(A,))) = a(r1(A,) < a(A,),

the last inequality due to the fact that 71 is nonexpansive. Consequently, we have

N
o (Cn) =« (An) =« <LJ1 Am’) = 11;115%35\704 (A,”) .
1=
Now, fix ¢ € {1,...,N}. Since A,” CV; x I, by definition we have
a(An,i)w(Gh’/ix]&) < a(G(An,)).
Moreover, G(ﬁnl) - K((‘N/Z N én_l) x Is). Therefore,

-~ 1 = 1
@ An,i < ———a(G An,i <—F
(Anyi) oGl ) (G(An,i)) W(E

— (K ((V;NCr_y) x Iy)).
VixlIs

On the other hand, by definition we have
a(K((V; N C1) x I5)) < oK g, 1 )a((V; N Cra) x 1),
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and, by Remark 4.6, a((\z N én,l) x Is) = a(‘N/i N 6,1,1). Hence
a(An) <

where by assumption v; = (K|, ;. )/w(Glg . ;,) < 1. Finally,

a(Cy) = max, a(An,;) < max, via(Cpo1) < va(Cyp-1),

where v = max; v; < 1. Thus, a(@n) — 0 as n — oo, and this implies that the set CA'Oo is compact, as
claimed.

For any fixed ¢ € I5, the inclusion C*_ C éoo follows immediately from the fact that C? C én for any
n>1.

To verify the third property, fix i € {1,...,N} and t € Is, and let = € V; be such that Gi(z) €
Kt(f/, N C'\Oo) In particular, we have Gi(x) € Kt(f/i), and this implies = € 61. Moreover, for any n > 2
we have Gi(z) € Kt(‘N/Z- N CA'n,l). It follows (z,t) € A\n,i, and, consequently, z € 71'1(;1\,”) Therefore,
z € C, for any n > 2. Hence, x € ax,, and property (3) holds.

Since 7 € [0,1] is arbitrary, the assertion follows if we show that deg(Gy, U, K;) is independent of
t € I5. We distinguish two different cases.

i) Cs = 0. In this case Ct, = 0 for any t € I5, hence Xt = () for any ¢t. Consequently, applying
Definition 5.5, by the existence property of the degree for quasi-Fredholm maps we have deg(Gy, U, K;) = 0
for any t € Is.

ii) Coo # 0. In this case, as properties (1)—(3) of Cse hold, for any fixed t € I5 the pair v, 500) is an
a-pair relative to the triple (G, U, K;). Consider a retraction r: E — 5’00. Let W be an open subset
of V' containing V' N a,o such that, for any i, x € W NV, implies r(z) € Vi. In particular, for any fixed
t € I5 the open set W contains . Thus, by definition we have

deg(Gt, U, Kt) = degqF(Gt — Kﬂ“, VV,O), t e L;.

Consider the following homotopy:
H:WxIs—F

H(z,t) = G(x,t) — K(r(z),t).
This is a homotopy of quasi-Fredholm maps, since it is continuous and the map (z,t) — K(r(x),t) is
locally compact. Moreover, H~1(0) is compact, as it is closed in the compact set H~*(0). Then, the
homotopy invariance property of the degree for quasi-Fredholm maps implies that deg,p (Gy — Kyr, W,0)
does not depend on ¢. Hence, deg(Gy, U, K;) is independent of t € I5, and we are done. d

7. COMPARISON WITH OTHER DEGREE THEORIES

The purpose of this section is to show that our concept of degree extends the degree for quasi-Fredholm
maps summarized in Section 3, and that it agrees with the Nussbaum degree [13] for the class of locally
a-contractive vector fields.
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7.1. Degree for quasi-Fredholm maps. Let f: {2 — F be an oriented quasi-Fredholm map and U an
open subset of 2. We recall that the triple (f,U,0) is ¢F-admissible provided that f~1(0)NU is compact.

Let (f,U,0) be a ¢F-admissible triple and let f = g — k, where g is a positively oriented smoothing
map of f and k is locally compact. As pointed out in Section 4, we have w,(g) > 0 and oy, (k) = 0 for
any p € U. Hence, the triple (g,U, k) is a-admissible. We claim that

deg(g,U, k) = deg,r(f,U,0).

Indeed, let V = {V3,...,Vn} be an a-covering of S = {z € U : g(x) = k(x)} relative to the triple
(9,U, k), and consider the compact convex set Cy, = C;/O. We distinguish two different cases.

i) If Coo = 0, then S = (). Consequently, by the existence property of the degree for quasi-Fredholm
maps and by Definition 5.5, we have

degqF(fa U7 0) =0 and deg(g7 U, ]{;) =0.

ii) If Co # 0, consider a retraction 7: £ — Cs. Denote V = vazl Vi, and let W be a (possibly
empty) open subset of V' containing S such that, for any i, x € W NV, implies r(z) € V;. By definition
we have

deg(g,U, k) = deg,r(g — kr, W,0).
On the other hand, as S C W, by the excision property of the degree for quasi-Fredholm maps we have

degqF(fv U,0) = degqF(f7 W,0).
Consider the following homotopy:
H: W x[0,1] — F,
H(z,t) = g(z) — k(tr(z) + (1 — t)x).
Let x € W, and let V; contain x for some 4. Since r(z) € V; and x € ‘71-, it follows tr(x) 4+ (1 — t)x € 1

for any ¢ € [0,1], and this shows that H is well defined.
As in the proof of Proposition 5.6 one gets

H='0)n (W x [0,1]) = S x [0,1].
Hence, we can apply the homotopy invariance of the degree for quasi-Fredholm maps, obtaining
degqF(g - k”l", W/’ 0) = degqF(g - k7 W/a 0)7

and the claim follows.

7.2. Degree for locally a-contractive vector fields. Let f: 0 — F be a continuous map from an
open subset of E into F. We recall the following definitions. The map f is said to be a-Lipschitz if
a(f(A)) < pa(A) for some p > 0 and any A C Q. If the a-Lipschitz constant pu is less than 1, then f is
called a-contractive. The map f is said to be a-condensing if a(f(A)) < a(A) for any A C Q such that
0 < a(A) < +oo. If for any p € Q there exists a neighborhood V,, of p such that f|y, is a-contractive
(resp. a-condensing), the map f is said to be locally a-contractive (resp. locally a-condensing).

In [12] and [13], Nussbaum developed a degree theory for triples of the form (I — k,U,0), where k is
locally a-condensing. In particular, let U be an open subset of Q and k: 2 — E a locally a-condensing
map. Assume that the set S = {z € U : (I — k)(z) = 0} is compact. Then, the triple (I — k,U,0) is
admissible for the Nussbaum degree (N-admissible, for short). We will denote by degy (I — k,U,0) the
Nussbaum degree of an N-admissible triple.

We want to show that, in a sense to be specified, our degree and the Nussbaum degree coincide on the
class of N-admissible triples of the form (I — &, U, 0), where k is locally a-contractive.
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Let (I —k,U,0) be a N-admissible triple and assume that the map & is locally a-contractive. Clearly,
provided that I is oriented, the triple (I,U, k) is a-admissible. We claim that, if we assign the natural
orientation to I, it follows

deg(I,U, k) = degn (I — k,U,0).
Indeed, let V = {Vi,...,Vxn} be an a-covering of S relative to the triple (I,U, k), and consider the
(possibly empty) compact convex set Crp, = CY.

Denote V = Ufil ‘N/Z As S is contained in 17, by the excision property of the Nussbaum degree we

have
degy (I — k,U,0) = degn (I — k,V,0).

Consider the following sequence {én} of convex closed subsets of E:
Cr = (k(V)),

and, inductively,

Then the set
G =G0
n>1

turns out to be closed, convex, and containing .S. Moreover, the fact that & is locally a-contractive implies
that 500 is compact. We observe that the following properties of 5’00 hold:

(1) Coo contains Cog;

(2) {zeVi:zek(VinCs)} CCo foranyi=1,...,N.
The inclusion Cy, C 6’00 follows immediately from the fact that C,, C én for any n > 1, where {C),} is
the sequence of sets which defines C,, as in Section 5. On the other hand, property (2) follows from the
trivial inclusion

{zeViizeck(VinCy)} Ck(VNC,),
which holds for any n > 1 and ¢ € {1,...,N}.
To prove the assertion, we distinguish two different cases.
i) Co = 0. In this case, Co, = 0 by (1), and S = 0. Consequently, by the existence property of the
Nussbaum degree and by Definition 5.5, we have
degy(I —k,U,0) =0 and deg(I,U,k)=0.

ii) Coo # 0. In this case, as properties (1) and (2) of Cu hold, (V,Cs) is an a-pair relative to the
triple (I, U, k). Consider a retraction r: E — Cy. Denote V = Ufil Vi, and let W be a (possibly empty)
open subset of V' containing S such that, for any ¢, x € W NV, implies r(z) € V;. By definition we have

deg(I,U, k) = deg,p(I — kr,W,0).
On the other hand (see [12] and [13]), we have
degy(I — k,V,0) =deg; s(I — kr,r~" (V)N V,0).
Finally, let W/ = Wnr—! (17)017 As S is contained in W/, by the excision property of the Leray—Schauder
degree we have
degpg(I — kr,r ' (V)NV,0) = deg,g(I — kr,W’,0),
and by the excision property of the degree for quasi-Fredholm maps we have

deg,p(I — kr,W,0) = deg, (I — kr,W’,0).

The claim now follows from the fact that the degree for quasi-Fredholm maps is an extension of the
Leray—Schauder degree (see [3]).
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