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1 Introduction

In this paper we study the properties of positive radial solutions of the following
equation:
Apu(x) + K (|z|yu(@)u(z)]7"* =0 (L.1)

P where o is the so called Sobolev critical

where z € R, n > p >1and o = p—
exponent, and K (|z|) is a function which is assumed to be C2. Since we only deal

with radial solutions we will in fact consider the following equation:

L () ()2 + K () u(r) 72 = 0 (1.2)

(W' ()| (r)P2) +
where r = |z|.
We will call “regular” the solutions u(r) of (1.2) satisfying the following initial
condition

uw(0) =up >0 u'(0)=0

and “singular” the positive solutions v(r) of (1.2) such that
liH(l) v(r) = +oo.

We are mainly interested in the existence of ground states (G.S.), singular ground
states (S.G.S.), and crossing solutions. A G. S. is a solution u(r) of (1.2) defined
and positive for r > 0 and such that lim,_,.u(r) = 0. A S.G.S. v(r) is a solution
defined and positive for r > 0 which satisfies

limwv(r) = +o00 and lim v(r) = 0.

r—0 r—00
A crossing solution is a regular solution u(r) of (1.2) such that there exists R > 0
with the property that w(r) > 0 for any 0 < r < R and u(R) = 0, so it can also
be regarded as a solution of the Dirichlet problem in the ball of radius R. This
equation has been studied by many authors, especially when p = 2. Let us observe
that, even though only positive solutions are of interest, it will be convenient to
consider solutions which a priori may have negative values; hence we write u|u|”~2
instead of w1 in (1.1).

We will use the following terminology: we write v(r) ~ r~% asr — ¢ to mean that
both lim sup, _,, v(r)r? and lim inf,_. v(r)r? are positive and finite. Throughout all
the paper c is a generic positive constant whose value may change from line to line.
We recall that, if certain generic hypotheses are satisfied, positive solutions wu(r)
can only have two asymptotic behaviors as r — 0: regular that is u(0) = ug > 0,

n—p

or singular that is w(r) ~ = 7 . Analogously only two asymptotic behaviors are

d

possible for positive solutions as r — oo: fast decay that is u(r) ~ P51 and slow

decay that is u(r) ~ 7~ 7 . This result is already known, see [12], but we give a
new proof in Proposition 2.2. If K(r) oscillates indefinitely the estimates become
less precise, see Proposition 2.5, but we will use the same terminology.
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Kawano, Ni and Yotsutani in [12] have given a structure result for positive radial
solutions, depending on the sign of the following function:

G(r) = /O " K ()5 ds.

The results have been refined in [6] where one finds a complete classification of all
positive solutions, depending also on the sign of

J(r) = /TOO K'(s)s"ds.

However an additional technical assumption on lim,_oK'(r) and lim,_, ., K'(r) is
needed. In particular it is proved that if G(r) > 0 for any r > 0, then each regular
solution u(r) is a crossing solution, while if G(r) < 0 then for any r > 0 each
u(r) is a G.S. with fast decay. Moreover, if n2f2 < p < 2, we have that if K(r) is
monotone increasing, there exists at least one S.G.S. with slow decay and infinitely
many S.G.S. with fast decay, while if K(r) is monotone decreasing there exists at
least one S.G.S. with slow decay. In both cases, there are no other solutions which
are positive for r small. Moreover, Kawano, Yanagida and Yotsutani have proved in
[13] that, if there exists R > 0 such that G(r) > 0 for any 0 < r < R and K'(r) <0,

for r > R, then positive regular solutions must have one of the following structures:

o they are all G.S. with slow decay (this holds if G(r) < 0 for any r > 0)
e they are all crossing solutions (this holds if G(r) > 0 for any r > 0)

e there exist infinitely many G.S. with slow decay, infinitely many crossing so-
lutions and exactly one G.S. with fast decay separating the other two families
of solutions.

One of the main purposes of this paper is to extend to the p-Laplacean the
results proved for the Laplacean in [10], [1], [2], [3]. In particular we assume that
K(r) is a perturbation of a positive constant; namely, if € > 0 is a small constant,
we assume

1 K(r) =1+ €ek(r), where k(r) is a bounded function.
2 K(r) = k(re), where k(r) is a bounded function, positive in some interval.

Note that if we are dealing with a function of the second type, we are allowing K (r)
to have a wide range of variation; in fact it can take negative values (but must vary
slowly).

We will use techniques taken from dynamical systems theory, concerning in
particular invariant manifolds and Melnikov functions. The first step in our analysis
is to introduce the following Fowler inversion, taken from [6]:

x1 = u(r)r® xo = /()| (r) [P~ 2P r=cet D(t) = K(e')
where o= "2 and ﬁ:@
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which transforms equation (1.2) in the following dynamical system:

il o (0% 0 Iy x2|1‘2|% )

(5)-05 %)) (i) oo
Here and below we write “ - 7 for % and ¢’ ” for L. Note that the right hand
side of equation (1.2) is C! if and only if 23_—”n < p < 2. In fact if this hypothesis is
not satisfied the system is only Hoelder continuous on the coordinate axes, so that
local uniqueness of the solutions is not a priori ensured; thus this hypothesis will
be in force throughout the whole paper.

We will also maintain the following hypothesis without any further comment:

Hypothesis H
There exists M > 0 such that

lim sup|K'(r)r| < M lim sup| K’ (r)r| < M.
r—0 77— 00

Note that if K(r) is Lipschitz continuous, strictly positive and bounded, and
monotone as r — oo the preceding hypothesis is always satisfied. Hypothesis H gives
a sufficient condition for the uniform continuity of ®(¢), which is the condition which
is really needed. In any case note that, if we are assuming that K(r) is continuous
for r = 0, we can drop the assumption in Hypothesis H concerning the behaviour
as 7 — 0. In fact, in that case K(r) is uniformly continuous and this implies the
uniform continuity of ®(t) for t — —oo.

We need to assume that ®(t) is uniformly continuous, in order to apply invari-
ant manifold theory for non-autonomous systems. In fact we will show that the
unstable manifold, departing from the origin of (1.4), is made up of all and only
the trajectories corresponding to regular solutions wu(r) of (1.2), while the stable
manifold is made up of trajectories corresponding to solutions u(r) with fast decay.
Using Melnikov theory, we will prove that, for each non degenerate positive criti-
cal point of a singularly perturbed potential ®(t), we have a G.S. with fast decay,
corresponding to a crossing of stable and unstable manifolds, Theorem 3.2.

Moreover, assuming that ®(t) is periodic, we will find that system (1.2) exhibits
chaotic behavior. In particular we will prove the existence of a Cantor like set of
solutions (a dense subset of which are periodic) corresponding to a set of S.G.S.
with slow decay, Theorem 3.6 and Theorem 3.8. An analogous statement holds for
regularly perturbed potentials, but the sufficient condition is a bit more complicated.
The proof of this claim follows closely the analogous reasoning developed in [10] for
the Laplacean and exploits the framework developed in [1] and [2]. In particular it
is worthwhile to note that the theorems regarding Melnikov theory hold, even if we
are dealing with a singularly perturbed potential K (r) which changes sign.

We also give results which are of a new type. We need to introduce the following
notation: we say that f(r) is oscillatory as r — ¢, if it has infinitely many local
maxima and minima in a neighborhood of » = ¢. Assume that K(r) is bounded
and that it is a perturbation of a constant as already specified. We will consider
the following hypotheses:
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Hypotheses

M; there exists p > 0 such that K (p) > 0 is a non degenerate maximum and K (r)
is strictly positive and monotone increasing for 0 < r < p.

M; there exists R > 0 such that K(R) > 0 is a non degenerate maximum and
K (r) > 0 is strictly positive and monotone decreasing for » > R.

O, K(r) is oscillatory as r — 0 and admits infinitely many positive non degenerate
maxima.

O, K(r)is oscillatory as r — oo and admits infinitely many positive non degenerate
maxima.

We will give a structure result for positive solutions. It is convenient to distin-
guish the following situations for equation (1.2):

A e There exist uncountably many monotone decreasing G.S. with slow decay.
e There exist uncountably many crossing solutions.

e There exist uncountably many solutions wu(r) of the Dirichlet problem in
exterior domains; that is, there exists R > 0 such that u(R) = 0, u(r) > 0

for any 7 > R and u(r) = O(r~»=1), as r — oo, that is u(r) has fast decay.

e There exists a non empty set of monotone decreasing G.S. with fast decay
disconnecting the other two sets in a sense that will be made precise later
(see the proof of Theorem 4.1).

B e There exist uncountably many crossing solutions.
e There exist uncountably many monotone decreasing S.G.S. with fast decay.

e There exists a non empty set of monotone decreasing G.S. with fast decay
disconnecting the last two sets.

C e All the existence results at the points A and B are valid.

e There exist infinitely many monotone decreasing S.G.S. with slow decay;
no other solutions u(r), well defined and positive for all > 0, can exist.

In Theorem 4.1 and in the Corollaries 4.2 and 4.3 we will prove that, if either
hypothesis M7 or O is satisfied, then positive solutions have a structure of type B.
If either hypothesis My or O, is satisfied, then positive solutions have a structure of
type A. Moreover if M7 or O holds and My or O5 holds then positive solutions have
a structure of type C. Note that the results do not apply to functions K (r) = k(r€)
where K(r) is periodic, because in such a case ® is not uniformly continuous.
However they apply to functions ® which are uniformly continuous and oscillate
indefinitely, even if they have no recurrence properties. We also have a result
concerning solutions of the Dirichlet problem in the interior and in the exterior of
a ball, see Theorem 4.4.

We can prove an analogous statement for regularly perturbed potentials K (),
i. e. for the so called Kazdan-Warner problem, if the sufficient condition for the
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existence of G.S. with fast decay is satisfied. Since the proofs are rather similar to
the ones given for the singular perturbed problem we will just sketch them.

The paper is organized as follows. In section 2 we introduce the Fowler transform
for the Laplacean and recall some known results concerning the autonomous case.
In section 3 we extend to the p-Laplacean the results obtained in [10], [1], [2], [3]
for the Laplacean in the singularly perturbed case. In section 4 we give a geometric
construction which enables us to prove Theorems 4.1 and 4.4, and Corollaries 4.2
and 4.3 which contain results which are new even in the case p = 2. In section 5 we
consider the regularly perturbed case obtaining results analogous to those explained
in sections 3 and 4.

2 Preliminaries

We begin by recalling some known results about the asymptotic behavior of the
solutions and about the autonomous case. Recall that given a system of the form

&= f(x,1)
and a solution z(t), the a-limit set of z(t) is the set

A={P|3t, » —oo such that lim z(t,) = P},

n—oo

while the w-limit set is the set

W ={P|3t, — +oo such that lim z(t,) = P}.
n—oo
One can show that, if z(¢) is bounded on R, then these sets are compact. Moreover,
if the system is autonomous, these sets are invariant for the flow generated by the
system. If the system is non-autonomous they are no longer invariant; however we
will see that they are still useful for our present purposes.

Proposition 2.1 Consider system (1.4) and assume that ®(t) is bounded. Then a
solution u(r) of (1.2) is regular as r — 0 if and only if the corresponding trajectory
of system (1.4) has the origin as a-limit point.

Moreover u(r) ~ PPt oas T — 00 if and only if the corresponding trajectory of
system (1.4) has the origin as w-limit point.

Proof. In both the cases one implication is obvious, the other is a consequence of
Lemma 2.10 and Observation 3.17 in [6]. O

In [6] the following statement is also proved.

Proposition 2.2 Assume that K(r) is strictly positive and bounded; moreover as-
sume that K(r) is monotone for r € (0, R), for some R > 0; then we can have one
of the following asymptotic behaviors as r — 0:

0 < u(0) < oo (regular) or u(r) ~ =7 (singular).



Quasilinear partial differential equations 7

Analogously assume that K (r) is monotone in r € (R,00) for some R > 0. Then
positive solutions can only have the following asymptotic behaviors as r — 00:

w(r) ~r~ % (fast decay) or w(r) ~ 17 (slow decay).

In the former case, both as r — 0 and as r — oo, the corresponding trajectories
converge to the origin, respectively as t — —oco and as ¢ — oo, while in the latter
the corresponding trajectories are bounded and bounded away from the z; and x5
axes.

Now we recall some known results about the autonomous equation and give their
interpretation in terms of the dynamical system (1.4).

Proposition 2.3 Consider system (1.4) when K = const > 0.

o All the regular solutions u(r) of equation (1.2) are monotone decreasing G.S.
with fast decay, and they correspond to a unique homoclinic trajectory of (1.4),
which is contained in the closed 4" quadrant.

Any tragectory of (1.4) which is not homoclinic to (0,0) and which is not an
equilibrium point, is defined by a periodic solution of (1.4) with positive period.

o There exist infinitely many monotone decreasing S.G.S. with slow decay v(r)
of equation (1.2), corresponding to periodic trajectories, contained in the open
4t quadrant.

e There exist infinitely many oscillating solutions v(r) of equation (1.2), which
have infinitely many positive maxima and negative minima both in a neigh-
borhood of r = 0 and of r = oco. They correspond to periodic trajectories of
(1.4) which cross the x1 and xo azes.

Now we give some notations that will be used throughout the paper; the quantity
%7 is defined by system (1.4):
At :={zeR?® | i >0} and A" :={zcR?® | i <0}
L:={xeR® | i =0}

Note that we know the exact expression of the homoclinic trajectories U(t), see for
example [7].

K™% — (20 t)P~1
vit)= | —, S ( )t 3 (2.1)
(4 D) (ot 4 Dor')

where D = (p—1)(n— p)nﬁ is a positive constant. Observe that the autonomous
system is invariant for translations in ¢t. Therefore U(7,t) = U(t + 7) is still a
homoclinic trajectory. To have consistent notation, we set U(0,t) = U(¢); note that
U(0,0) € L. Note that the homoclinic trajectories U(r,-) all have the same graph
and that U(r,t) = U(0,t + 7).
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Lemma 2.4 Consider equation (1.2) and the corresponding system (1.4), where
K (r) is strictly positive and bounded. Then, if x(t) is unbounded, it rotates clockwise
crossing infinitely many times the x1 and xo azes.

Proof. By assumption there exists N > 0 such that % < K(r) < N for any 7.
Consider a trajectory z(t) which becomes unbounded as t — ¢ where ¢ can also be
0o. We will assume that z(t) is well defined for ¢ < ¢: the proof in the case of a
trajectory that becomes unbounded going backwards in ¢ is analogous.

Fix to and the corresponding point P = z(tg) in R%2. Assume that P € A*.
Consider at first system (1.4), where ®(¢t) = N. Recall that the solutions of (1.4)
which are not homoclinic to (0,0) and which do not coincide with equilibria are
periodic, hence the corresponding trajectories define closed curves in RZ. We choose
a periodic trajectory Z(t) of (1.4) which crosses the coordinate axes and such that P
lies in the exterior of the disc D enclosed by Z(-). Such a choice is always possible,
since we can choose |P| as large as we wish, since we are assuming that z(t) is
unbounded. In a similar way, consider system (1.4), where ®(t) = 4. We choose
a periodic solution Z(t ) of (1.4) which crosses the coordinate axes and such that P
lies in the open disc D enclosed by Z(-). We can choose D and D in such a way
that P € D D D. Let 8D and 8D denote the boundary of D respectively D. Let
us denote with RT := D — D and with OR* its boundary.

We return to the non-autonomous system (1.4). Note that the flow on ORTNA™
is always going towards the interior of Rt and that P ¢ R*NAT. Consider now the
unbounded trajectory z(t). Note that it lies in Rt N AT for t > to, until it crosses
the isocline L in a point P;. Thus there exists ¢; > o such that z(¢;) = P; € ¢ and
x(t) enters A~ for t > t;.

Once again we consider the autonomous system where ®(t) = % We choose a
periodic solution #1(t) of (1.4) which crosses the coordinate axes and such that Py
lies in the exterior of the open disc Dy enclosed by (). In a similar way, we choose
a periodic solution Z(t) of (1.4) where ®(¢) = N which crosses the coordinate axes,
and such that Py lies in the open disc D; enclosed by a:( ). We choose Dy and D,
in such a way that D1 C D1 and define R := D1 — D1 Now we return again
to the non-autonomous system (1.4). Observe that z(t) € Ry, for all ¢ > ¢; such
that z(t) € A~. Recalling that z(t) is unbounded we conclude that there exists
ta > t1 such that z(t2) € L. Therefore x(t) rotates clockwise crossing the xo and
x1 negative semi-axes, then it enters A* for ¢t > t,.

Iterating the reasoning we obtain that x(¢) must cross the coordinate axes in-
finitely many times. o

Now, putting together Proposition 2.1 and Lemma 2.4, we can give a result con-
cerning the asymptotic behaviour of positive solutions, removing the monotonicity
hypotheses. However the estimates are not as sharp as in Proposition 2.2.

Proposition 2.5 Assume that K(r) is strictly positive and bounded, then a positive
solution can only have one of the following asymptotic behaviors as r — 0

0 < u(0) < o0 (regular behavior) or

c1 <u(r) < czrf% (singular behavior).
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Analogously a positive solution can only have one of the following asymptotic be-
haviors as r — co:

n—

w(r) ~r et (fast decay) or

_n—p _n—p
cr Pt <ur) <egr” e (slow decay).
Here cq,co are positive constants.

Remark 2.6 We will use the terminology “singular solution” and “solution with
slow decay” with different meaning according to the fact that K(r) is monotone
or oscillates indefinitely for r small and r large, see Propositions 2.2 and 2.5. The
only exception is Theorem 3.6 in which we manage to prove the existence of S.G.S.
with slow decay satisfying the estimates given in Proposition 2.2, even if K(r) is
oscillatory.

3 Singularly perturbed systems and Melnikov
functions

Now we review some facts about invariant manifold theory for non-autonomous
systems. We refer to [10] and [9] for a discussion of this topic in a general framework.
We will combine elements of this theory with the use of Melnikov functions. Since
we will follow rather closely the reasoning developed in [10] and [1], we will just
suggest the main ideas. Moreover we will consider only the singular perturbation
problem, since the abstract framework of the regular one is very similar; see [10]
and [1] for details.
Consider a system of the form

&= f(z,7+et) (3.1)

T

where z = ( - ) € R%. Assume that f(z,7 + €t) = Az + F(z,7 + et) where A is
2

a 2 x 2 real matrix with eigenvalues A_ < 0 < Ay and F is of class C! on R? x R
with F(0,7) = F,(0,7) = 0. Furthermore assume that both the functions F'(z,-)
and F,(x,-) are uniformly continuous in @ x R for all compact subsets @ C R2.
Moreover assume that the frozen equation

&= f(z,7)

admits a homoclinic solution U(r,t) for any 7.
It is now useful to introduce the extended system

i=f(z,7), F=¢  E=0. (3.2)

Denote by E a neighborhood of € = 0 in R. We denote by V* C R? respectively the
eigenspaces corresponding to the positive and the negative eigenvalues of A. Let
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VOjE be neighborhoods of the origin in V*, then if F and VOjE are sufficiently small,
the following result holds, see [9] and [10].
There are C' maps ¢* : R x E x V;& — V& such that the submanifolds

NE={(1,6,p+¢F(1,6,p)):TER,e€ E,pe ViT} CRx E x R?

are locally invariant under the flow defined by (3.2). Note that Nt and N~ are
respectively the local center-stable and center-unstable manifolds of (3.2). Let P =
P. ; be the plane in the four dimensional (7, €, x)-space obtained by fixing the values
of 7 and e. We can now define the local stable and unstable leaves W} (1) =
P..NN*.

These leaves are of class C! and vary continuously with respect to 7 and ¢, in
the C! topology. Moreover, by transversality, they are one-dimensional and tangent
in the origin to N*. In the case we are considering this means that, for ¢ small
and any 7, the manifolds W;° (7), in the origin, are tangent respectively to the
negative ro semiaxis and to the positive x; semiaxis. Moreover it is important to
remark that the contribution of the non-linear and non-autonomous terms deflects
these manifolds towards the interior of the 4** quadrant, whenever K (7) is positive.
We will usually commit an abuse of notation, calling stable and unstable manifolds
these connected components W¥(7) and W2(7). Since we are mainly interested
in positive solutions u(r) of (1.2), we will consider only trajectories z(¢) such that
z1(t) > 0. Thus we will restrict our attention to R?, that is the semiplane of R?
where x1 > 0.

Now we use the semiflow defined by (3.2) to give a characterization of the global
stable and unstable leaves W*(7) C R%. Namely, if we call z(t, 2; T, €) the solution
of (3.1) with 2(0, zo; 7, €) = 20, we have

W (r) =zt z0im — et €) - 20 € Woo(m — et)}

where we have left unsaid that ¢ is in the domain of existence of z. An analogous
characterization holds for W2(7), see [10], pp. 1063-1065, for more details. Note
that if e = 0 the set {U(7,t) | t &€ R} defined by the homoclinic orbit is a subset of
both W{'(7) and W§(7); to be more precise it is the connected component belonging
to Ri.

Now let 79 € R and let L C R? be a line segment which contains U(7g,0) in
its interior and which is not parallel to f(U(70,0),79). Such a segment is called
a transversal. Note that, perhaps reparametrizing the homoclinic orbits U(t,t)
we can assume that U(7,0) € L, for 7 near 79. In our problem we will use as a
transversal the curvilinear segment defined by the isocline ; = 0.

Exploiting the fact that W5“(r) is C!' close to W (7) for € small, we can
determine “initial” branches W2*(7) of the stable and unstable leaves which depart
from the origin and cross transversally the isocline. We will call these first points
of intersection respectively £ (7,¢) and £¥(7,€). By transversality we know that
£5(7,€) are C! functions of (7,¢); we will prove in Lemma 3.4 that they actually
have the same regularity as K(r), so we can assume that they are C2.
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We now define and study a Melnikov function for equation (3.1). This function
allows us to measure the distance between £+ (7,¢€) and £~ (7,¢€). Thus it will give
us a condition for the crossing of the stable and unstable leaves Weu’s(T), which in
fact means a sufficient condition for the existence of a homoclinic solution for the
system. Such a trajectory corresponds to a G.S. with fast decay of equation (1.2),
see Proposition 2.1.

Define now

d

M(7) = - |

£ (r.€) = €7(7,0)] Le=oAf(U(7,0),7)

where “A” denotes the standard wedge product in R?. Then define

Mo M(7) for e=0
T,€) =4 . _
M/\f(U(T,O),T) for € #0.

We point out that the vector £~ (7,€) — £7(7, €) belongs to the transversal segment
L, so we have

h(t,e) =0 <= & (r,e) = &M (1) =0 for e#0.

Lemma 3.1 Suppose M (7o) = 0 and M'(79) # 0, then there exists a C! function
e — 7(€) defined on a neighborhood of € = 0, such that 7(0) = 19, for which we have
E(1(e),e) = £T(7(€),¢€). Therefore we have a homoclinic solution of the system

(1.4).

Proof. To prove the proposition it is enough to apply the implicit function theorem
to h(r,€) for (,€) near (79,0). |

Now we want to compute explicitly the functions M (7) and M'(7) for our sys-
tem, in order to give a simple sufficient condition for the existence of the homoclinic
trajectory. The first step is to recall Theorem 3.2 of [10], page 1054, which gives
the following formula for the Melnikov function:

M(7) = /_ e e~ Jotrf=Umo)m)doy ¢ (1(7 4), 7) A F(U(T, 1), 7)dt. (3.3)

Now we consider our singularly perturbed problem K (r) = k(r€) and we introduce
the dynamical system exploiting the Fowler transform:

(2)=(5 2 () e Lot ) e

Here ¢(et) = k(et) = ®(¢) = K(e!) and 7 is a translation parameter. Now, if we
apply it to our system, recalling that ¢(7) = K(e™), we can rewrite (3.3) in the
following way:

M(T):/+oot( ’ 0 o—2 )/\(X¢(T) )dt
- =" (T) X () [ X ()| Y(r)
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where we have denoted

dU (,t)

U(T, t) = (X¢(T) (t), Y¢,(T) (t)) and di

= (Xo(n) (1), Yo(m) (1),
so M(7) is in fact a computable function. We observe now that
Xotr) () =6(r) 72 Xa(t) = (7 4 DePT) o),

where X is the homoclinic solution of the frozen equation (3.4) with ¢(t) = 1.
Therefore

+oo .
M(r) = —¢(1)(r)" 5 / £X1 X072 X dt.
Integrating by parts we obtain
X @)l

M(r) = ~¢(rolr) ¢ [ dt=-Coor)F  35)

— 00
where C' > 0 is a positive constant deriving from the value of the integral, so it can
be explicitly computed. Differentiating with respect to 7, we get

M(r) = (—¢"<T>¢<T>—% - ga:’(ﬂ%s(ﬂ—%) c (3.6)

Thus, applying Lemma 3.1 to the system we are considering, we obtain the theorem
that follows. As in [10], we use the uniform continuity of ¢ to prove that the leaves
W»5(r) have diameter uniformly bounded above zero; see [10], p. 1063. The
Hypothesis H - which is in force throughout the paper - implies that ¢ is uniformly
continuous.

Theorem 3.2 Suppose that there exists T such that ¢'(T) = 0 and ¢"(T) # 0; then
there exists a C1 function € — 7(¢€), defined for |e| small, such that 7(0) = 7 and the
system (3.4) admits a homoclinic trajectory for T = 7(€), corresponding to a G.S.
with fast decay of (1.2). Moreover there exists at least one such homoclinic solution
for any positive critical point of the function ¢.

Remark 3.3 We do not need ¢(t), and hence K(r), to be always positive. We just
need that it admit a positive critical point.

This is a rather amazing feature, already observed by Battelli and Johnson in [2].
It may be explained observing that trajectories belonging to W2 (7) converge to the
origin exponentially fast, and the same holds for trajectories belonging to W (7).
This fact can easily be observed using invariant manifold theory. Now, recalling that
the influence of the potential is due to the term x?(t)¢(7 + et), we conclude that
this contribution becomes exponentially small as ¢ — £oo for trajectories belonging
to W2¥(1). So, the principal factor of this term is influenced just by the dynamics
in compact intervals of t. Thus, assuming that ¢(¢) varies slowly, we can find some
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solutions which are influenced just from the intervals in which ¢(¢) is positive. For
a more detailed analysis of the phenomenon see [3].

Now we want to prove that W(7(e)) and W2(7(e)) intersect transversally. In
fact, if this is the case, there exists a transversal homoclinic point; therefore, if we
assume that ¢(t) is periodic, we can deduce the existence of chaotic behavior, using
the classical Smale horseshoe construction. Furthermore, we will prove that, from
this fact, we can deduce the existence of a Cantor like set of S.G.S. with slow decay.

Here we follow rather closely the analogous analysis derived for the correspond-
ing problem with the Laplacean in [1], [2], [3]. Now we need the following lemma:

Lemma 3.4 Assume that the function ¢(t) is C" and strictly positive. Then the
function (1,€) — £F(7,¢€) is C" as well.

Proof. For this proof we have to exploit the analysis derived in [3], modifying
it slightly for our purposes. In that paper one considers a non-autonomous two-
dimensional dynamical system that is C" apart from the x5 axis in which it is just
C!. Moreover, it is assumed that the frozen system always admits a homoclinic
trajectory U(t,7) belonging to a closed subsector of Ri. Furthermore, some esti-
mates on the behavior of the functions of the right hand side of the system and
their derivatives are needed. Then using the tool of exponential dichotomy and a
technique involving the introduction of suitable Banach spaces, the authors prove
the higher regularity of (7, ¢).

The proof is developed in an abstract framework, so we will simply apply it to
our problem. We just have to point out some facts: first of all we note that we are
working only in the 4" quadrant and that the system is only C! in both the axes.
Furthermore, to obtain &+ (7,€), we are intersecting the stable and unstable leaves
W5(r) with a curvilinear segment L, but we maintain the essential assumption of
the transversality, so the proof still works.

The main difference is the following: in [3] the authors require that the homo-
clinic orbit of the frozen system is contained in a sector R, so that the trajectory
cannot be tangent to the xo axis, where we have less regularity. Such an assump-
tion does not hold in our case. However what is really needed in the proof is that
the trajectories departing from points of the stable and unstable leaves W% (1) do
not cross these “non regular” sets. But this holds also in our case, therefore we
can still apply the theorem. Let us prove this. Note that the leaf éloc(T) is C!
close to W ,.(7), when we are close to the origin. Assume for contradiction that
there exists a trajectory (7, €;t) = (z1(7, €;t), 22(7, €; 1)) departing from a point in

;loc(r), and such that lim; .z (7, €;t) = (0,0) and z1(7,€;0) = 0, 22(7,€;0) < 0.
Recalling that on the axes the flow rotates clockwise, we see that z(7,€;t) rotates
clockwise through all the quadrants. Now we can argue that there exists 7 > 7 such
that W2(7) crosses the negative x1 semiaxis and then rotates towards the origin.
But then it cannot be C! close to W (7). Thus we can drop the hypothesis on the
angular distance of the homoclinic orbits from the axes, exploiting the fact that the
flow always rotates clockwise on the coordinate axes. |

Now we want to prove that the crossing between the leaves WZ(7(e)) and
W (r(e)) is transversal. Here we will follow the main ideas of [1], adapting them to
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our problem. For the convenience of the reader we will repeat briefly the main steps
of the proofs carried out in that article. The basic idea is to introduce the vectors
tangent to W2(7) and W*(7) near £¥(7,¢). Then we introduce a new version of
the Melnikov function, in order to measure the angular distance between these two
vectors. We will find out that this distance is different from 0 for € # 0, so we can
conclude that the manifolds have a transversal crossing.

First of all we introduce some notations: let us call y*(¢;7,¢€) the trajectory
at time ¢ of system (3.4), such that y*(0;7,¢) = £¥(7,¢€), and analogously define
y~ (t;7,€) in order to have y~(0;7,€) = £ (7,€). First of all observe that

y*(a;T — ea,e) € WS(7)

and that p ot
@ v _ + oy
day (a’ T —e€a, 6) LILZO f(g (Ta E)a T) € or (Ov T, 6)

does not vanish for e small. Therefore %yi(a; T—e€a, €)| 4—0 are respectively tangent
vectors to W2*(7) in €% (7, €).

Now we introduce a Melnikov-like function, in order to prove that these vectors
are not parallel. As in [1], we define

M(e,a) = [y (a;7(€) — ea,€) —yt(a;7(€) — ea, €)] A f(U(70,0),70)-
Then differentiating, we get:

Y - +
68—]\;[(6,@) =eT(e)=¢ %(O,T(e),e) - %(O,T(E),G) A f(U(70,0),70).

Observe that %(O, 0) = 0; in fact, for ¢ = 0 we have a smooth homoclinic orbit. If
we manage to prove that for € # 0 we have T’(e) # 0 and hence %—J\f(e, a) # 0, we
are done.

It is convenient to denote the derivatives with respect to x, ¢ and 7 with sub-

scripts. First of all, following [1], we have
T'(0) = [y7¢(05 70, 0) = y7c(0: 70, 0)] A f(U(70,t), T0).

Then recalling Lemma 2.4 on page 150 in [1], after some manipulations, we get

T'(0) = / e I3 S U (£ Uy — Ut (0))+
— 00

+f$7'|:y€ - UTT/(O)} + t[flTUT + fT’T]} /\ fdt

and finally, applying once again Lemma 2.4 in [1], we conclude that T"(0) = M’ (o).
See ([1], pages 150-152) for details. Hence we can conclude the following.

Proposition 3.5 Consider system (3.4); assume that ¢ is strictly positive and
bounded and that there exists T for which ¢(7) admits a non degenerate extremum.
Then there exists a function € — 7(¢), of class C1, such that the unstable and stable
leaves W (7(€)) and WE(7(€)) cross transversally.
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Now applying the Smale horseshoe construction we can conclude that, if ¢(t) is
periodic of period T', the system exhibits chaotic behavior. To be more precise, let
us denote by U, the flow defined by system (3.4). Then there exists a Cantor-like
set A which is invariant for the flow, and there are integers k£ > 2 and N > 1, such
that the discrete dynamical system, made up of A and the map ¥ nr, is conjugated
to the Bernoulli shift on the set of sequences of k symbols. In eparticular there
exists a Cantor-like set of periodic orbits. We will see that these orbits correspond
to S.G.S. with slow decay v(r) satisfying v(r) ~ r~% both as r — 0 and as r — oo.

The proof can be obtained repeating step by step the proof developed in Theorem
5.4 in [10]. However we can also give a new proof, based on similar reasoning.
Consider system (3.4). In section 4 we will construct a topological circle which is
denoted by H(7), made up joining branches of the stable and unstable manifolds
Wx(r) and W2(7). If ¢ is strictly positive H(7) is contained in the 4" quadrant,
otherwise it is contained in R%. Consider now system (4.2); letting 7 takes values
in the whole of R we obtain a topological surface H. We can arrange A to be in the
bounded subset enclosed by H (7).

Note that the trajectory departing from the periodic points cannot have the
origin as a or € limit set, thus cannot cross W2 (7) and W2 (7); therefore they are
forced to stay in the set enclosed by H for any t, thus they correspond to positive
solutions v(r) of (1.2). Furthermore, since these trajectories &(t) are periodic, we
have that #1(¢) is strictly positive and bounded, therefore the corresponding v(r) is
a S.G.S. with slow decay satisfying v(r) ~ =% both as r — 0 and as r — oo.

Theorem 3.6 Assume that ¢(t) is a C? periodic function which is strictly positive
and admits non degenerate extrema, then equation (1.2) admits a Cantor-like set of
monotone decreasing S.G.S. with slow decay v(r), satisfying v(r) = O(r~%) both as
r — 0 and as r — co. Thus we have proved the following theorem.

Remark 3.7 Recall that the critical points of ¢(t) correspond to critical point of
K(r), since K(r) = ¢(elog(r)). But if ¢(t) is periodic K(r) is not, moreover K (r)
will not even be well defined near the origin as r — 0.

Note that when p = 2, Theorem 3.6 works even when K (1) changes sign, but admits
positive non degenerate maxima, see [1], [2] and [3]. We are not able to extend this
result to the case p # 2, since in the sign changing case the trajectories yT(7;t)
may cross the ;7 axis for ¢ < 0; thus the construction developed in Lemma 3.4
fails. However when ¢ admits positive maxima it can be easily seen that there is
a topological crossing between W (7) and W (7). Thus following the construction
developed by Burns and Weiss in [4], in the periodic case we can still prove the
existence of a horseshoe factor. Therefore there exist integers k and N, and a set
A such that the action of the map W(®L) on A is semiconjugated to the Bernoulli
shift on the sequence of k symbols. In particular, there exists an infinite set A of
distinct periodic points; thus we can repeat the proof of the previous theorem. The
only difference is that H(7) can intersect the z1 axis, but it is in R%. Therefore the
S.G.S. v(r) are not a priori monotone.
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Theorem 3.8 Assume that ¢(t) is a C' periodic function which admits positive
maxima, then equation (1.2) admits a Cantor-like set of S.G.S. with slow decay
v(r), satisfying v(r) ~ r~% both as r — 0 and as r — oo.

4 Geometrical analysis of singularly perturbed
systems

In the previous sections, we have essentially extended to the p-Laplacean the results
known for the Laplacean and exposed in [10], [1], [2] and [3]. Now we will give some
results of a new type, the proofs of which are based on the same geometrical ap-
proach. We will discuss the case of functions K (r) which are singular perturbations
of a constant, but these techniques apply also to the regular perturbation problem.

It is already well known (see [13] and [6]) that, if K(r) (and hence ¢(t)) is
monotone increasing, then positive solutions v(r) of (1.2) can be classified as follows:
all the regular solutions are crossing solutions, and there exists at least one S.G.S.
with slow decay and infinitely many S.G.S. with fast decay; no other solutions
v(r) positive for r > 0 can exist. On the other hand, if K(r) (and hence ¢(t)) is
monotone decreasing, all the regular solutions are G.S. with slow decay and there
exists at least one S.G.S. with slow decay.

Furthermore, when K(r) is a constant then all the regular solutions are G.S.
with fast decay and there exist infinitely many S.G.S. with slow decay. This last
situation can be considered as lying at the border between the increasing and the
decreasing cases. We want to prove now that if ¢(t) is oscillatory we have the
coexistence of all of these solution types. Furthermore in the previous section we
have seen that, in any case, the number of G.S. with fast decay is greater or equal
to the number of non degenerate positive critical points of K(r). Now we can state
the following result:

Theorem 4.1 Consider equation (1.2) and assume that K(r) is a C? function
which is strictly positive and bounded, and that it is a singular perturbation of a
constant as already specified. Moreover assume either that K (r) satisfies Hypothesis
My or Oy asr — 0 and either Hypothesis My or Oy as T — 0o. Furthermore assume
that at least one of the maxima is non degenerate; then the positive solutions have
a structure of type C (see the classification given in the introduction).

Proof. Consider system (1.4): we introduce now the extra variables 7 and ¢, to
obtain the following autonomous dynamical system:

: 2-p
1 = axq + Ta|ze| Pt

Ty = —axy — ¢(T)x1|$1|072 (41)
T =€
€=0.

Note that the origin is a critical point for the system which admits a center-stable
and a center-unstable manifold. Moreover note that these manifolds have dimension
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3 and they are both transversal to the planes P(7,€) = {T =7 € = €}, where [¢| >0
is small and 7 € R.

It is convenient to introduce the variable z3 = for each fixed non-zero value
of ¢; then the equations (4.1) take the equivalent form

: 2-p
1 = axy + xo|ag|rT
Ty = —awy — P(x3)w1 71|72 (4.2)

2y = 1.

Note that the x3 axis is a center manifold and that there exist a two dimensional
center-unstable manifold W and a two dimensional center-stable manifold W?.
Note that the leaves W*(7) can be obtained intersecting W* with the plane z3 = 7.
We have already proved that there is a transversal crossing between W2 (7(¢)) and
W (7(€)). Therefore we have a transversal crossing between the center-unstable
W and the center-stable manifold W/, of system (4.2).

Consider the curves (x1(t),x2(t)) obtained by dropping the zg-coordinate of
the trajectories belonging to W. We want to follow them forward in ¢t and to
prove that some of them will cross the negative xo-semiaxis (so they correspond
to crossing solutions of (1.2)), while some others are forced to stay in a bounded
subset of the open 4*" quadrant (so they correspond to G.S. with slow decay of
(1.2)). These trajectories (x1(t), z2(t)) make up two subsets which are disconnected
by the homoclinic trajectories in the following sense. If we consider the set of the
crossing solutions and the set of the G.S. with slow decay in W*, we find that they
are open. The topological border of each of these two sets is the union of all the
homoclinic trajectories.

Analogously, following backwards in ¢ the curves (z1(t),x2(t)) obtained from
WE we find a set of curves which cross the positive z;-semiaxis (so they correspond
to solutions of the Dirichlet problem in exterior domains described in the conclusions
of Theorem 4.1), and a set of trajectories which are forced to stay in a bounded
subset of the open 4" quadrant (so they correspond to S.G.S. with fast decay of
(1.2)). Again these two sets are disconnected by the homoclinic trajectories in the
sense that they are open in W, and the set of all the homoclinic trajectories is
their topological border.

We will analyze only W}, since WZ can be studied in a completely analogous
way. Observe that both W¥(7) and W2(7) have a first crossing with the isocline
t1 = 0. We will consider this isocline as the transversal for the Melnikov function.
Observe now that, by assumption, we have a sequence of non degenerate extrema,
which could be either finite or infinite in number. Assume at first that this number is
finite and equals n € N. Using Theorem 3.2 we can say that there exists a sequence
of values 71(€), 7a(€), ... , 7x(€) or simply 71, 72, ... , 7% for which h(r,e) = 0,
here 1 < k < n; thus for these values we have a crossing between W2 (7) and
W (7). Suppose that, for k odd, ¢(74(0)) is a minimum and that for k even, it is a
maximum. Note that whenever 7 € (7ak, Tok+1), £ (7, €) is on the left with respect
to £7(7,€), while whenever 7 € (Tar—1,T2r) £ (7,€) is on the right with respect to
&7 (7,€). Here we are thinking of the z; axis as horizontal and of the x5 axis as
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Figure 1: A sketch of the phase portrait in the plane z3 = 7, when K (r) admits
only one critical point which is a maximum. The curve H(7) is contained in the 4"
quadrant.

vertical.
Let us define the following surfaces for system (4.2):

) L:={(z1,22,23) | &1 =0 and x>0}
W= {(z1,22,23) | (21,22) e WH(7) and a3=7, —o00<7 <00}
W= {(z1,22,23) | (x1,22) € Wi(7) and z3=7, —o0o<7T <00}

We recall that y*(¢; 7, €) is the trajectory of system (3.4) departing at ¢ = 0 from
(1 e).

We will use the following notation: let us call Y*(t) := (y*(t;7,¢€), 25 (t)) the
trajectory of system (4.2) departing at ¢t = 0, from (¢*(7,¢€),7). We have already
seen that the trajectories y™ (¢; 71 (€), €) are homoclinic.

Consider the trajectories Y*(¢) of system (4.2), where 7 € (Ta_1, 725 ). Follow-
ing them forward in time for ¢ > 0 we note that they must lie in the exterior of
the set delimited by the surfaces L and W?. Note now that %fl(t) < 0 and that
|21 (1) + | L22(t)] is strictly positive for any ¢ > 0. Thus Y,*(t) (7 € (Tax—1,72x))
is forced to enter the subset where z; < 0 in finite time. Therefore the correspond-
ing solutions u(r) of (1.2) are crossing solutions. Analogously, following backwards
in ¢t the trajectories Y. () where 7 € (7ok, T2g+1), We note that they must lie in
the exterior of the set enclosed by L and S“. Thus they correspond to solutions
of the Dirichlet problem in exterior domains of (1.2), like the ones described in the
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conclusion of Theorem 4.1. Assume now that we have an infinite number of critical
points of ¢. We can still denote with an even subscript the maxima and with an odd
subscript the minima. Furthermore, we can repeat the proof and arrive at exactly
the same conclusions.

We denote with N*(7) the intersection with the trajectories Y £ (t) of system
(4.2) and the plane z3 = 7; as before k is an index of the critical points of ¢.
See Figures 1, 2 and 3. Let us fix 7; let us call UF*+1(s), where s € [k, k+ 1], a
parameterization of the segment of W*(7), joining N*(7) and N**1(7), such that
Ukk+l(k) = N*(7), and UF*+1(k + 1) = N**1(7). Analogously, define S¥*+1(s)
to be a parameterization of the segment of W*(7), joining N*(7) and N**1(7).
Assume at first that Hypotheses O and O are satisfied. Then we can define the
following curve:

(rs) Skkt1(s) s € [k,k+1] if kis odd,
7-7 S = . .
Ukk+1(s) s € [k,k+1] if kis even.

Fixing 7, we get a curve H(r,-) such that lims_ 4o H(r,s) = (0,0). Let us call
H(7) the topological manifold H(7) = {H(r,s) | se€R}J(0,0), which is home-
omorphic to a circle. Let us call D(7) the disc delimited by H(7). Assume now

Figure 2: A sketch of the phase portrait in the plane z3 = 7, when K (r) admits
only one critical point which is a minimum. The curve H(7) may cross the x5 axis.

that Hypothesis M; and M, are satisfied, then there exist a minimum 7; and a
maximum 7, in the sequence 7. We define U-°>! to be the segment of W¥(7)
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joining the origin to N'(7) and S™ to be the segment of W*(7) joining N™(r)
to the origin. We can define now a parameterization U °!(s) of U-°>1  where
s € (—00,1], such that lims_,_o, U%!(s) = (0,0) and U7°>1(1) = N'(7). Anal-
ogously, we define a parameterization S’ (s) of S, where s € [m,c0), such
that ST (m) = N™(7) and lim,_, o S7*°(s) = (0,0). Then we can define the
following curve:

U;Oo,l(s) s € (7007 1]a
A(rs) Skkt1(5) selkk+1 if1<k<m-—1isodd,
T Ukk+1(s) selk,k+1] if1<k<m-—1Iiseven,
SI(s) s € [m, +00).
Once again we define the curve H(7) = {H(r,s) | s R}J(0,0), see Figure 3.
We can define H(7) in the same way if either Hypotheses M; and O or Hypotheses
M, and O; are satisfied.

Let us call R(7) the curve made up by joining W*(7), the origin, W*(7) and the
segment of the isocline L joining £~ (7, €) to £7(7,€). Assume that either Hypothesis
01 or My is satisfied and moreover assume that either Hypothesis Oz or Ms is
satisfied. Observe that R(7) belongs to the 4*" quadrant for any 7, and that H(7) is
contained in the interior of R(7). In fact, the criterion of selection used to construct
H(r,s), ensures that each segment of H (7, s) lies on R(7) or in the bounded subset
enclosed in R(7). Note that if such Hypotheses are not satisfied, then the surface
H(7) lies outside R(7) and the construction fails, see Figures 1 and 2.

We now define the following set, observing that it contains infinitely many points

E(7) = D(1) = {W(r) UW ()}

Letting 7 take values in R, we have that | J{H(7) | 7 € R} defines a topological
manifold of dimension 2, which is homeomorphic to a cylinder and which cannot be
crossed by any trajectory Z(¢) departing from @ € E(7). Thus each Z(t) corresponds
to a monotone decreasing S.G.S. with slow decay.

Let us assume that either Hypothesis My or Os is satisfied. We want to prove
the existence of infinitely many G.S. with slow decay. Let us fix a value 7;(€) such
that j is even. Let us define S2°° to be the segment of W#(7) joining N7(7) to the
origin. We can define now a parameterization S7°°(s) of S7:°°, where s € [j, +0),
such that $2°°(j) = NJ(7) and lims_ o S2>°(s) = (0,0). We need to define the
following function of s for 7 > 7;(e)

Hj(T, S) .= {Hl(’r, S) s € (—OO,_]}

S57:°0(s) s € [j, +00).
Then we define H;(7) by adjoining the origin. Observe that the topological manifold
H;(7) lies in R? for any 7 > 7;(e). In fact S2>(s) € W*(r) for any s > j.
Furthermore note that, for any s < j the segments of H (1,s) are contained either
in R(7), or in the bounded subset enclosed in R(7). We now define D;(7) to be
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the subset of system (1.4) enclosed in H;(7), and D; the subset of system (4.2)
enclosed in the topological surface H;. We recall now that (7, €) lies on the left of
& (7,¢€), for 7 € (75, 7j41). Let us fix now § > 0 small enough: we can find infinitely
many values 7 € (7;,7; + d) such that £ (r,e) € W*(7) — W*(7). Let us consider
the trajectory Y7 (t) of system (4.2) departing from one of these points. Observe
that it lies in the interior of the set bounded by the surface Wj and L, fort > 0
small. If it lies in this set for any ¢ > 0 we are done. Thus suppose that there
exists a time 7'(7) such that Y7 (T'(7)) € L*, where LT is the subset of L where
z1 > 0 and @ > 0. Note that LT C D;, thus ¥ (T'()) € D;. Recalling that Y*(¢)
cannot cross H; for any ¢ > 0, we have that Y7 (¢) € D; for any ¢ > 0. Thus Y*(t)
corresponds to a G.S. with slow decay. To prove the existence of S.G.S. with fast
decay we have to follow backwards in ¢, the trajectories Y.~ (¢) and to repeat the
analysis just explained.

\

Figure 3: A sketch of the phase portrait in the plane x3 = 7, when K(r) have 5
maxima and 4 minima. The curve H(7, s), represented with a solid line, is obtained
joining segments of the curve W*(7) (dotted line), and segments of the curve W?*(r)
(dashed line).
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The non existence result is a consequence of Lemma 2.4. In fact we have de-
scribed the behavior of the bounded trajectories and Lemma 2.4 describes the be-
havior of the unbounded ones. a

We can combine the techniques used in Theorem (4.1) to conclude the following:

Corollary 4.2 Consider equation (1.2) and assume that K(r) is strictly positive
and bounded and that it is a singular perturbation of a constant in the sense already
specified. Then we have at least as many G.S. with fast decay as the non degenerate
critical points of K(r). Moreover

1. Assume that either Hypothesis Ms or Hypothesis Os is satisfied. Then the
positive solutions of equation (1.2) have a structure of type A.

2. Assume that either Hypothesis My or Hypothesis O1 is satisfied. Then the
positive solutions of equation (1.2) have a structure of type B.

8. Assume that both Hypotheses 1 and 2 are satisfied. Then the positive solutions
of equation (1.2) have a structure of type C.

Notice that we can weaken the hypotheses of the theorem as follows. In this corollary
we will commit the following abuse of notation: we will say that we have a structure
of type A, B, or C, even if the monotonicity of the solutions is not anymore
ensured.

Corollary 4.3 Consider equation (1.2) and assume that K(r) is a singular pertur-
bation of a constant, but that it may change its sign.

1. Assume that either Hypothesis Ms or Hypothesis Oz is satisfied. Then the
positive solutions of equation (1.2) have a structure of type A (aside form the
fact that the monotonicity of the solutions is not any more ensured,).

2. Assume that either Hypothesis My or Hypothesis Oy is satisfied. Then the
positive solutions of equation (1.2) have a structure of type B.

8. Assume that both Hypotheses 1 and 2 are satisfied. Then the positive solutions
of equation (1.2) have a structure of type C, apart from the non-existence
result. That is there exist infinitely many crossing solutions, G.S. with slow
decay, S.G.S. with fast and slow decay, and solutions of the Dirichlet problem
in exterior domains. Furthermore, the number of G.S. with fast decay is
greater than or equal to the number of positive non degenerate critical points
of ¢. But the situation is even more rich, thus we cannot exclude the existence
of other families of positive solutions.

Proof. We want to adapt the proof of Theorem 4.1 to this case. We have to reprove
the existence of £ (7, ¢) and that W*(r) and W? () belong to R? for any 7. Another
difficulty will be that the transversality of the crossing between W¥(r) and W2 (r)
is not anymore ensured. However, what is really needed in the proof of Theorem 4.1
is that we can find points belonging to W*(7) — W2 (r) and in W# (1) — W¥(7). But
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this easily follows observing that the manifolds W (7) and W2 (7) do not coincide
and from some elementary topological reasoning.

Consider system (1.4): first of all observe that, if ¢(¢) changes sign, the flow
continues to rotate clockwise on the xo axis. Assume that Hypothesis 1 is satis-
fied; then the existence of a crossing between W**(7) and the isocline L, is en-
sured if ¢(7) > 0. But when ¢(7) > 0 we can also affirm that W*(r) C A" and
W*(r) € A~. Furthermore, applying Theorem 3.2, from the existence of positive
non degenerate critical points, we can deduce the existence of homoclinic trajec-
tories belonging to R%. Let us call N'(7), ..., N*(r) the intersections between
such trajectories and the plane z3 = 7. Let us call 7, ..., 7%, the values for which
N(r;) € L, that is the values for which we have a crossing between W (r;) and
W2 (7;). Let us call U=°%J(7) the submanifold of W*(7) connecting the origin and
NY(7); analogously we define S$7°°(7) to be the submanifold of W*(7) connecting
the origin and N7(7). Note that these submanifolds are connected and in fact are
C! embedded curves in R2. Note that, for any 7 < 73, N*(7) € A, thus we have
that there exists £~ (7,€) = W*(r) N L, for any 7 < 73,. Analogously for any 7 > 7
there exists £1(7,€) = W*(7) N L; see Figure 4.

U=20.d(7)

Y N3 (7)

Figure 4: Existence of the points £ (7, ¢) = W*(7)N L. The solid line represents the
curve U %% (1) while the dotted line represents the homoclinic trajectory departing
from N7(7). The dashed line is the isocline L.

We want to prove now that U~°% (1) is contained in AT for any 7 < 7;. Assume
for contradiction that there exists 7 < 7; such that U~/ (7) crosses the negative x
semiaxis in a point P(7). We call z(xg, 7;T) the solution of system (3.4) departing
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at t = 0 from z¢ € R?, evaluated at t = T. Let us fix 7 = 7 and consider system
(3.4). Let us call §(x,0) the angular coordinate of z € R? — (0, 0) and let (zq,t) be
the continuous function such that 6(xq,t) = 6(z(xo, 7;t),0). Let us call U(z,t) the
evolution map of system (3.4). Observe that W(U = (7),7; — 7) = U~ (r;) €
R3 N AT . In particular, there is a point P(7;) = z(P(7), 7575 — 7) € U (7;).

We recall that 0(P(7),0) = —7; note that the flow of the solutions on the xs
axis always rotates clockwise. Now noticing that P(7;) is in the 4t quadrant we
get that 0(P(7),7; —7) < —2m. Observe now that O(NJ(7),7; — 7) > —% since
the trajectory through N7(7) is homoclinic. We observe now that the function
(-, 7; —7), evaluated along the continuous path U~°>7(7) has a jump discontinuity
between P(7) and N7(7). Thus we have found a contradiction and we have proved
that U= (1) C AT NR2 for any 7 < 7;.

Let us consider y*(7;t). Note that y*(r;t) € W*(7 + et). Thus, for any 7 < 7;
we have yT(7;t) € AT NR2, for any ¢ < 0. Assume that there exists 7 such that
@(7) is a maximum and ¢(7) is strictly positive, for any 7 > 7. Then we can apply
the reasoning developed in the proof of Theorem 4.1, restricting our attention to the
trajectories y(7;t), where 7 > 7. This way we can prove that there exist infinitely
many trajectories y*(7;¢t), departing from the origin and contained in R3 for any
t, thus corresponding to G.S. with slow decay of equation (1.2). The proof of the
existence of crossing solutions is analogous.

Now assume that K (r) is oscillatory as r — co. Then there exists a sequence 7
of values of 7 such that W*(7;,) NW?(r3,) # 0. Therefore we also have a correspond-
ing sequence of points N*(7) just like the ones described previously. Reasoning as
above we can prove the existence of the points ¥ (7,¢€) and £7(7,¢). Then we can
apply the construction described in the proof of Theorem 4.1 and conclude the proof
of Claim 1 of the Corollary. Claim 2 and 3 can be proved in the same way. a

Theorem 4.4 Let K(r) = k(r€) € C2(R) be a singular perturbation of a constant
as described above and consider equation (1.1).

A. Assume that there exists R such that K(R) is a positive non degenerate mini-
mum, and that K(r) is monotone increasing for any r > R. Then there exists
R* such that the Dirichlet problem corresponding to (1.1) admits a positive ra-
dial solution in any ball of radius r > R*.

B. Assume that there exists p such that K(p) is a positive non degenerate maxi-
mum, and that K(r) is positive and monotone decreasing for any 0 < r < p.

Then there exists R, such that the Dirichlet problem corresponding to (1.1)
admits a positive radial solution u(r) in the exterior of any ball of radius R <
R*, that is there is a solution u(r) of (1.1) such that uw(R) = 0, u(r) > 0 for

_n-p
r >R and u(r) ~r~»1 asr — oo.

Proof. Counsider system (3.4); we have already observed that there exists 7(¢),
such that W*(7(e)) and W2(7(e)) cross. Assume that Hypothesis A is satisfied,
then, for any 7 > 7(¢), we have that £ (7,¢) lies on the right with respect to
& (7,€), thus the corresponding solution u(r) can only be a G.S with fast decay
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or a crossing solution, see Theorem 4.1. First of all we want to prove that the
first case can be excluded. Suppose for contradiction that the trajectory y™ (7, €;t)
departing from some &7 (7,¢), where 7 > 7(¢), represents a G.S with fast decay.
Then £(7,€) € W*(7). Recall now that £ (7,€) cannot belong to W*(7), since
otherwise we would have another crossing in £~ (7,¢€) = £1(7, €), for 7 > 7(€). Thus
ET(7,¢) € W3(7) — W*(7). Consider the trajectory Y;' (t) = (z] (t), x5 (t), 25 (t)) of
system (4.2), departing at ¢ = 0 from (£7(7,€), 7). Note that ] < 0 for any ¢ > 0,
until the trajectory reaches the isocline L. But, since Y cannot cross the manifold
W?, it cannot reach the isocline L. So there exists T'(7) such that = (T(7)) = 0.
This contradicts the assumption that the trajectory Y:'(t) represents a G.S. Thus
the corresponding u(r) is a radial positive solution of the Dirichlet problem in the
ball of radius R* = exp(eT'(T) + 7).

We have proved for any 7 € (7(€),+00), the trajectories y*(7,€;t) represent
crossing solutions. Thus, using a continuity argument and the fact that 7'(7) is
always positive, we can conclude that the Dirichlet problem (1.2) in any ball of
radius R > R*.

Claim B is obtained in the same way, following backwards in ¢ the trajectories
y~(7;t). It can be proved that there exists 7 such that, for any 7 < 7, there exist
Ty (7) < 0 such that y~ (7; T1 (7)) crosses the positive z1 semi-axis and To(7) < T1(7)
such that y~(7;T(7)) crosses the positive 21 semi-axis. O

5 Regularly perturbed systems

Now we want to apply to the regular perturbation problem the techniques we have
developed for the singular one. Therefore we consider a function K(r) = 1+ ek(r),
where € > 0 is small and % is a bounded function.
We follow the general framework developed in [10]. Let us consider a family of
system of the form
&= f(‘r) + eh(l'?t + T)v

where € > 0 is a small parameter, z € R? and f,h € C!(R? R?). Assume that the
autonomous system obtained setting e = 0 admits a family of homoclinic solution
U(r,t). Now consider the non-autonomous system; arguing as in section 2, for any
7 we can find a stable leaf W2 (7) and an unstable leaf W¥(7). Following [10] we
can construct a Melnikov function which measures the distance between W2 (1) and
W (r) along a transversal L which can be computed as follows, see [10], page 1055:

_ +oo
M(r) = [ fWO(r,t=7)) NR(U(7,t — 7),t)dt. (5.1)

Now we go back to our problem, therefore we apply to (1.2) the change of variables
(1.3), obtaining the following one parameter family of systems

i?l « 0 T 3;2|332|12;f117
K = . 5.2
() (0 —a)(svz )*( 1+ eg(r + t)rlan |72 (5:2)
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Note that we have set ®(t) = 1 + eg(t), so that we will deal with g(t) = k(e?).
Thus applying (5.1) to our problem we find the following

+oo
M(r) =~ X4| X172 () X1 (t)g(t + 7)dt

— 00

where U(7,t) = (X1(t),Y1(t)) is the homoclinic solution of the frozen system (1.4)
with K (r) = 1. Then, integrating by parts, we get:

+oo o
M(T):/ g'(t+7)7|X;| dt

and hence

_ +oo Xql°
M/(T):/ g//(t+T)—| 01| dt.

Remark 5.1 We recall that X; = (e‘t + Deﬁ)i and g(t) = k(e!), therefore
the function M (7) and its derivative M’(7) can be explicitly computed.

We will see that, when M(7) = 0 and M’(7) # 0, we can apply the construction
already used for the singularly perturbed system. Now, reasoning as in Theorem
3.2, we can construct a function h(e, 7), analogous to the one used in section 3.
Then, using the implicit function theorem, we deduce that the manifolds W (r)
and W2 (7) have a crossing. Moreover, reasoning as in [10], page 1057, we can
conclude that such a crossing is transversal.

We give a sketch of the proof of the transversality for the convenience of the
reader. Consider equation (3.1). We can construct a segment L(a), parallel to the
transversal L, containing the point U(7, a) in its interior. Thus we can deduce the
existence of the points £7(7,¢,a) and £ (7,¢,a) which are the intersection points
of W*#(7) with L(a), respectively.

Now we construct the following modified Melnikov function

W (r,0) = 5 [€(,6,) € (7,6,0)] LooAF(U (7, ) = M (7 ).

Now observe that

%m, a)(7(€), @) amo= — M’ (7(€)) # 0.

Thus we can deduce the transversality of the vectors

0

B 0
a (t(€),6,a) and —£&T(7(€), €, a),

Oa

which are tangent respectively to W2(7(e)) and W¥(7(e)). Thus, applying the
Smale horseshoe construction we can state the following theorem:
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Theorem 5.2 Assume that K(r) = 1+ €k(r) is a C? function which is a reqular
perturbation of a constant. Then equation (1.2) admits a G.S. with fast decay
for each non degenerate zero of M(7). Assume in addition that g € C?(R,R) is
a periodic function. Then equation (1.2) admits a Cantor-like set of monotone
decreasing S.G.S. with slow decay.

Moreover, repeating the analysis drawn in section 4, we can get the following:

Theorem 5.3 Consider equation (1.2), where K(r) = 1 + €k(r), |e| is small and
k(r) is a bounded function of class C?.

1. Assume either that there exists T for which M has a non degenerate zero and

M(7) < 0 for any T > T, or that M(7) oscillates indefinitely as T — oc.
Then the positive solutions of equation (1.2) have a structure of type A.

2. Assume either that there exists T Jor which M has a non degenerate zero and
M(7) > 0 for any 7 < T, or that M (1) oscillates indefinitely as 7 — —oo.
Then the positive solutions of equation (1.2) have a structure of type B.

8. Assume that both Hypotheses 1 and 2 are satisfied; then the positive solutions
of equation (1.2) have a structure of type C.

The proof is completely analogous to the one given for the singular perturbation
problem in Theorem 4.1. The only difference comes from the fact that we are not
able to reformulate the conditions on the Melnikov function M (7) in a simpler way.
Now we reformulate in the regular setting the result given in Theorem (4.4).

Theorem 5.4 Let K(r) = 1+¢k(r) € C2(R) be a reqular perturbation of a constant
and consider equation (1.1).

o Assume that there exists T such that M(t) > 0 for any 7 > 7. Then there
exists R* such that the Dirichlet problem corresponding to (1.1) admits a
positive radial solution in any ball of radius r > R*.

o Assume that there exists © such that M(t) > 0 for any 7 < 7. Then there
exists R, such that the Dirichlet problem corresponding to (1.1) admits a
positive radial solution u(r) in the exterior of any ball of radius R < R*, that
is there is a solution u(r) of (1.1) such that u(R) = 0, u(r) > 0 for r > R

and u(r) ~ PP as r — o0.

Proof. The proof is completely analogous to the one given for Theorem 4.4, at the
end of section 4. a
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