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Abstract

We consider the following equation

pu(x) + f(u, |x]) =0,

where x € R", n > p > 1, and we assume that f is negative for |ul
small and limy,—, 10 mié% = a9 > 0 where p, = p(nnf_pl) <qg<pt=
%’ so f(u,0) is subcritical and superlinear at infinity.

In this paper we generalize the results obtained in a previous paper,

11], where the prototypical nonlinearit
[11], prototyp y
flu,r) = —ky(r)ulu 72 4 ky(ryulu 22,

is considered, with the further restriction 1 < p < 2 and ¢ > 2.
We manage to prove the existence of a radial ground state, for more
generic functions f(u,|x|) and also in the case p > 2 and 1 < q1 <
2. We also prove the existence of uncountably many radial singular
ground states under very weak hypotheses.

The proofs combine an energy analysis and a shooting method. We
also make use of Wazewski’s principle to overcome some difficulties
deriving from the lack of regularity.
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1 Introduction

The aim of this paper, along with [11], is to investigate positive radial solu-
tions for equation of this type

div(Vu|VulP~2) + f(u, |z]) = 0 (1.1)

where x € R™, and f(u, |x]|) is negative as u — 0 and positive and subcritical
with respect to the Sobolev critical exponent as u — oo.

Since we just consider radially symmetric solutions we will in fact study
the following singular O.D.E. where we have set r = |x]:

n—1
(u'|u/ [P72) + —= | [P + f(u,r) = 0. (1.2)
r
Here and later we denote by ’ the derivative with respect to r. The proto-
typical non-linearity f we are considering is

flu,r) = —ky(r)ufu| ™2 4+ ky(r)ulu|22, (1.3)

where k; and ko are positive functions which are locally Lipschitz continuous
and ¢ < g < p*, where p* is the Sobolev critical exponent. We recall that
p* is usually defined just when n > p and we have p* = n”—z); when n < p we
set p* = 0o. We use the following notation: we call classic a solution of (1.2)
satisfying

w0)=d>0 and  ¥/(0)=0, (1.4)
and sometimes we denote by wu(d,r) such a solution to stress the depen-
dence on the initial condition; we call singular a solution w(r) such that
lim, _gu(r) = occ.

In particular we focus our attention on the problem of existence of ground
states (G.S.), of singular ground states (S.G.S.) and of crossing solutions.
By G.S. we mean a nonnegative classic solution u(x) defined in the whole
of R™ such that limx . u(x) = 0. A S.G.S of equation (1.1) is a singular
nonnegative solution v(x) such that

lim v(x) =400 and lim wv(x)=0.

|x|—0 || =00
Crossing solutions are radial solutions u(r) such that u(r) > 0 for any 0 <
r < R and u(R) = 0 for some R > 0, so they can be considered as solutions
of the Dirichlet problem in the ball of radius R. Here and later we write u(r)
for u(x) when |x| = r and w is radially symmetric.

In our equation an important role is played also by the critical value p,,
which is the largest ¢ such that the trace operator v : W1P(Q) — L(99Q) is
continuous; i.e. p, = M when n > p; when n < p we set p, = co. We
will always assume the following:



Radial ground states and singular ground states 3

e The function f(u,r) is continuous in R?, Lipschitz continuous in
both the variables for u,r > 0.
Fo o f(—u,r) = —f(u,r) for any r > 0, and for any u € R

e There are v > 0 and p < ¢ < p* such that, for any 0 <r < v
f(u,r)

ua=t

lim,, o0 = ao(r) > 0 and a(r) is continuous.

\

We have implicitly assumed that lim,_qf(u,r) is bounded. In fact this Hy-
pothesis is not really restrictive since, even when lim, o f(u,r) = 400 for any
u > 0, usually it is possible to reduce the problem to an equivalent one in
which lim,_¢ f (u, r) is bounded, see appendix B and in particular Remark 5.1.
Consider a non-linearity f(u,r) of type (1.3) and assume that the functions
k;(r) are continuous for » > 0 and Lipschitz continuous for r > 0; then Hyp.
F0 is satisfied and ag(r) = ko(r). Let us denote by F(u,r) = [ f(s,7)ds;
now we are ready to state the other main hypotheses which will be used in
the paper:

F1 There are positive constants A > a > 0 and p > 0 such that
flu,r) <0 forr>pand0<u<a
F(A,00=0 and f(u,0)>0 for wu>A.

F2 f(u,0) > f(u,r) for any 0 < u < A and any r > 0.
F3 The exponent ¢ in Hyp. FO0 is such that ¢ > p,.
1.1 Remark. Note that from the third point of FO it follows that there exists

B > A such that f(u,r) >0 foru> Band 0 <r <w.

Consider (1.2) where f is as in (1.3) and the functions —k;(r) and ko(r) are
bounded and have their maximum at » = 0. Then Hyp. FO, F1 and F2 are
satisfied. Moreover consider a function

s—1

flu,r) = Z Ei(r)ulu

i=1

%2 4 ks(r)ulu =2

where ¢; < gj41 < p*. Assume that the functions k;(r) are bounded and
have their maximum in r = 0, for j = 1,...,s, and that k(0) < 0 < k4(0);
then Hyp. FO, F1 and F2 are satisfied. These Hyp. are satisfied also if we
consider a function f(u,r) = ki (r)sin(u) + ko (r)u|u|?2, where again ¢ < p*,
the functions k;(r) are bounded and have their maximum for » = 0 and
k1(0) < 0 < ky(0).

In recent years equation of these type have been subject to rather deep
investigations. The starting point was the classic Laplacian case, that is
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p = 2. Gidas, Ni and Nirenberg, in their seminal paper [15], proved the
existence and the uniqueness of a radial G.S. for (1.1), (1.3), assuming that
f(u,7) is non increasing in the variable r. They also proved that, in such a
case, all the G.S. have to be radial. Their proofs rely on the moving plane
method.

Later on these results were partially extended to the case p # 2 and to
more generic differential operators. Franchi, Lanconelli and Serrin proved the
existence and the uniqueness of a radial G.S. in the spatial independent case,
assuming that f is “sub-halflinear” as v — 0, that is | f(u,7)|/|u|P~! — oo
as u — 0. Such a restriction was removed in [14]. Using the moving plane
technique Damascelli, Pacella and Ramaswami in [4] proved that G.S. and
solutions of the Dirichlet problem in balls have to be radially symmetric
whenever 1 < p < 2, for the spatially independent equation (1.1), (1.3).
These results have been extended by Serrin and Zhou in [22] to the p > 2
case and to more generic non-linearities. These results obviously give more
relevance to the problem of existence of radial solutions.

In [11] we made a first attempt to consider the spatial dependent problem
(1.2), (1.3), assuming 1 < p < 2. In particular we managed to prove the
existence of a G.S. It is known that such a solution is unique for a nonlinearity
f of type (1.3), at least in the spatial independent case, see [12], [13], [21].
Most probably the same result holds also when f(u, r) is monotone decreasing
in 7 (this is the case when p = 2).

However we think that it is possible to produce multiple G.S. when the
monotonicity Hypothesis is dropped and with a clever choice of the func-
tions k;. In [11] we also proved the existence of uncountably many S.G.S.,
with a further restriction on the range of the parameter: ¢; > p,. As far as
we are aware this latter result is new even for the spatial independent case,
and for the classical Laplace operator (that is p = 2). The proofs rely on
a change of variables of Fowler type and on a shooting argument, combined
with Pohozaev and energy estimates. In fact we realized that some of the
assumptions are needed just to ensure enough regularity in order to apply
invariant manifold theory. The introduction of these kind of dynamical sys-
tem methods in the study of radial solutions of semi and quasi-linear elliptic
equations is due to Johnson, Pan and Yi and then later followed by other au-
thors as Battelli, Bamon, Flores, and Del Pino see [1, 5, 6, 9, 16, 18]. In fact
it gives a not enough exploited point of view on the problem which is very
useful in analyzing singular solutions and in proving asymptotic estimates.

The main results are contained in Theorem 2.8, in which we prove the
existence of a ground state, and in Theorem 2.10, in which we prove the
existence of uncountably many singular ground states. The aim of this paper
is to extend the results of [11] to more generic non-linearities and to the case
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p > 2. Furthermore we manage to prove some asymptotic estimates that, in
some cases, are sharper than the known ones, even in the spatial independent
setting, as far as we are aware. Another important contribution is in the fact
that, when f is as in (1.3), we have managed to remove the restriction on
the parameter ¢; in the results concerning singular ground states (and this
result is new even for p = 2 and f spatial independent).

In the proofs we follow the ideas of [11], removing the unnecessary Hy-
potheses and adapting the analysis to a less regular setting in which local
uniqueness of the solutions is lost. This fact causes several technical difficul-
ties which are overcome through a new method introduced in [10], relying on
Wazeski’s principle.

The paper is structured as follows: in chapter 2 we give some preliminary
results and we state the main theorems; in chapter 3 we prove the existence
of a monotone decreasing ground state under Hyp. FO, F1 and F2; in chapter
4 we prove the existence of uncountably many S.G.S. assuming that Hyp. FO
and F1 hold; in Appendix A we prove the asymptotic estimates; in Appendix
B we show how the results concerning the spatial dependent equation (1.2)
can be extended to the following more general family of equation:

-1
(B [u'P=2) + = [} + () = 0, (L5)

which gives the radial solution for the following problem:
div(h(|z)Vu|VulP~?) + f(u, |z]) = 0. (1.6)

We also make use of the concept of natural dimension (borrowed from [13]),
which is useful to pass from a problem in which lim, o f(u,r) = oo for any
u > 0 to a problem in which f(u,r) is continuous for r = 0.

Recently Calzolari, Filippucci and Pucci in [2] obtained results similar
to ours. The proofs are independent (in fact [2] appeared after this paper
was submitted) and exploit different techniques. They consider eq. (1.6)
assuming that it can be reduced to (1.2) through the change of variables
discussed in Appendix B, and that the nonlinearity f obtained in this way
is spatial independent, so this is a particular case of the setting considered
here. They prove the existence of ground states assuming hypotheses very
similar to ours. However they manage to consider also nonlinearities f(u) =
—kyulul®7? + koulu|22 + ksululP" % where k; are positive constants and
0 <q <@g <p* (sothey can allow ¢; € (0,1) that is f is singular for u = 0)
which are not covered from our results. Moreover we have to require that
the governing term for u large is polynomial, as in the motivating example
(1.3), while they just ask it to be subcritical. However they cannot deal
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with really spatial dependent f. Another remarkable difference is that they
cannot discuss singular ground states (this is one of the main advantage of
our method and probably the main contribution of the paper). Furthermore
we can give sharper asymptotic estimates.

2 Preliminary results and stating of the The-
orems.

We begin by recalling some standard results. When Hyp. FO and F1 are
satisfied equations (1.2), (1.4) admit a unique solution for any d > A; more-
over u/(r) < 0 for r small, see Lemma 1.1.1 in [12]. Furthermore all these
solutions can be continued in

J(d) = (0,Rq) = {r > 0| u/(r) < 0and u(r) > 0},

where Ry can also be infinite, see again [12], for example.
Modifying slightly Lemma 1.1.1 in [12] we can prove the following Lemma:

2.1 Lemma. Assume that Hyp. FO0 and F1 are satisfied and consider a
[(u(0),0)

classic solution u(r), then (u/'[u/|P~2)'(0) = =522 Furthermore if u(r) >

B (see Remark 1.1) for any 0 <r < wv then u/(r) <0 for any 0 <r < v.
Proof. From (1.2) it follows that

n—1

WP 0)) = ~flr)+ "= [ e o, oar

Using De I'Hospital rule we obtain (u/|u/|[P~2)'(0) = —f(“(r?)’o).

Now consider a solution u(r) such that u(r) > B for any 0 < r < v and
assume that there is 0 < R < v such that «/(R) = 0. Then (u'|[v/[P~2)(R) =
—f(u(R), R) < 0, therefore u(R) is a local maximum. But «(0) is a local
maximum as well, therefore there is 0 < 7* < R such that u(r*) > B is a min-
imum. From (1.2) we deduce again that (u'|u/[P72) (r*) = — f(u(d,r*),r*) <
0, but this is a contradiction, so the proof of the Lemma follows. Il

Note that if d > A there exists the limit lim, g, u(d;r) = L(d) > 0.
Assume that Hypotheses FO and F1 are satisfied, then we can construct the
following set:

I"={d>A| hI}I%l =/(d,r) < 0and L(d) = 0}
r—Rg
Our strategy is the following: we will see that I~ is open, non-empty and
contains an interval which is unbounded. Moreover we will show that A &€ I,
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so there is an interval (¢,00) C I~ such that ¢ € I~. Then we will see that
u(c, r) is a monotone decreasing ground state. Now we need to introduce the
following energy functions:

-1
E(u,u’) := b

|u'|P + F(u,0) (2.1)

Differentiating with respect to r we get

d n—1

(), W) = =" P (F(w,0) = f )

2.2 Lemma. Assume that Hypotheses F0, F1 and F2 are satisfied, then
AdI.

Proof. We consider the classic solution u(A,r) of (1.2). From Lemma 2.1 we
deduce that u(A, r) is non-constant. We recall that v'(A,r) < 0 for r € J(A).
Note that E(u(A,0),u'(A,0)) = F(A,0) = 0; from Hyp. F2 we de-
duce that E(u(A,r),u (A,r)) is monotone decreasing in r, for any r € J(A),
strictly for some r. It follows that F/(L(A),0) < lim, g, E(u(A,r),u' (A1) <
0, therefore 0 < L(A) < A. O

We point out that the solutions of (1.2), (1.4) depend continuously on
initial data and are locally unique in their respective sets J(d). This can be
proved putting together the ideas of Propositions A3 and A4 in [12], with
some trivial modification to adapt them to the spatial-dependent problem:;
see also Proposition 2.6 in [14]. More precisely the following result holds.

2.3 Lemma. Assume that Hyp. FO is satisfied. Fix d > A, then for any
d >0 and ro € J(d), there exists € > 0 such that if |c — d| < €, then u(c,r)
is defined in [0,1¢] and

sup (|u(d,r) —u(e,r)| + |u'(d,r) —u'(c,7)]) < 0.

r€l0,ro]

If f(u,r) > 0 for any r > 0 and u > 0 we usually have two possible
behaviour for positive solutions: a slow decay and a fast decay. However
positive solutions u(r) tend to 0 as r tends to +00. When Hyp. F0, F1 and
F2 are satisfied we have again two different asymptotic behaviors: positive
solutions may oscillate between two positive values or tend to 0 as r tend to
0o. We give now some Propositions concerning the asymptotic behaviour of
positive solutions for r large and in particular of ground states. The proofs
are postponed to appendix A.
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2.4 Proposition. Assume that Hyp. FO, F1 and F2 are satisfied and con-
sider a solution u(r) of (1.2) such that u'(r) < 0 < u(r) for any r > R for a
certain R > 0, and lim,_u(r) = 0.

A Assume that [, |F(s,0)|7/?ds < co. Then the support of u(r) is bounded.

B Assume that there are C > 0, 6 > 0 and q; > p such that —f(u,r) <
Cu®~t for any 0 < u < § and for any r > 0. Then u(r) >0 forr > R

and 0 < limrqoou(r)r% =\ < o0.

Now we give a better estimate of the asymptotic behaviour of strictly
positive solutions. As far as we are aware these asymptotic results are more
precise than the known ones even in the classical case where f is as in (1.3)
vxzithl)kl = ko = 1. We recall that the following notation is in force: p, =
p(n—

pr— when n > p, and p, = oo whenever n < p.

2.5 Corollary. Assume that Hypothesis B of the previous Proposition is
satisfied.

1 If ¢4 > p., then A > 0.

2 Assume that q; < p., and that there are § > 0, ¢ > 0 and Q1 € (p, q]
such that — f(u,r) > cu(r)? =t for r large and 0 < u < 5. Then A =0

and lim sup,._, ., u(r)r_le*P < 00. Furthermore if Q1 = p. we also have

lim supraoou(r)r%| 1n(r)|p&ipl> < 00.
3 Assume that the following limit exists is bounded and negative:

__pP
llm f(ur Ql_p Y r)
r—o00 ‘ D Ql_l

= —k(o0).

ur Q-

If Qi < p., then lim,_cu(r)r @5 = P, > 0. If Q, = p. then

u(r)rz%ﬁ ln(r)|PZ’:pl> is uniformly positive and bounded for r large.

2.6 Remark. Consider f as in (1.3); assume that p < ¢; < ps, and that the
functions k;(r) are Lipschitz, and that they are bounded as r — oo.

Then if ¢; < p we are in the Hypotheses of claim A of Proposition 2.4, while
if ¢ > p Hyp. B is satisfied. Moreover if ¢; > p,, then we are in Hyp. 1 of
Corollary 2.5, while if p < ¢; < p. Hyp. 2 of Corollary 2.5 holds. To satisfy
Hyp. 3 we need to assume that p < ¢; < p, and lim, k() = k(c0) > 0.

For completeness sake we quote also an asymptotic result, proved in [3],
concerning the nonlinearity (1.3) when ¢; = p.
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2.7 Proposition. Consider (1.2), (1.3) where ki(r) = 1 and lim, o ka(r) =
ka(oc0) > 0. Furthermore assume that there is ¢ > 0 such that ko(r) >
ko(o0) — cexp(—vr) where v > 2/¢/p —1. Then there exists exactly one
monotone decreasing ground state u(r) and we have that

w(r)ra exp(r/{/p— 1)

s uniformly positive and bounded for r large.
Now we can state the main results of the paper.

2.8 Theorem. Assume that Hyp. F0, F1, F2 are satisfied. Then there exists
¢ > A such that u(c,r) is a monotone decreasing ground state.

Using a standard continuity argument we can also prove the following.

2.9 Corollary. Assume that Hyp. FO0, F1, F2 are satisfied. Then u(d,r)
is a crossing solution for any d > ¢ whose first zero is Ri(d); moreover
limy .o, Ri(d) = 0. Furthermore assume that we are in the Hypotheses of
Proposition 2.4 B, then we also have that limgy_.. Ry (d) = oco. Therefore the
Dirichlet problem in the ball of radius R > 0 for equation (1.2) admits at
least one solution for any R > 0.

2.10 Theorem. Assume that Hyp. F0, F1 and F3 are satisfied, then (1.2)
admits uncountably many singular ground states.

2.11 Remark. When ¢ > p ground states and singular ground states are
positive for any r > 0, while if ¢ < p their support is bounded.

3 Dynamical analysis

3.1 Fowler transformation and autonomous system

Following [11], we introduce a dynamical system through the following change
of coordinates, to prove that I~ contains an unbounded interval.

o =7, ﬁzzp(llf_pl)—l, N=06-Mm-1), I>p

= u(r)re oy = ()| (r)P2rh o =el (3.1)
This is a generalization of the Fowler transformation which works when p = 2.
Using this change of coordinates we pass from (1.2) to the following system.

(- @) (pa) e
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“.” gtands for %.

g(z1,t) := fx;exp(—ayt), exp(t))ex =D, (3.3)

Here and later

When Hyp. FO is satisfied, for any fixed z, € R we have lim;_,_og(z,,t) =
aoTq|z4|?7%, where ag(0) = ag. Sometimes it will be useful to embed (1.2) in
the following one parameter family of equations where a translation param-
eter has been added.

2—p

<j‘7l>:(04l0><ml>_'_< Yl P ) (3.4)
Yi 0 u —g(z, t+ 1)

We give now some notation which will be in force throughout the whole paper.
Let P,Qe R?, P,#Q; we denote by QP the rectilinear segment between P
and Q. We denote by X(Q,t) and by X7(Q,t) respectively the trajectory
of (3.2) and of (3.4) which pass through Q at ¢ = 0. Therefore X(Q,t) =
X%(Q,t). Note that if X(Q,7) = P € R?, then X"(P,t) = X(Q,t + 7), for

any ¢ € R. We denote by R? the semi-plane where z > 0.

Our idea is to compare our problem with other simpler ones in order to
find upper and lower bound for the solutions. We consider at first the case
where f(u,r) = cu|u|?72, where ¢ > 0 is a constant. Using (3.1) with [ = g,
we have that g(z,t) = cx|x|72 so we pass from the singular ODE (1.2) to
the following autonomous dynamical system.

. 2-
<:?q):<aq 0><517q>+< yq’yq‘ﬁ_ ) (3.5)
Yq 0 v Yq —cwy|z, |t
Note that system (3.5) is C! if and only if ¢ > 2 and 1 < p < 2. If such
hypotheses are not satisfied the system is just Holder continuous on the
coordinate axes, therefore local uniqueness of the solutions is not a priori
ensured.

In this section we give a dynamical interpretation of some well known facts
concerning Eq. (1.2) in the case f(u,r) = culu|?2. So we just analyze Eq.
(3.5) and we will always set [ = ¢ in (3.1); hence we will leave the subscript
unsaid to simplify the notation. We always assume ¢ > p, thus a > 0; note
also that v < 0 if and only if ¢ > p,, and a+v > 0if p < ¢ < p*. When ¢ > p,
(3.5) admits 3 critical points which are the origin O= (0,0), P= (P,, P,),
and —P. From a straightforward computation we get P, = |ya?~!|s=» and
P, = —|fyoﬂ_1\% thus P, < 0 < P,.

In the first part of this subsection we assume ¢ > 2 and 1 < p < 2,
so (3.5) is Lipschitz. The origin is a saddle point whenever ¢ > p,, and
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it admits a stable manifold W* and an unstable manifold W*. Whenever
Py < q < p* the critical points P and —P admit a two dimensional unstable
manifold. If we rewrite (3.5) in the compact form x(¢) = f(x), we find that
div(f)= a+~ > 0. Hence, using the Poincare-Bendixson criterion, we deduce
that there are no periodic trajectories. If the system is just Holder continuous
on the coordinate axes the result still holds on each open quadrant, then it
can be easily extended to the whole R?.

We begin by stressing some elementary correspondences between systems
of type (3.5) and equation (1.2) with f(u,r) = cu|u|92. First of all observe
that a positive solution u(r) of (1.2) corresponds to a trajectory x(t) =
(x(t),y(t)) of (3.2) such that x(t) > 0. Furthermore /() < 0 is equivalent
to y(t) < 0 for t finite. Since we are just interested in positive solutions
and the prototypical problem is symmetric with respect to the origin, we
will restrict our attention to the semi-plane R? := {(z,y) | z > 0}. We will
always commit the following abuse of notation: we call unstable manifold
W (respectively stable manifold W*), the branch of the invariant manifold
which departs from the origin and enters in R?.

3.1 Remark. There is a bijective correspondence between trajectories x(Q, t)
departing from Qe W* at t = 0 of (3.5), and the classic solutions wu(r) of
(1.2). Analogously there is a bijective correspondence between trajectories
x(Q,t) departing from Qe W* at t = 0 of (3.5) and solutions u(r) of (1.2)
having fast decay, that is u(r) > 0 for r large and lim, u(r)r% =A>0.

This is a dynamical interpretation of some well known results. The va-
lidity of this asymptotic estimate relies on some integral manipulations, see
[8] and [18] for a detailed proof.

To analyze equation (1.2) with this strong assumption is enough to use
the Pohozaev identity, see [12, 14]. Namely if u(r) is a classic solution we
can define the following Pohozaev function

=P n- / / -2 p_l / % ’u(s)‘q
P,(r)=——=r"""u(r)u'(r) | (r)|P = + r"——u'(r)|P + ="
() == (r)u'(r) ' (r)] S P+ ot

It can be proved easily that the following useful equality holds

0 n— —p*

9 pr) = n=p)g—p )Tn,u‘q_

or Pq
Therefore P,(r) is monotone increasing if p < ¢ < p*, it is constant if ¢ = p*,
and it is monotone decreasing if ¢ > p*. Then we go back to system (3.5)
and we introduce the following function:

_ 1 q
H(z,y) = Pa(e)elott = (P L= L) 5 ol
p q
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Figure 1: A sketch of the phase portrait for the autonomous system (3.5)
when ¢ > 0, 1 < p <2 and ¢ > 2. The figure 1A shows the stable and the
unstable manifold W* and W* when p, < ¢ < p* while 1B shows them in
the case ¢ < p., including the case p. = oo (that is n < p). The solid curve
S indicates the set {(x,y) | x > 0 H(z,y) = 0}.

The level set of this functions are closed bounded curves and the set
{(z,y) | H(z,y) = 0} contains the origin. Consider the solution (x(t),y(t))
corresponding to a classic solution u(r). Since for any ¢, H(z(t),y(t)) is
negative if ¢ > p*, it is positive if ¢ < p* and it is 0 if ¢ = p*, we can give a
sketch of W* and W* as in Figure 1, see [7] and [8] for details.

We collect now some known results which follows from an analysis of the
picture and from Remark 3.1.

3.2 Remark. When p < g < p* all the classic solutions u(d,r) of (1.2) are
crossing solutions. Moreover there is a monotone increasing sequence of
values Ry(d) — oo such that u(d, Rg(d)) = 0.

If we assume p < g < p, then Eq. (1.2) admits uncountably many S.G.S.
with fast decay v(r), that is v(r)r*e = P, > 0 as r — 0, v(r) > 0 for any
r > 0, and lim,_v(r)r»t = A > 0. Furthermore there is exactly one
S.G.S. with slow decay v(r) = P,r~%.

3.3 Remark. Fix Q€ W™ and consider two solutions u(a,r) and u(b,r) of
(1.2), corresponding respectively to X(Q,¢) and X7(Q,¢). Since (3.5) is
invariant for translations in ¢t we have X(Q,t) =X"(Q,t) for any ¢t € R.
So if b = aexp(ar) then u(b,r) = u(a,rexp(r))exp(ar). It follows that
Ry(d) — 0 as d — oo and Ry(d) — oo as d — 0.

Furthermore if X7(t) = (X7 (t),Y7(¢)) is a trajectory of (3.5) with ¢ =1,

then X7 (t) = (kfizq(fl), kmﬁ;f@_p)) is a trajectory of (3.5) with ¢ = k.

We want to analyze now the phase portrait of system (3.5) removing the
restriction 1 < p < 2 and ¢ > 2. In such a case the system is just Holder
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continuous on the coordinate axes, thus local uniqueness of the solutions and
continuous dependence on initial data is not a priori ensured. Our first pur-
pose is to construct an unstable set, but we cannot anymore rely on standard
invariant manifold theory, due to the lack of regularity of the equation. To
face this difficulty it is useful to put the problem in a abstract framework.
Consider the equation

x = f(x,1), (3.6)
where x€ R?, t € R. We embed the equation in the following one parameter
family of equations obtained adding the translation parameter 7 € R:

x =f(x,t+ 7). (3.7)
First we need the following Lemma proved in [20].

3.4 Lemma. Let R C R? be a closed set homeomorphic to a full triangle.
We call the vertices O, A and B and 0, @, b the edges which are opposite to
the respective vertex. Let S C R be a closed set such that c NS # (0, for any
path ¢ C R joining @ with b. Then S contains a closed connected set which
contains O and at least one point of o.

We want to apply Lemma 3.4, to construct a stable and an unstable set
for our equation.

3.5 Lemma. Consider equation (3.6) and assume that f is continuous in
both the variables and bounded, and that it is locally Lipschitz continuous for
any t and any z€ R*\ {O}. Consider a closed set R defined as in Lemma
3.4 with the same notation for edges and vertices. Assume that there are no
invariant sets in the interior of R. We denote by a = a\ { O}, by b = b\ {0}
and by o =0\ {A, B}.

Assume that the flow on o points towards the exterior of R, while on a
and on b it points towards the interior of R, for any t < M, for a certain
M € R. Then, for any T < M, there is a closed connected set W" (1) joining
O and a point Q“(7) € o defined as follows:

W) ={QeR|IT>—-oc0:2"(Q,t) € R forT <t <0 and
tEI:/I“lf ' (Q,t) = O}.
Analogously assume that the flow on o points towards the interior of R, while
on a and on b it points towards the exterior of R for anyt > N for a certain
N € R. Then, for any T > N, there is a closed connected set W*(1) joining
O and a point Q°(7) € o defined as follows:

Wor):={QeR|IT <oo:2"(Q,t) e R for 0 <t <T and

lim 27(Q.1) = O}.
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Note that f(x,t) need not to be Lipschitz on O therefore a priori we may
lose local uniqueness of the solution passing trough the origin.

Proof. We just sketch the proof: see [10] for more details. We want to apply
Lemma 3.4, therefore consider a continuous path o : [0,1] — R such that
0(0) € a and o(1) € b. Fix 7 < M; we want to prove that there is s € (0,1)
such that o(s) € W*(r). Consider a point Q € R\ W*(r). Since in the
interior of R there are no invariant sets, we can find 7(Q) < 0 such that
x"(Q,t) € R for any T'(Q) <t < 0 and x™(Q,7(Q)) € aUb. Let us define
the following subset of R

a:={QeR\ {0} |x'(Q.T(Q) € a}
3:={QeR\ {0} |x'(Q.T(Q) € b}

Using the continuity of the flow we can prove that @ and 3 are open in R.
Then we can define the set

a:={se0,1]|o(s)eca}l B:={se[0,1]|a(s) €[}

From the continuity of o we deduce that these sets are open in [0, 1]. Fur-
thermore they are both nonempty, since 0 € o and 1 € (3, so they disconnect
[0,1]. Thus there is s € (0,1) such that o(s) € W*(7). Therefore we can
apply Lemma 3.4 and conclude that W*(7) is a closed connected subset of
R which joins O and o. Reasoning in the same way we can prove the claim
concerning W*(7). O

Using the flow we can construct an unstable and a stable set W**(7)
for any 7, as follows: fix 7* < M and 7° > N, then we give the following
definitions:

Wh(r) ={P=x"(Q,7—7") | Qe W"(r")}
We(r) = {P=x"(Q,7—7°) | Q € W*(*)}.

Note that if Q € W*(r) then there is T such that lim; .7+ x"(Q,t) = O,
while if it is in W#(7) there is T  such that lim, .- x7(Q,t) = O. However
if 7 > M we cannot anymore say that W*(7) C R and if 7 < N we cannot
say that W#(r) C R. Using the flow we can also construct global stable and
unstable sets.

It can also be proved that the sets W*™*(7) vary continuously with respect
to 7. More precisely, given two compact sets X, Y C R? we define the
Hausdorff distance

D(X,Y):= maXxEXminy€Y|y —x|.
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We claim that D(W*(7), W*(r +€)) — 0 as ¢ — 0. A proof of this fact can
be find in [10]; we will not repeat it here since we will not actually use this
result in this paper.

If systems (3.6) and (3.7) are C' and uniformly continuous in the ¢ vari-
able, then it can be proved that W*#*(7) are C! manifolds, see [17] and [11].

Now we apply Lemma 3.5 to construct a stable and an unstable set for the
autonomous equation (3.5), when either 1 < ¢ < 2 or p > 2. Note that the
flow on the z positive semi-axis points towards the 4*" quadrant. Thus we can
find a regular function L : Rj — Ry such that L(0) = 0 and which satisfies
the following property. Consider the set 05 = {(z,L(z)) | 0 < z < P,/2}
and the set

S={(z,y) | 0<z< P,/2 and L(z) <y < 0}.

We choose L so that the flow of (3.5) on 95 points towards the exterior of
S.

Let us denote by Q the point (P,/2, L(P,/2)) and by Qs the point of
intersection between the isocline # = 0 and the line x = P, /2. Let us call
C the open segment of the isocline x = 0 between the origin and Q. Note
that the flow of (3.5) on C' points upwards (here and later we think of the
x axis as horizontal and of the y axis as vertical). Consider now the set
E enclosed by 05, C' and Q; Q2. Note that the flow on S and C points
towards the interior of E, for any t. Therefore using Lemma 3.5 we know
that there is at least one point Q € Q; Q2 and a value 7" > —oo, such that
x(Q,t) € E for any T' < t < 0, and lim; 7 x(Q,t) = (0,0). We claim that
T = —o0. In fact assume for contradiction that 7' > —oo, then R = T > 0.
Consider the solution u(r) of (1.2) corresponding to x(Q,t). It follows that
u'(r) < 0 < u(r) for r in a right neighborhood of R and u(R) = 0, but this
is a contradiction, so the claim is proved.

Let us define W* := {x(Q,t) | t € R}. Note that W is a one-dimensional
manifold. It is well known that, if u(r) is a solution of (1.2) such that u(r) > 0
for r small, then either u(0) = d < oo for a certain d > 0 (classic solution),
or lim, . u(r)r* = P, (singular solution). Furthermore the solution of the
Cauchy problem (1.2) with u(0) = d and «/(0) = 0 is unique. Using the
t-invariance of the system it can be seen easily that each classic solution
corresponds to a trajectory x(Q,t) of (3.5) such that Q € W™ and viceversa.
Therefore we deduce that W*(7) = W* for any 7 and that W"(7) is a one-
dimensional manifold. Recall that, if (3.5) is C' (that is 1 < p < 2 and
q > 2), this result follows directly from invariant manifold theory.

Now assume that ¢ > p,: this condition guarantees that v < 0 and the
existence of the critical point P. It is well known that a solution u(r) such
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Figure 2: Construction of the unstable and stable sets W**(7) for the non
autonomous system (3.2).

n—p

that lim, _.u(r) = 0 and u(r) > 0 for r large, is such that either w(r)r»=1
has positive finite limit or lim,_u(r)ra# = P, > 0. In the former case the
corresponding trajectory of (3.5) has the origin as w-limit set, in the latter
it has the critical point P as w-limit set. Some integral manipulations are
needed to obtain the correct value of the rate of decay, see [8]. Reasoning as
above we can construct a stable manifold W? for the origin. From some ele-
mentary dynamical considerations it can be seen also that singular solutions
of (1.2) correspond to trajectories x(t) having the critical point P as a-limit
set.

Now, repeating the proof made in the regular setting, it can be proved
that W*" and W* are shaped as sketched in Fig. (1) also when p > 2 or
p < q < 2. So the results of Remark 3.2 hold also in this case.

We briefly consider the case in which p < ¢ < p.. Note that v > 0,
therefore the origin is an unstable node and it is the only critical point of the
system. Once again from the Poincare-Bendixson criterion we deduce that
there are no periodic trajectories. Using again the Pohozaev identity it can
be shown that all the classic solutions of (1.2) correspond to a 1-dimensional
manifold, say again W*, similar to the one of the ¢ > p. case, see fig. 1B

3.6 Remark. Consider a trajectory x7(Q,t) of (3.5) where Q € W*. There
is S(1) € W" such that x7(Q,t) = x(S(7),t + 7). Denote by u(d,r) the
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classic solution corresponding to x(S(7),t). Then, if we fix Q, we have that
S(7) — O and d — 0 as 7 — oo, while |S(7)| — 00, and d — 00 as 7 — —o0.

3.2 The regular case: 1 < p < 2 and f(u,r) Lipschitz
continuous

Assume that conditions FO and F1 are satisfied; we want to prove now that
I~ contains an unbounded interval. In this subsection we make some further
technical assumptions that will be removed later on. Namely we assume that
f(u,r) is locally Lipschitz continuous with respect to the u variable also when
u =0 and that 1 < p < 2. Here and later ¢ is the parameter defined in Hyp.
F0. In this subsection we consider (3.2) with [ = ¢ and leave the subscript
unsaid. It follows that (3.2) is locally Lipschitz and that it is uniformly
continuous in the t variable for ¢ < 0. Let €2 be a small neighborhood of the
origin; using invariant manifold theory for non-autonomous system, see [18],
we can construct a local unstable manifold defined as follows

Wi() == {Qe Q| lim x7(Q.0) = (0.0)}.

Furthermore W*(7) depends smoothly on 7. Then using the flow we can
construct a global unstable manifold as follows

WH(r) :={P =x(Q,1) | Q € Wig.(r —1), teR}

Obviously if u(r) is a classic solution of (1.2) it corresponds to a trajectory
x7(Q,t) such that Q € W*(7) for a certain 7. It can be proved that also
the converse holds. More precisely the following Remark holds, even if the
regularity Hypotheses are not satisfied, see [11] for a detailed proof.

3.7 Remark. Assume that Hyp. FO is satisfied. There is a bijective corre-
spondence between trajectories x7(¢) of (3.2) which have O as «a-limit set
and the classic solutions u(d,r) of (1.2).

Now we are ready to state one result which plays a key role in the whole
analysis. Here we make some restrictive assumptions that allow us to give a
simpler proof. In the next subsection we will give a more technical proof that
works in a more generic setting. However we think it is worthwhile to start
from this simpler framework in which there are less technical difficulties, and
from which the reader can get the main point of the proof.

3.8 Proposition. Assume that 1 < p < 2 and that g(z,t) is C' for any
(x,t) € R%. Assume that Hyp. F0 and F1 are satisfied and that for any x

lim,_, w = 0. Then there exists D > 0 such that u(d,r) is a crossing
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solution for any d > D. Hence there is a continuous function Ri(d) > 0,
defined for d > D, such that u(d,r) is positive and decreasing for 0 < r <
Ry(d) and u(d, Ry(d)) = 0; moreover Ry(d) — 0 as d — oo.

Proof. Consider system (3.2) where we have added the extra variable z =
exp(t), in order to deal with an autonomous system. The technical Hypothe-
sis on the derivative of g ensures that the dynamical system obtained is Lip-
schitz continuous for z = 0 too. Note that the origin admits a 2-dimensional
unstable manifold W*" and a 1-dimensional stable manifold. The manifold
W is transversal to the plane z = 0 and the intersection of W*" with the
plane z = exp(7) is the submanifold W*(7) x {exp(7)}, where W*(7) is the
global unstable manifold defined in the previous subsection. We denote by
W¥(—00) the intersection of the C! manifold W* and of the plane z = 0; note
that W"(—o00) coincides with the unstable manifold of system (3.5) where
¢ = ayp, therefore it intersects transversally the negative y semi-axis.

Hence there is N > 0 large enough so that W*(7) intersects the negative
y semi-axis in a point Q(7), for any 7 < —N. Thus, for any 7 < —N the
trajectories x7(Q(7),t) of (3.2) have O as «o-limit point, are in R for any
t < 0 and cross the negative y semi-axis at ¢ = 0; so the corresponding
solution u(d(7),r) of (1.2) is a crossing solution. Note that d(7) is well
defined for 7 < —N since Q(7) is uniquely defined. From Lemma 2.3 it
follows that its inverse 7(d) is well defined and it is continuous. To conclude
the proof of Proposition 3.8 we still need to prove that R;(d) is continuous
and tends to 0 as d tends to oo.

Follow the unstable manifold W*(r) from the origin towards the R?%
semi-plane. Denote by U(7) = (U,(7), U, (7)) the first intersection between
the isocline © = 0 and W"(7) for —oo < 7 < —N. Let us denote by
t = T(r) > 0 the value of ¢ such that x"(Q(7),—t) belongs to & = 0,
thus x7"(Q(7),—1'(7)) = U(r — T(7)). Note that T'(7) is well defined and
continuous for any 7 < —N and that lim, ., 7T(7) = T(—oc) which is
positive and bounded. Now, recalling that u(d(7),r) is decreasing in r for
r < exp(r — T'(1)), when 7 is sufficiently large we get the following:

U (—0o0)

d(1) > u(d(7),exp(t —T(7))) > 5

exp(—art/2)
It follows that d(7) — 400 as 7 — —oo; since d(7) is invertible also the

converse holds, namely 7(d) — —oo0 as d — +oo. Hence limy .o, Ri(d) =
exp(7(d)) = 0. O

The next step is to prove that I~ is open. It is possible to work out a
proof similar to the one given in [14] for the corresponding problem. However
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it is not completely elementary so we give here a different proof which is more
natural in this dynamical context. Once again we start with some regularity
assumption that will be removed in the next subsection.

3.9 Lemma. Assume that Hyp. F0 and F1 are satisfied. Furthermore as-
sume that 1 < p < 2 and that g(x,t) is locally Lipschitz continuous for any
(z,t) € R?, then I~ is open.

Proof. Assume that d € I~, and consider a sequence dp — d; we want to
prove that d, € I~ for k large. Fix [ = ¢, where ¢ is the constant given in
Hypothesis F0, and consider the trajectories X (dy,t) of (3.2) corresponding
to the solutions u(dy,r) through (3.1). Fix 0 < Ry € J(d) and denote by
To = In(Rp). From Lemma 2.3 we know that for any € > 0, we can find
N > 0 large enough such that Ry € J(dx) and |u(dy, Ro) — u(d, Ro)| +
v/ (dy, Ro) —u/(d, Ry)| < € for any k > N. Therefore, for any k > N, we have
1X(dy, Tp) — X(d, Tp)| < eR§™.

We know that there exist 77 = In(Ry) and T3 > Tj such that X(d,T}) be-
longs to the negative y semi-axis, and X(d, T) is in the 3" quadrant. Since
(3.2) is locally Lipschitz for any ¢, the solutions of system (3.2) depend con-
tinuously on their initial data in each compact subset. So, using a continuity
argument, we find that X (dy,t) is in the 3" quadrant for ¢t = T, and k > N.
Hence X(dj, t) has to cross the y negative semi-axis for some t = T'(k) < Ty.
Thus u(dg,r) is a crossing solution and dy € I~ for k large; hence I~ is
open. ]

Now we are ready to prove one of the main result of the paper. We have
seen that there is ¢ > A such that I~ D (¢,00) and ¢ ¢ I~; we want to prove
that u(c,r) is a ground state. Again some of the Hypotheses needed are just
technical and will be removed in the next subsection.

3.10 Proposition. Assume that Hyp. FO0, F1 and F2 are satisfied. Fur-
thermore assume that 1 < p < 2, that f(u,r) is locally Lipschitz on both
the variables, and that lim,_ dg(%;(z))

decreasing ground state.

= 0. Then u(e,r) is a monotone

Proof. First of all we know that u(c,r) is positive and decreasing for any
r < Re, thus lim, g, v/ (¢,r) = 0 and L(c) > 0. If L(c) = 0 we have that
u(e,r) is a ground state (with compact support if R. < oo or everywhere
positive if R. = co) and we are done, so we can assume L(c) > 0. Suppose
at first that R. < oo. Fix ¢ > 0 small and choose d = ¢ + ¢; from Lemma
2.3 we deduce that Ry — R. as € — 0. Consider system (3.2) where [ = ¢
and the solutions x(¢; t) and x(d; t) corresponding respectively to u(c, r) and
u(d,r). Denote by Q(c) = x(¢;In(R.)) and by Q(d) = x(d;In(R,)). Since
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d € I~ it follows that Q(d) is in the negative y semi-axis, while Q(c) is in
the x positive semi-axis, since %u(c, R.) = 0. But using Lemma 2.3 and the
continuous dependence on initial data in the open 4% quadrant, it can be
shown easily that Q(d) — Q(c) as € — 0. Thus there is a trajectory x(c*;)
where ¢* € (¢, d) such that lim;_ng,.)x(c*;t) = (0,0). But this implies that
L(c¢*) =0, thus ¢* € I, a contradiction. So we can assume R, = 0.

Assume for contradiction that L(c) > 0, then u(c,r) > L(c) for any r.
Set again d = ¢ + ¢; from Lemma 2.3 we deduce that for any R > 0 we
can find €(R) > 0 such that |u(d, R) — u(c,7)| < L(c)/2. But u(d,r) is a
crossing solution, thus, eventually choosing a larger R and a smaller ¢ we
have 0 < u(d, R) < L(c)/2. Hence

u(e, R) <wu(d,r) + |u(d, R) — u(e,r)| < L(c)

a contradiction. Thus L(c) = 0, so u(c,r) is a monotone decreasing ground
state. [l

3.11 Remark. In the next subsection we will remove the Hypotheses that
guarantee the local uniqueness of the trajectories of (3.2) which cross the
coordinate axes. Note that these Hypotheses are needed just to prove that 1~
contains an unbounded interval (Proposition 3.8) and that it is open (Lemma
3.9). This assumptions are not necessary to prove either that A ¢ I~ or that
if (¢c,00) C I~ and ¢ € I~ then u(c,r) is a monotone decreasing ground state.

3.3 Non regular setting

Now we give a different proof of Proposition 3.10, without using regularity
assumptions. We need to overcome some difficulties related to the lack of
local uniqueness and of continuous dependence from initial data of system
(3.2). Namely we cannot use anymore invariant manifold theory, but we need
to construct stable and unstable sets using Lemma 3.5.

3.12 Theorem. Assume that Hyp. FO and F1 are satisfied. Then there
exists D > 0 such that u(d,r) is a crossing solution for any d > D. Further-
more we have limy_,, Ri(d) = 0.

To prove the Theorem we need some Lemmas. From Hyp. FO we deduce that
for any € > 0 we can find M(e) > 0 and §(¢) > 0 such that | f(u,r)—au?™!| <
eud=! for any u > M and 0 < r < 4.

Assume that Hyp. F1 is satisfied and choose a positive constant M > B,
where B has been defined in Remark 1.1. Consider a solution u(d, ) where
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d > M; from Lemma 2.1 we know that until u(d,r) > M and r < v we have
uw'(d,r) < 0. We can assume 0 < v without losing of generality; let us define

(d) = sup{b € [0,6] | u(d,r) > M for any r € [0,b)} if d> M,
Y0 if d < M.

For any € > 0 we can find M > 0 such that
[f(ul(d, r),7) — agulu|*™?| < e|u(d, )" (3-8)

for d > M and 0 < r < p(d). We construct now the following auxiliary
function

- ) f(u,min{r,d}) ifu>M
flur) = {UJ\ZE 12|f(M min{r,d}) fu< M (3.9)

Note that f(u,r) satisfies (3.8) for any u and r. We denote by g(z,t) the
function obtained replacing f by f in (3.3); we will consider at first the non
autonomous system (3.2) where g = g(x,t).

3.13 Lemma. Consider system (3.2) where g = g(x,t). For any T € R there
is a trajectory x(t) = (x(t),y(t)) such that lim,—,_z(t) = (0,0), y(t) <0 <
x(t) for any t < 7 and x(1) = (0,Y(7)). Furthermore there is ¢ > 0 such
that Y (1) < —c for any 7 € R.

Proof. From (3.8) and (3.9) it follows that, for any ¢ € R, we have
(ag — €)z|z|"? < g(w,t) < (ag + €)z|z|>.

We want to prove the existence of an unstable manifold W*(7) for the non
autonomous system, and to show that it crosse the y axis. We cannot rely
on standard invariant manifold theory, due to the lack of regularity of (3.2).
Hence we look for a positive invariant set in order to apply Lemma 3.5. To
construct this set we perform a technical analysis on the phase portrait see
Figure 3.

We denote by W{* and W3' the unstable manifolds of system (3.5) where
respectively ¢ = a9 — € and ¢ = ap + €. Analogously we denote by W}
and W5 the stable manifolds of system (3.5) where respectively ¢ = ag — €
and ¢ = ag + €. We recall that these manifolds have been constructed in
subsection 2.2 without asking (3.5) to be locally Lipschitz on the coordinate
axes. We denote by A, B, A’, and B’ the first intersection respectively of
Wi, Wy, Wi and W3 Wlth the isocline & = 0. We denote by W, W, W,
W3 respectively the segment of W, W3', W7, W3 between the origin and
A, B, A’, B’. Now consider the trajectories X;(t) of (3.5) where ¢ = ag + ¢
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Q2 |

Figure 3: Construction of the crossing solutions for (1.2).

departing from A and Xs(t) of (3.5) where ¢ = ay — € departing from B.
If € is small enough we can assume that A and B are on the right with
respect to A’ and B’. So there are 77 > 0 and T3 > 0 such that X;(¢) and
X, (t) intersect the negative y semi-axis resp. at t = T} and at ¢t = T,. Note
that V3 = {X4(t) | 0 <t < Ti}, and Vo = {Xu(t) | 0 < ¢t < T} are such
that Vi, NV, = 0. Let us call 0F;, = WI“ UV, and 0Fy = WQU U V5 and
OF = (0F, U O0E,)\{O}. We denote by Q; = X;(71) and by Q2 = Xu(T3).
Let E be the closed subset of R? enclosed by OE and Q; Q..

We go back to the non-autonomous system (3.2). We claim that the flow
on OF points towards the interior of E for any ¢t € R. We recall in fact that
W is a subset of the graph of a trajectory X;(Q,t) = (X1(Q,1),Y1(Q,1))
of (3.5) where ¢ = ag — € and Q= (Q,,Q,) € W Consider the trajectory
X"(Q, ) of (3.2), then 2X,(Q,0) = 2X7(Q,0) and

%E(Q, 0)— %YT(Q, 0) = §(Qu, 7) — (a0 — €)|Q|" " > 0 for any 7 € R.

Thus the flow on Wlu points towards the interior of £. Reasoning similarly
the claim can be proved for the whole OF.

Assume at first that ¢ > 2 so that the system is locally Lipschitz on the y
axis. Then, using Lemma 3.5, for any 7 € R, we can construct the unstable
set

We(r):={Q e E|X"(Q,t) € E for any t <0 and tlizn X"(Q,t) = O}.

(note that if the system is

Hence there is a point (1) € W (1) N Q,Q,
=W (1) N Q,Q,). It follows that

Lipschitz W*(7) is a manifold and {{(7)}
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X7(&(7),t) is in E for any t < 0 and it crosses the y negative semi-axis at
t = 0. The corresponding solution u(d, r) of (1.2) is such that u(d,r) > 0 for
0 <r < Ry(d) = exp(7), and u(d, Ry(d)) = 0. Therefore u(d,r) is a crossing
solution.

When the system is just holder continuous on the y axis the continuous
dependence on Q; Qs is lost so we have to modify slightly the proof. Fix
p > 0 small and consider {Q,;(p)} = Vin{(p,y) | y < 0}, fori = 1,2. We
call OF;(p) the subset of OF; between the origin and Q;(p), for i = 1,2. Let
E;(p) be the subset of E enclosed by 0F1(p) and 0Fs(p) and the rectilinear
segment Q,(p)Q,(p). Then, repeating the argument above, we find a point
£"(p,7) such that x(£“(p,7),t +7) € E(p) for any t < 0. Then it can be
seen easily that there is 7" > 0 such that x(£"“(p, 7),t + 7) intersects Q; Qq
at t = T, since it cannot cross OE; and JF;. Set Q, = (0,Y;) for i = 1,2;
we conclude the proof by observing that, by construction we can find ¢ > 0
such that —c < Y5 < Y]. O

From the previous Lemma it follows that all the classic solution u(d,r)
are crossing solutions. We denote by R;(d) the first zero of u(d,r). We need
the following Lemma.

3.14 Lemma. Consider a solution u(d,r) of equation (1.2) where f(u,r) is
the function f = f(u,r) defined in (3.9). Then we have limy_. Ry(d) = 0.

Proof. From the previous Lemma we know that each solution u(d,r) is a
crossing solution. Consider the solution u(d,r) and the corresponding tra-
jectory X7 (&(7),t): the function 7(d) is then well defined. From Lemma 2.3
it follows easily that 7(d) is continuous. We want to show that 7(d) — —oo
as d — oo. However £(7) is not uniquely defined, thus the inverse function
d(7) may not be well defined. So we cannot simply repeat the reasoning of
Proposition 3.8.

Fix d > 0 and consider the solution u(d, ), ui(d,r) and uy(d,r) respec-
tively of the space dependent equation where f = f, and of the space inde-
pendent equations where f = (ag — €)ulul|?? and f = (ag + €)ujul|?™2. Let
us denote respectively by X(d,t), X;(d,t) and Xs(d,t) the corresponding
trajectories of system (3.2) and (3.5) and by 7(d), 71 (d) and 73(d) the value
of ¢ at which the trajectories cross the y axis. From Remark 3.3 it follows
that 7;(d) — —oo as d — oo, for i = 1,2 and that the functions 7;(d) are
invertible. We take d large enough so that 7;(d) < 0. It can also be shown
that TQ(d) <7 (d)

We recall that B= (B,, B,) is the first intersection between W3 and the
isocline & = 0; we denote by C the intersection between W and = = B,.
We denote by T'(d), T1(d) and T5(d) the value of ¢ for which the trajectories
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intersect BC. We claim that uy(d,r) < u(d,r) < ui(d,r) for any r <
exp(Ti(d)) and that Ti(d) < T'(d) < Ty(d) < 0. In fact let us denote by
ro = sup{r > 0|uz(d,r) < u(d,r)} and by t, = In(r) and assume for

9

contradiction that ty > 7' = min{7'(d), To(d)}. Then Xy(d,ty) = X(d,to)
and Y (d, to) > Ya(d, to); hence X (d,to) > Xs(d,ty), a contradiction, thus
u(d,r) > uy(d,r) for any r < exp(T). Then it easily follows that T(d) <
T5(d). Reasoning in the same way we can prove that u(d,r) < uy(d,r) for
r < exp(7Ti(d)), so that we find T1(d) < T'(d) < Ty(d). Note that T;(d) —
—o0 as d — oo, for i =1, 2.

Let us denote by T'(d) = 7(d) — T(d), Ti(d) = 7;(d) — Ty(d), for i = 1,2.
In fact T1(d) and Ty(d) are independent from d, they are both finite and
Ty(d) > Ty(d), see Remark 3.3. From a continuity argument it follows that
0 < T(d) < 2Ty(d), if € > 0 is small enough. Hence 7(d) = T(d)+7(d) — —oc0
as d — o0o. So we find that any solution u(d,r) is a crossing solution and
its first zero Ri(d) = exp(7(d)) is such that Ry(d) — 0 as d — oo and
Ri(d) — 0 asd — 0. O

Now we want to prove these two Lemmas for the original system (3.2).
Once again the proof is technical and it involves the construction of some
barrier set. However the underlying idea is that our dynamical system must
be close to the autonomous dynamical system (3.5) where ¢ = ay.

Proof of Theorem 3.12 Fix p > 0 small and consider the trajectory
x™%(p,t) of (3.4) such that x™*(p,0) = &“(p,T), where {“(p,7) € R% has
been defined in Lemma 3.13. Denote by N = min{In(v),1In 2} and fix
7 < N. Consider the solution u(d,r) of (1.2) corresponding to the trajectory
x"%(p,t); clearly d depends on p and 7. Observe that v/ (d,r) < 0 for any
0 <r <exp(r) and

u(d,e™) = 27"(p,0)e"*" = pe~*T > pe~ N > M.

Therefore u(d,r) > M for any 0 < r < exp(7). It follows that f(u(d,r),r) =
f(u(d,r),r) for r < exp(7) and g(z™%(p,t),t +7) = g(a™"(p,t),t + 7) for
any t < 0. We can repeat this argument for any 7 < N and correspondingly
for any wu(d,r) where d > D for a certain D > 0. Therefore, for any d >
D, the solutions wu(d,r) of the original problem coincide with the ones of
the modified problem in the interval [0,exp(7)]. Hence the corresponding
trajectories x™%(p,t) of (3.2) are such that x™*(p,t) € E(p) for any ¢t < 0
and x™"(p,0)=£(p, 7), see Fig. 3.

Now we want to show that x™*%(p,t) has to cross the y negative semi-
axis for a certain finite ¢. We recall that Q,(p) = (p,Yi,) for ¢ = 1,2 and
Q, = (0,Y5) are the intersection of V5 respectively with the line x = p and
the y axis. We denote by Sy = (0, Y2/2). Consider the point Q,(p) = (p, Y1)
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and the intersection S; = (0,Y] ,) of the line y = Y] , with the y axis. Observe
that Y7 , < Y3, < Y5 < 0 and denote by B the quadrilater whose vertices are
S1,Q;(p), Sy and Q,(p). Note that the flow on S; Q;(p) points towards the
interior of B.

Denote by m(p) = (Ys, — Y2/2)/p. We can write the segment Sy Qa(p)
as follows

S2 Qa(p) = {(z,y) [y =mlp)r +Y2/2, 0<x<p}

Note that m(p) — —oo as p — 01, Let us denote by —C' = min{ f(u,r) |u >
0, 0 < r < wv}; note that

g w—glet) Vel O
i azr— 7D T /2 —ap T

whenever 0 <t < In(v), 0<az <p and Y;, <y < Y5/2. Eventually
choosing a smaller p (and correspondingly a smaller exp(N) and a larger D),
we can assume m(p) < m*. Thus the flow on Sy Q2(p) points towards the
interior of B, too. Since & is strictly negative in B, eventually choosing a
smaller p, we can conclude that the trajectory x(£7%(p),t + 7) crosses the
axis after a positive time 7" and it is in B for 0 < ¢t < T'. Furthermore 7" — 0
as p — 0.

Consider now the solution u(d, ) corresponding to x(£7%(p),t); we have
proved that there is Ry = exp(T+7) such that u(d, r) is positive and decreas-
ing for 0 <r < Ry and u(d, Ry) = 0 > u/(d, Ry). From Lemma 3.14 it follows
that d — 400 as 7 — —o0; so we can conclude that there is D > 0 such
that u(d,r) is a crossing solution for any d > D and R;(d) — 0 as d — oc.
O

Note that we have also implicitly proved the following.

3.15 Remark. Consider the non autonomous system (3.2) and the set £(7)
obtained intersecting W*(7) and the y axis. We can find N > 0 and ¢ > 0
such that, for any 7 < —N, &(7) = (0,Y (7)) € £(7) we have Y (1) < —C.

Now we want to adapt to the non regular setting the proof of Lemma 3.9,
in order to weaken the Hypotheses.

3.16 Lemma. Assume that Hyp. FO and F1 are satisfied, then I~ is open.

Proof. Assume that d € I—, and consider a sequence d, — d; we claim
that dp € I~ for k large. As in Lemma 3.9 we fix [ = ¢ and consider
the trajectories X(d,t) and X(dy,t) of (3.2) corresponding respectively to
the solutions u(d, r) and u(dy,r) of (1.2). Again we fix Ry € J(d) N J(dy),
for k large, and we denote by Ty = In(Rp) and by 77 = In(Ry(d)). We
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choose p > 0 so that x(Ty) = 2p. We can find K > 0 large enough so that
X (d, Ty) — X(dg, Tp)| < p for any k > N. Thus X(dy,Tp) € B(X(d, Tp), p),
where B(X(d,Tp), p) is the ball of radius p centered in X(d,Ty). We recall
that continuous dependence on initial data is lost for trajectories crossing
the y axis, but it still holds in compact subsets of the open 4" quadrant. We
know that X(d,t) has to cross the y axis transversally at ¢ = 77, since the
flow of system (3.2) is transversal to the open negative y semi-axis. Using
this observation and reasoning as at the end of the proof of Theorem 3.12,
we can show that each trajectory of (3.2) passing through B(X(d,Tp), p) at
t = Tp, has to cross the y negative semi-axis too. Therefore u(dy,r) is a
crossing solution and di € 17, so the Lemma is proved. ]

Now we have proved that there is ¢ ¢ I~ such that (¢,00) C I~. Using
this fact, Proposition 3.10 and Remark 3.11, Theorem 2.8 follows.

4 Singular Ground States

We want to prove now the existence of uncountably many S.G.S. For this
purpose we have to analyze the trajectories having the origin as w-limit set
and to follow them backwards in ¢. The first step is to construct the stable
set W*. Assume at first that 1 < p < 2 and consider a non-linearity f(u,r)
of type (1.3), and ¢; > p. = p(nnf;l), where the functions k;(r) converge to
a finite value as r — oo. We apply the change of variables (3.1) where
| = ¢ and we consider system (3.2). Assume also that ¢; > 2 and observe
that (3.2) is locally Lipschitz and uniformly continuous with respect to ¢,
for ¢ > 0. Furthermore note that the origin is a critical point for any ¢.
Thus, using invariant manifold theory for non-autonomous systems, we can
construct stable manifolds W#*(7) for any 7, see [18], [9], [11]. Here we use
a different approach, relying on Lemma 3.5. This allows us to remove the
technical assumption on p and to consider more generic nonlinearity f(u,r).
We just assume that Hyp. FO and F1 are satisfied, so that Theorem 3.12
holds.

We begin by proving a result concerning the asymptotic behaviour of
positive solution u(r) as r — 0. Consider the autonomous system (3.5)
where ¢ is the parameter defined in FO, ¢ = ag > 0 and P is, as usual, the
critical point contained in the 4* quadrant.

4.1 Lemma. Assume that Hyp. FO0 is satisfied and consider a solution x(t)
of system (3.2) where l = q. Assume that there is T such that y(t) < 0 < x(t)
for any t < T, then either lim;_._ . x(t) = O or lim;_,_..x(t) = P. Moreover
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assume that we are in the former case, then the corresponding solution u(r)
of (1.2) is a classic solution.

Proof. Assume for contradiction that x(¢) is unbounded, then there is a
sequence t, — —oo such that lim, . x(t,) = +oo. It follows that for
the corresponding solution u(r) of (1.2) we have lim,,_,, u(r,) = +00, where
r, = In(t,). Since u(r) is monotone decreasing we have lim, _ou(r) = 400
and

(| ()P = fu, 7)™t > ao/2 u(r)d "

for 0 < r < R and R > 0 small enough. Therefore when 0 < r < R we
obtain

T

L u(s)?1s" s >

[/ ()P > (P +

Qo

2 r/2

> @u(r)q_l/ 5" tds
2 r/2

so that for all small » > 0 we get the following:

g—1 1

u'(r) < =Cu(r)rtrrr1

where C' > 0 is a constant. Separating the variables and integrating we find
u(r) < Cr~a», therefore () < C, a contradiction; so we can assume that
x(t) is bounded.

Assume first that there is a number § > 0 such that x(t) > 0 as t —
—oo. Consider a sequence 7,, — —oo: we have that 2™ (t) = z(t + 7,)
is uniformly bounded above and below and x™(t) satisfy (3.4) for 7 = 7,.
Once again u(r) > or~® for r small, thus lim,_u(r) = co. It follows that
% = ag. A standard compactness argument yields that
x™(t) admits a subsequence uniformly convergent on compact subsets of R
to a positive solution X¢(t) = (zo(t), yo(t)) of (3.5) where ¢ = ay. Moreover
xo(t) is bounded above and below away from zero for any t. But a phase
plane analysis shows that such a solution must converge to P as t — —o0.
This argument holds for any convergent subsequence of x™ (t), thus for the
arbitrariness of 7, we conclude that x(t) — P as t — —o0.

Now assume that there is a sequence ¢, — —oo such that z(t,) — 0
but z(t) 4 0 as t — —oo. Then we may find a second sequence t/, — —o0
such that 0 < § < z(t))) < P,/2 and y(t/)) < 0. Then, reasoning as above,
we conclude that there is a subsequence x(¢/,) which converges uniformly on
compact subset of R to a solution x¢(t) of (3.5) where ¢ = ag; moreover this
solution is such that 0 < § < zo(t) < P,/2 and y(t) < 0 for any ¢. But a phase

lim,, o0
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Ws (1)

Qs

Figure 4: Construction of the singular ground states for (1.2).

plane analysis shows that such a solution does not exist, therefore we have a
contradiction. Hence x(t) converges either to O or to P as t — —oo. Assume
the former, then the limit lim,_ou(r) exists and is positive. Assume for
contradiction that lim,_ou(r) = +oo, then lim, o f(u(r),r)/(u(r)?1) = ao.
So we can apply the asymptotic estimates known for system (3.5) to this
solution; according to [8] lim,_u(r) = 400 implies lim;,_x(t) = P, a
contradiction. Therefore 0 < lim, _ou(r) = d < co. Note now that

lim [y(0)]e” = limlu/(r)|[71r =0

thus applying De I"'Hospital rule we find

/! n—1
fmfu ()] =t O L)
r—0 r—0 rn— —o m—1
Thus u(r) is a classic solution. -

Consider system (3.2) where as usual [ = ¢, and ¢ is the parameter defined
in FO. We want to apply as usual Lemma 3.5, but we need the following
technical Lemma.

4.2 Lemma. Assume that Hyp. F0 and F1 are satisfied and consider the
isocline & = 0. There is m > 0 such that the flow of (3.2) on the subset of
the isocline = 0 where 0 < x < m points upwards, for any t € R.
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Proof. First of all we recall that along the isocline we have y = —(az)P™!,

whenever x > 0. From Hyp. F1 we know that there are a > 0 and p > 0
such that f(u,r) < 0 for (u,r) € (0,a) x (p,00). Fix t > T = In(p) and
denote by m(t) = ae*@ Yt > 0: it follows that g(z,t) < 0, for 0 < x < m(t).
Therefore along the isocline we have

= —v(az)Pt — g(z,t) >0, (4.1)

for 0 < z < m(t). We want to prove that there is m > 0 independent of
t, such that the inequality (4.1) holds for 0 < x < m. Note that m(t) =
a(et)e*@ Dt — 400 as t — 400, therefore there exists

my = min{m(t) [t > T} > 0.

We recall that for any fixed z, g(z,t) — aox|z|7? as t — —oo and (3.2)
tends to (3.5) with ¢ = ap. So (3.5) admits a critical point P=(P,, P,) and
that along the isocline £ = 0 we have yy > 0 whenever 0 < x < P,. Therefore
there exists the minimum

my = min{m(t) | —y(az)’t—g(z,t) >0 forO<z<m(t)andt <T } > 0.
So if we choose m = min{my, my} the Lemma is proved. O

We wish to stress that lim; . g(x,t) is bounded for any x € K, where K
is a compact subset of R. However lim;_,.g(x,t) = oo, for any fixed x > 0.
Now we are ready to prove Theorem 2.10. We stress that this is one of the
main contribution of the paper, since singular solutions for these families of
nonlinearities have not been detected before even for the classical case p = 2
and for spatial independent nonlinearities f of type (1.3).
Proof of Theorem 2.10.  Let us denote by B= (m,Y,,) the point of the
isocline & = 0 where x = m, and by a the subset of the isocline & = 0 where
0 < x <m. We denote by A the point (0,Y;,), by b = OA\{O} and by R
the bounded subset enclosed by a, b and Q; Q2. Note that the flow of (3.2)
on the open y negative semi-axis points towards the set {(z,y) | z < 0}, for
any t. From this fact and from Lemma 4.2 we deduce that the flow on a and
on b, points towards the exterior of R, while on the open segment Q; Q-
it points towards the interior of R, for any ¢ finite. We want to construct
a stable set but we cannot directly apply Lemma 3.5 since g(z,t) — oo as
t — +o00 so that the right hand side of (3.2) is unbounded. Let us fix 7 € R
and give the following definition

We (1) ={QeR |IT <o0:x"(Q,t) e Rfor 0 <t <T and
lim x7(Q,t) = O}.

t—T—
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We denote by E =R\ W (1) and by T(Q) = min{t > 0 | x7(Q,t) € aUb},
for any (Q € E. We denote by

a:={Qe F[x(QT(Q)) € a}, B={Qe E|x(QT(Q)) € b}

From the continuity of the flow we deduce that & is open in R. Consider
now a continuous path o : [0,1] — R such that ¢(0) € a and o(1) € b. We
define the set

a:={se€|0,1] | o(s) € a}, B:={s€0,1]]o(s) € B}.

Observe that « is open in [0, 1] and that 1 ¢ «, therefore there exists ¢ > 0
such that [0,¢) C a and ¢ € a. From a continuity argument it easily follows
that ¢ € 5. Then observing that y > 0 for any Q€ R and any ¢t > 0 it
follows that o(c) € Wy (7). Therefore we can apply Lemma 3.4 and prove
that W} _(7) contains a compact connected set joining the origin and AB.
Let us denote by W3(7) = Wi .(7) N {(z,y) |0 < z < p, }. Note that, if
p > 0 is small enough, it follows that W/f(T) is a compact connected set
and it varies continuously with respect to 7 (with the Hausdorff distance).
Abusing the notation we denote by W7 () such a set.

From Theorem 3.12 and Remark 3.15 we know that there is N > 0 large
such that for any 7 < —N we can construct a closed connected unstable
set W*(7) which joins O and a point Q(7) = (0,Y (7)) where Y(7) < —c¢
for some ¢ > 0. Furthermore W%(7) is contained in the 4* quadrant. Let
us denote by £(7) the bounded subset of {(z,y) | y < 0 < z} enclosed by
W(r). We can choose p > 0 small enough so that W3(7) is contained in
E(r) for any 7 < —N. We fix 7 < —N and choose Q° = (Q;,Q;) € W (7)
so that Q% > p/2. We consider the trajectory x7(Q*(7),t) of (3.4) and
the corresponding solution v(r) of (1.2). We want to prove that v(r) is a
monotone decreasing singular ground state.

Consider the autonomous 3-dimensional system obtained from (3.2) adding
the extra variable z = exp(t) and setting | = g.

Denote by W* = (J,___y(W"(7) xexp(7)) and by & = U,_n(E(T) X exp(7)).
Obviously the sets W* and £ are invariant for the flow in the past. It follows
that the trajectory x™*(t) = (x"(Q®(7), ), exp(t+7)) of the extended system
is forced to stay in £ for any ¢t < 0. Therefore from Lemma 4.1 we deduce
that x™(Q*(7),t) converges either to O or to P as t — —o0, so that either
v(r) is a classic solution and 0 < lim,_qv(r) = d < oo or lim, . v(r)r® = P,.

Assume for contradiction that there exists d > 0 such that v(0) = d.
Since y™*(t) < 0 for t < 0 it follows that v(r) is decreasing for r < exp(r).
Therefore, eventually choosing a larger N we find the following

d=wv(0) >z (0)r o7 > gr_m > D
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where D is the positive constant defined in Theorem 3.12. It follows that
v(0) > D and that v(r) is a ground state, but this contradicts Theorem
3.12. Therefore v(r) is a monotone decreasing singular ground state and
lim, _..v(r)r® = P,. Repeating the reasoning for any 7 < —N we prove the
existence of uncountably many solutions of this type. O

5 Appendix

Appendix A: asymptotic estimates for positive solu-
tions for r — +o0.

Now we prove the Propositions concerning the asymptotic behavior of

positive solutions. In the proofs we mix some ideas borrowed from [12] and
some dynamical systems methods.
Proof of Proposition 2.4. We begin from claim A; assume for contradiction
that u(r) > 0 for any » > R. Note that the function E(u(r)) defined in (2.1)
is monotone decreasing for r > R and that lim, .. E(u(r)) = 0. It follows
that E(u(r)) > 0 for any > R. Therefore

u(r) < —|%F<u<r>7o>|1/p.

Separating the variables and integrating for r > R we get:

u(R) —1 [T —1
/ F(s,0)["/7ds > ﬁ/p—/ is = (/=== R)
u(r) p R p

Since the right hand side of the previous inequality tends to 400 as r — oo
and the left hand side is finite we have found a contradiction. Therefore there
is Ry > R such that u(r) =0 for r > R;.

Now we prove claim B, so assume for contradiction that there is Ry > R
for which u(r) = 0 for r > R;. We can find Ry > 0 large enough so that
[Cu(s)! + f(u(s),s)]uw'(s) < 0 for any Ry < r < R;. Integrating this
inequality for r > Ry and using (1.2) we get

R R !
1 C 1 p
|u/ (r)|P +/ u” (s)u' (s)|u' ()P %ds < —u(r)™ + (n — 1)/ [w(s)] ds
r q1 r S
Hence "
p—1 , ., C n—1 / o,
— | ()P < —u(r)™ + u'(s)|Pds
p\()| q1<) R/ ' (s)]
Setting d = % and applying Gronwall inequality we obtain
C
W/ ()P < —u(r) P e =) < Mu(r)® < Mu(r)?, (5.1)

q1
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where M = ef1=Ho)C /q,. Separating the variables and integrating in [Ry, r]
with r» < Ry, we get:

u(r) r
In (“(RO)) = —/ ds / MYPdr = MVP(r — Ry)
u(r) u(Rg) S Ro

Since the left hand side tends to infinity and the right hand side is bounded
as r — Ry, we have a contradiction. Thus u(r) > 0 for any r > R.

Observe that we can rewrite (1.2) as follows (v/|u/[P=2r"=1) = — f(u, r)r"=1.
Therefore u'[u/[P~2r"~! is negative and increasing for r large. It follows that

there is lim, o, — v/ (r)?"z%i = ( > 0. Applying De I"'Hospital rule we obtain
lim, _eouu(r)r et = C% =A>0.0

Now we give a proof of Corollary 2.5. The proof of the last claim relies
on some dynamical system ideas and the results, as far as we are aware, are
new even for the prototypical case where f is as in (1.3) with ky = ky = 1.
Proof of Corollary 2.5. We begin from the first claim. Assume for contra-
diction that A = ( = 0. Then, for any ¢ > 0, we can choose 7y large enough

n—p
so that for r > o we have u(r)r»=t < ¢; hence
— /[ [P73(r) / fus"lds<C/ u(s)s" tds <

(5.2)
< qu_l/ 8 —1- (ql l)p 1d8 < 61,,,. Sl7

where €; is a small positive constants and S; = Mlp("l), note that
S > 0 if and only if ¢ > p.. Assume at first that 1 < p < 2 and that
f(u,r) is uniformly continuous for r large, so that system (3.2) obtained
setting [ = ¢; is Lipschitz and uniformly continuous for ¢ large. As usual we
consider | = ¢ fixed in (3.1) and leave unsaid the subscript. Consider the
solution x(t) = (z(t), y(t)) corresponding to u(r). Observe that x(t) — (0,0)
as t — +oo and that v < 0 since ¢; > p.. Using invariant manifold theory
for non-autonomous system it can be shown that, for any ¢ > 0, we have
limy oo [y(t)]| exp((—v + €)t) = 400, see [17]. But, if we choose ¢ < S; and
let t — oo we have

e e

This is a contradiction and the claim is proved. If p > 2 we cannot rely
anymore on invariant manifold theory.
However from (5.2) we find

T 1 r n—14+S5 - 1 _1 n—p+S
u(r) = / u'(s)ds < el / sT 1 = p—weg’lr_ = (5.3)
00 0o n—p 1
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_ (=t /-7 : -
where € = (556 . Plugging (5.3) in (5.2) we find that for

r > ro we have

51— 1=t So

[/ (r) [P < e =1 = €or

Iterating the reasoning k times we find u(r)®~! < e,r~°F where

-1
S = Ser [1+ - 1] == St (@ - D/ - D
i A L 5 < () VE
€ = ( Ek_ln e Sk_1> < (Ek—1> < (61)

Note that ¢, — 0 and S, — oo as k — oo. Hence we get

—g(a:,t)e_“/t < vaeku(,,ﬂ)’fh—lroz(lh—l)—’y < rnf%(nprrSk) _ e_gkt,

where S), = ]‘i%}(n —p+ Sg) —n >0, if k is large enough. Now recall that
y(t) = yy(t) — g(x(t),t). Thus using the variation of constants formula for
t >ty we get

t efgkt() _ G*S‘kt
ly(6)]e™" =ly(to)e™" + / e g(a(s), 8)ds > ly(to)le ™" — ———5——.
to k
hence
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(¢l =lim o (7)1t = D [y(£)]e " > (Jy(to)| = ——5——)e "
r—00 —00 1

e(*5k+’ﬂt0

Note that |y(to)| — “—
positive, a contradiction.

Now we consider the second claim; we begin assuming that n < p, so
that ¢; < p, = co. Assume for contradiction that ¢ > 0. We have seen that

> 0 if k£ is large enough; hence A and ( are

lim,«aoou’(r)rZ%i = —(, so we can assume that u/(r) > —2(7’;%1 for r large.
Integrating between two values s and r large enough, we get

u(s) — u(r) > 2¢V/ D / =

S

Since the left hand side is finite as » — oo and the right hand side tends to
infinity we have ( = 0. Thus A = 0 as well.

Now we consider the case n > p and ¢; < @1 < p.. We assume for
contradiction A > 0; observe that for r large we have

00 > —C — || (r)P 2t = —/ f(u,s)s" tds > c/ sty (s)ds >

Q1—1 poo e
> / st @ g
T

2
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If A > 0 the right hand side is divergent, therefore A = 0.

Before proving the asymptotic estimate of claim 2 we analyze case 3 which
is simpler. So consider system (3.2) where | = )1 where we have added the
extra variable z = e in order to deal with an autonomous system. Note that
the w-limit set of any bounded trajectory must be contained in the plane
z = 0. The dynamics restricted to this plane is the one of system (3.5) where
—c¢ = k(co) > 0 and 7o, > 0. Using Poincare-Bendixson criterion it can be
shown that in this plane there are no periodic trajectories. Furthermore it
admits three critical points: the origin, P = (P,, P,), where P, > 0 > P, and
—P. From an elementary analysis of the phase portrait it can be easily shown
that the origin is repulsive, even when the system is not Lipschitz. From a
straightforward computation it follows that P is a saddle. Therefore bounded
trajectories corresponding to positive solutions must have P as w-limit set.

Consider a trajectory x(t) of the autonomous problem such that y(t) <
0 < z(t) for t large; we claim that it is unbounded. From an elementary
analysis of the phase portrait it follows that if x(¢) is unbounded then there
exists 7' > 0 large such that @(t)y(t) > 0 for any t > 7. Thus either
lim; oox(t) = +oo and the limit lim; ,.y(t) is finite and nonpositive, or
lim; . ooy(t) = —oo and the limit lim; .,z (¢) is finite and nonnegative. Using
a continuity argument we arrive to the same conclusion for system (3.2).
Note that from De 1’'Hospital rule we find

u(r) u'(r)

limz(t) = lim —= = —lim
t—00 r—oo % r—ooqr—a~1

£)|1/(=1)
o @)l

t—oo o

(5.4)

Therefore y(t) is bounded if and only if z(¢) is bounded. Hence system
(3.2) admits no unbounded trajectories in the subset {(z,y)|y < 0 < z}.
Therefore x(t) must have P as w-limit set. Then it follows that a solution
u(r) of (1.2) which is positive and decreasing is such that limrﬂoou(r)rﬁ =
P, > 0.

Now assume )1 = p, and consider system (3.2) where [ = Q1; then v =0
and y = —g(z,t) < 0, for ¢ large and x small. From Proposition 2.4 it follows
that lim;_..x(t) = (A, —|([P71) = (0,0). From an elementary analysis of the
phase portrait it follows that @(t) < 0 for ¢ large, hence azx < |y|'/®~V;
thus § > M;(—y)@~D/=1) where M; > 0 is a constant. Separating the
variables and integrating we find that there is a constant M; > 0 such that

()] < (1+ Mit) @5 = (1+ Myt)" 7"

Therefore there exists K > 0 such that z(¢) < | *~/|y(t)||/a < Kt #-D
for t large, hence

lim sup u(r)rglln(r)]w_ﬂ) < 0. (5.5)

r—00
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Figure 5: A sketch of the phase portrait for the autonomous system (3.5)
when p < ¢ < p, in the case C' < 0.

Observe now that if ¢ is large enough we can find M, > 0 such that
Reasoning as above we conclude that

1i71fn g)lf u(r)r%| 1n(7’)|% > 0.
Now we consider claim 2, so we consider system (3.2) with [ = );. Consider
the solution Z(t) corresponding to the positive and decreasing solution u(r);
we want to prove that z(t) is bounded as ¢ — oo. Assume for contradic-
tion that x(t) is unbounded. Note that —g(z(t),t) > c|z(t)|9~Hor t large
enough. From an elementary analysis of the phase portrait it follows that
there exists T' > 0 such that §(t),@(t) are positive for any ¢ > T'. It follows
that the limit lim; . y(¢) exists and is finite. Then from (5.4) it follows that
limy ooz (t) < 0o as well; a contradiction. Therefore x(¢) is bounded and the
claim is proved. Note that when ¢ = p, we can repeat the first part of the
argument developed for claim 3 and prove (5.5). This concludes the proof of
the Corollary. O

Appendix B: reduction of div(h(|z|)Vu|Vu[P~2) + f(u,|z|) = 0.

In this subsection we want to show how we can pass from the analysis of
radial solutions of an equation of the following class

div(h(|z|)Vu|VulP~2) + f(u,|z]) =0 (5.6)
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to the analysis of solutions of an equation of the form (1.2). Here again
x € R™ and A(|z]) > 0 for || > 0.

We exploit here an idea already used in [19] and [13], and we follow
quite closely the latter paper, in which the concept of natural dimension is
introduced. First of all observe that a radial solutions u(r) of (5.6) satisfy
the following ODE:

n

(h(r)u'[u[72) + = |u/["2 + f(u,7) = 0. (5.7)
Then we rewrite (5.7) as follows
(r"Th(r)d | P2 + " f(u,r) = 0. (5.8)

Let us set a(r) = r"~1h(r); we assume that one of the Hypotheses below is
satisfied

H1 o /=Y ¢ L1, 0]\ L[0,1]
H2 oY/~ ¢ L0, 1]\ L'[1, 00)

We introduce now the following change of variables borrowed from [13]. Let
N > p be a constant and assume that Hyp. H1 is satisfied; we define

—p+1

s(r) = (/roo a(T)—l/(p—ndT) N

Obviously s : Rf — R{, s(0) = 0, s(c0) = oo and s(r) is a diffeomorphism
of Ry into itself with inverse r = r(s) for s > 0. If u(r) is a solution of (5.8),
v(s) = u(r(s)) is a solution of the following transformed equation

(Vg |vg|P) s + sV h(s) f(v, 5) = 0, (5.9)

where f(v,s) = f(v,7(s))
P(s) = (g:f)p (h( ;V/p: p/(p-1)

If we replace Hyp. H1 by Hyp. H2 we can define s(r) as follows

p—1

s(r) = ( /O " a(r) V=D dT) s

and obtain again (5.9) from (5.8), with the same expression for h. We denote
by f(v,s) = h(s)f(v,r(s)) and obtain (1.2) from (5.9), with r replaced by s.
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5.1 Remark. Note that, if for any fixed v > 0, f(v,r) grows like either a
positive or a negative power in r for r small, we can play with the parameter
N in order to have that, for any fixed u > 0, f(u,0) is positive and bounded.
E.g.,if h(r) = 1 and f(u,r) = rlulu|?", we can set N = p(;fll:", so that,
switching from 7 to s as independent variable we get

(s wgvs [P + CsN T roju]T = 0 (5.10)

n—1
where C' = % P ]{’,;_II‘N*”p > 0. So we can directly study the spatial
independent equation (5.10), recalling that the natural dimension is N and
this changes the values of the critical exponents and the asymptotic behaviors

of positive solutions as r — 0 and as r — oo.

Observe that N does not need to be an integer and that in literature such
an assumption is not really used to prove the results. Thus all the theorems
obtained for (1.2) can be trivially extended to an equation of the form (5.7),
where ¢ satisfies either H1 or H2.
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