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Periodic solutions of a periodically forced and undamped
beam resting on weakly elastic bearings

Flaviano Battelli', Michal Feckan? and Matteo Franca3

Abstract. We study the problem of existence of periodic solutions to a partial differential
equation modelling the behavior of an undamped beam subject to an external periodic force.
We assume that the ordinary differential equation associated to the first two modes of vibration
of the beam has a symmetric homoclinic solution. By using methods borrowed by dynamical
systems theory we prove that, if the period is non resonant with the (infinitely many) internal
periods of the PDE, the equation has a weak periodic solution of the same period as the external
force. In particular we obtain continua of periodic solutions for the undamped beam in absence
of external forces. This result may be considered as an infinite dimensional analogue of a result
obtained in [16] concerning accumulation of periodic solutions to homoclinic orbits in finite
dimensional reversible systems.
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1. Introduction

In this paper we consider the problem of existence of weak, f —periodic solutions
of equation

Ut + Upgzs + E,uh(x, Vet) =

umzz( = *Ef fO )d.T)

umww fO 1 — l‘)dm)
We assume that h(z,t) is a 2T —periodic (in t) C!'—function on [0, 1] xR, f(z), g(z)

are sufficiently smooth functions such that f(0) = ¢g(0) = 0 and () = @.(z) €
L?(R,R), is a non negative function whose support supp ¢ C [0, a], where a is a

(1)
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fixed positive number such that 0 < a < %, and

/01 o(z)dz = /Z o(2)dr = 1. @)

By a weak 2 \/— —periodic solution of (1) we mean a function u(z,t) € C(R, L*([0,
1])) that satisfies (1) in the distributional sense and it is %—periodic in ¢. Clearly

we LE ([0,1] x R).
We may also consider the more general case where the condition on g, (1, )

is replaced by
1
Uas(1) = g ( | e ->@<x>dw)
0

o(x) € L},.(R,R), being another non negative function such that supp ¢ C [1—a, 1]
and (2) holds. Physically these conditions mean that the response at the end points
of the beam depends on a small part of the beam near the end points. In (1) we
assume that the response may be different (f(z) may possibly be different than
g(z)) but depend in a symmetric way on the beam. This assumption simplifies
the analysis, however the result we obtain holds as well if we consider different
functions ¢(z) and @(z) as the reader may check making suitable changes at the
appropriate places in this paper. To perform such a study we will use perturbation
methods, that is we first look at equation (1) with ¢ = 0. This unperturbed
equation has its own internal modes of vibration. As in [2, 4] we assume that the
4—th dimensional equation in the direction of the first two modes (those associated
to the zero eigenvalue) has a symmetric homoclinic solution I'(t). Then we look
for a weak 2 f —periodic solution of (1) which is close to the homoclinic orbit

when |t| < f Our main result states that if h(z,t) = h(z, —t), € > 0 and p are
sufficiently small and the period 2T of h(z, t) belongs to a certain non-zero measure
subset of the interval [QTO 271/ with Ty sufficiently large, then equation (1) has
a weak T—perlodlc solutions.

Related results to those in this paper concerning existence of periodic solutions
to partial differential equations are obtained for instance also in the papers [1, 4,
5, 6, 8,9, 10, 13, 15, 17].

2. The integral equation

As a first step we take u(z,t) < u(x,/ct) and get the equivalent problem
Ugg + € Yppas + ph(z,t) =0,
(0 ) = Uga(1,1) =0,
U (0,) = —ef (3 uf (z)dz),
uxm(l =g fo x, <p(1 —z)dz).
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Of course a weak %—periodic solution of equation (1) corresponds to a weak

2T —periodic solution of equation (3).
Since supp ¢ C [0, a] we have (here * denotes convolution in the x variable)

[ wtwpwie= | " ue, Op(@)dr = [u- 1) * $)(0)
0

— 00

where @(z) = p(—2z) and

/ u(z, t)p(l —x)dx = /OO u(z, t)p(l — z)de = [u(-,t) * ¢](1)
0

—00

Note that, here, u(x,t) is any measurable extension of u(x,t) to R x R, the above
integrals being independent on the choice of the extension since supp ¢ C [0,a] C
[0, 1].

By a weak 2T —periodic solution of (3) (cf. [9, p. 135]), we mean any u €
C(R, L?([0,1])) that is 27-periodic in ¢ and satisfies the identity

/_7; /01 {u(x,t) [vtt(x,t) + e pgaa (T, t) | + uh(:mt)v(:mt)} dx dt Y
+ /i {f([u(.,t) % ¢](0)v(0, ) + g([u(-, t) * @](1))1)(1,15)} dt =0

for any v(z,t) € C$([0,1] X R) - the set of all v(z,t) € C([0,1] x R, R) that are
2T -periodic in t - and the following boundary value conditions hold

Urx(oa ) = vzm(la ) = Uzzm(oa ) = vzzm(la ) =0. (5)

We intend to search for weak periodic solutions of equation (1), or equivalently
(4), by perturbation methods, i.e. for small e. Thus we let € — 0 in (1) and get
the linear homogeneous equation with homogeneous boundary conditions

Utt + Uzzarz (Z‘) =0
uzx(ou ) = uza:(lv ) =0,
Uaca:x(oa ) = uwcx(L ) =0.

By separation of variables, i.e. setting u(t,z) = U(x)T(t) (or else using Fourier
series), we see that x has to exists such that

=0, (6)

and
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Now, changing 2 with T2 we see that (6) is equivalent to

U (z) = (4)" KU (),
U (0)=U"(n/4) =0,

U 0)=0"(x/4)=0

and then, using a result in [9] and coming back to the old variable z we see that
(6) may have nonzero solutions only for x = u* > 0 with u = g, k = —1,0,1,- -
and g1 = po =0, pp = 5(2k + 1)+, > 1, for £ > 1. Moreover, in Appendix 1
it is proved that, for any k € N, the following estimate holds:

7r
[ri| < cze*’” (7)

where ¢ < 2.6. The corresponding orthonormal system of eigenfunctions {w;}3°_; €
L?([0,1]) is bounded, i.e. sup;>_; ,e[0,1] [wi(2)| < 0o. Moreover the eigenfunctions
w_1(z) and wp(z) of the zero eigenvalue are:

w_i(z) =1, wo(x) =32z —1).
We note that
(w1 % J(0) =1 = [w_1 *¢J(1)
and similarly,
[wo * ¢](0) = —[wo * ¢] (1)

since wy(1 — ) = —wo(x). We set

ko = [wo * #](1).
Note that k, > 0 since supp ¢ C [0, 3]. Moreover:

lim h wo(z) (1 — x)dx = wo(1) = V3

since wo(z) € C([0,1]). We can also easily estimate the difference k, — v/3. In
fact we have, using also (2) and wo(1 — x) = —wp(x):

ey — V3] = /Oa[wou )~ VBlpa(e) de

We seek a solution u(z,t) of (3) in the form
u(z,t) = y1(w-1(z) + y2(H)wo(x) + 2(x, t)

where, for any ¢t € [T, T, z(z,t) belongs to the infinite dimensional space spanned
by {w;}32,. To get the equations for yi(t), y2(t), and z(z,t) we take v(z,t) =
o1(H)w_1(z) + P2(H)wo(x) + vo(z,t) in (4) with ¢; € C, vo(z,t) € C, 2T-
periodic in t and wvg(z,t) satisfying, besides (5), also:

/0 (. ) = /O " vo(e,t)dz = 0. (9)

= 2\/§/Oa 2q(z)dz < 2v3a.  (8)
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Note that conditions (9) correspond to the orthogonality of vy(z,t) to w_1(z) and
wop(z), for any ¢t € R. The same equations are also satisfied by z(x,t). Plugging
the above expression for v(x,t) into (4) and using the orthonormality, we arrive
at the system of equations

yl(t) + M/O h(xvt) dx + f(yl(t) - ktpy2(t) + [Z(a t) * @](O)) (10)
91 (t) + kpya(t) + [2(,1) x ] (1)) =0,

ia(t) + \/gu/o h(z,t)(2z — 1) dz

VB (t) — koya(t) + [2(£) * $1(0)) (11)
+V3g(y1(t) + koya(t) + [2(-,t) * ©](1)) =0,

/T /1 {z(x,t) [vtt(az,t) + e Wagza (1) | + ,uh(:v,t)v(:v,t)} dx dt
-7 To (12)

[ {tutt) + 0)000.0) + 9(fut ) + 10010} de = 0

where we wrote v(z,t) instead wvg(z,t). Thus, in equation (12), v(z,t) is any
function in C2°([0,1] x R) and the conditions (5), (9) hold.

We now assume that the following conditions hold:
H1) f(0) = ¢(0) =0, f/(0) <0, ¢'(0) < 0 and the system:

€1+ f(€1 — kpba) + g(€1 + kpba) =0
€2 — VB[f(&1 — kpba) — g(&1 + k&) = 0

has a symmetric homoclinic solution I'(t) = (I'1(t), '2(t)) # 0, that is a non-
trivial bounded solution such that I'(¢) = T'(—t) and , liim L(t) = , ligl I(t) =
0.

H2) The homoclinic solution I'(t) is non-degenerate, that is the linear system

o= —[f'(Ta(t) = keT2(t)) + ¢'(T1(t) + kLo (1))
+ho[f(T1(8) = kT2 () — '(T1(2) + kLo (2))]y2

j2 = VB['(T1(t) — keLa(t)) — g'(Ta(t) + kLo (1)) ]y
— V3 [f'(T1(t) = kpTa(t) + ¢/ (1 (t) + kpTa(t))]ya

has the only bounded solution (y1(t),y2(t), 91 (), 92(t)) = (L(¢),T(t)) up to a
multiplicative constant.

(13)

(14)

We also remark that assumption (H1) imply that (y1,y2) = (0,0) is a hyperbolic
equilibrium of system (13). In fact the Jacobian matrix at the point (0,0) of the
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first order system associated to (13) is

0 1 0 0
| —fO)=g0) 0  k[f(0)=g0)] 0
A= 0 0 0 1 (15)
VB[f(0) = g'(0)] 0 —V3ky[f'(0)+4'(0)] 0
whose eigenvalues are the solutions of the equation
1+ (V3k, + DIF(0) + ¢/ (012 + 4v/3k, £ (0)g'(0) = 0.
Now, the discriminant A of the equation
N+ (V3o + D[f'(0) + ' (0)]A + 4v3k,. f'(0)9'(0) = 0 (16)
satisfies A
2 2
where s = ?i%g; > 0. The function on the right hand side has a minimum at the
point

3k2 — 6k,v/3+ 1
(kpV/3+1)2

and its value at this point is

2
ko3 — 1
16v/3k,, (1%) >0
©

if k,\/3 # 1. Since, as observed in (8), |k, — V3| < 2v/3a < % and f'(0) < 0,
¢'(0) < 0, we see that for any a € (0,1/3), equation (16) has two positive solutions.

As a consequence the matrix A has two positive and two negative real eigenvalues.
We set

All(t) = Agg(t) f’(I‘l (t) — k/‘@rg(t)) + g’(I’l (t) + ky,I‘z(t))
Ara(t) = Aai(t) = f(T1(t) = kpT2(t) — ¢’ (T1(t) + kpl2(t))

and 0 1 0 0
A(t) _ Al(l)(t) 8 —kwg-lz(t) (1) (17)
—V3A421(t) 0 V3kyAxn(t) 0

Since A(t) — Ag as [t| — oo, from [7] it follows that the first order linear
system
y=At)y (18)

corresponding to (14) and obtained setting y = (y1, 91, Y2, ¥2) has an exponential
dichotomy on both Ry and R_. This means that projections P, and P_ and
constants k > 1 and ¢ > 0 (called, respectively, the constant and the exponent
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of the dichotomy) exist such that the fundamental matrix Y (¢) of system (18)
satisfies

1Y () PLY ~1(s)|| < ke=9(t=9) fo<s<t
IV (1)(T— Py )Y ~2(s)]| < kPt if0<t<s 19)
1Y () P_Y ~1(s)|| < ke o= if s <t<0

1Y (#)(I — P)Y~Y(s)|| < kelt=9) ift <s<0

Moreover H2) implies that the space of bounded solutions on R is spanned by
(T'1(t),T'1(t),T2(t),T'2(t)). Throughout this paper k and ¢ denote the constant and
the exponent, respectively, of the dichotomy of (18) on Ry and R_.

Since we look for 2T—periodic solutions of equations (10)—(12) such that the
sup-norm in [—T,T] of y1(t) — T1(t), y2(t) — T2(t) and the norm of z(z,t) €
C([-T,T],L3([0,1])) are small, we replace y;(t) with y;(t) + I';(¢), j = 1,2 in
(10)—(12) and write y(t) for (y1(t),91(t), y2(t), ¥2(t)). We obtain:

(t) + A(t) (t> = F(t yl(t)>y2(t)ﬂ [Z('vt) * 927}(0)7 [Z(-,t) * 90](1)7/%5)’ (20)

/ / vtt 2,t) + & Mg (2, 1) —I—,uh(x,t)v(x,t)} dx dt
(21)
o {f([U(wt) # 210)0(0.8) + g([ul-.1) = Sl(V)o(1.H)} dt = 0
where u(z,t) = [y1(t) + T1(¢)] + [y2(t) + Ta(t)]wo(x) + 2(z,t), and
0
F(t,y1,y2, 21, 22, 1, €) = Fl(t,y1,y2621,22,u,€) (22)

Fy(t, y1,y2, 21, 22, 11, €)
with
Fi(t,y1, 92, 21, 22, €)= —f([y1 +T1(t)] — kply2 + Ta(t)] + 21)
—9([y1 + T1(0)] + koly2 + T2 (t)] + 22)
+f(T1(t) = ko a(t) + g(T1(t) + kpL2(t))

1
—u/ h(x,t) dx + Ar1()yr — kpA12(t)y2
0

Rty 2,2, 0.6) = f([yr + T1(t)] = kply2 + Ta(t)] + 21)
=9([y1 + T1(®)] + kply2 + T2(t)] + 22)
—f(Ta(t ) — ko2 (1) + g(T1(t) + ko 2(2))
—p fo )2z — 1) dx
— Ao (1 )y1 + kpA2a(t)y2
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Remark 1. Since equation (13) depends on the function ¢(x) one might wonder
whether conditions (H1) and (H2) may be satisfied. Now, if we assume that
f(z) = g(x) (equal responses at the end points of the beam) we see that we may
consider the case where I'a(t) = 0. In this case conditions H1) and H2) are replaced
by

H3) the second order equation on R: €+ f(£) = 0 has a solution T'y(t) homoclinic

to the hyperbolic fixed point £ = 0
H4) T(t) is non degenerate that is the linear equation & + V3kof'(To(t))€ =0

has no bounded solutions apart from the trivial one & = 0.

In fact, if H3) and H4) hold we can take T';(t) = T'o(v/2t) and T'y(t) = 0. We note
that the assumption I'(¢) = I'(—t) follows by requiring, without loss of generality,
that T'9(0) = 0. Moreover, since lim,_ok, = /3, we see that condition H4) is
satisfied, provided a > 0 is sufficiently small and the equation { +3f (To(t)E=0
has the only bounded solution £ = 0.

Again in the case where f(x) = g(x) but with the further condition f(—z) =
—f(x), we may also consider the case where I';(¢t) = 0. In this case conditions H1)
and H2) are replaced by
H5) the second order equation on R: €+ f(£) = 0 has a solution T'g(t) homoclinic

to the hyperbolic fixed point £ = 0
H6) ['o(¢) is non degenerate that is the linear equation & + - {/gf’(Fo(t))ﬁ =0

has no bounded solutions apart from the trivial one £ = 0. ’
In fact, if H5) and H6) hold we can take I'1(¢) = 0 and

Iy(t) = éro(é/ﬁ\/@w.

Again the assumption I'(¢t) = T'(—t) follows by requiring, without loss of gener-
ality, that Ty (0) = 0. Moreover, as in the previous case we see that, if the second
order equation 3¢ + f'(T(t))€ = 0 has the only bounded solution & = 0, the non
degenerateness of I'y(¢) follows from roughness, provided a > 0 is sufficiently small.

We conclude this Section by noting some properties of the matrix A(t) and the
function F(t,y1, Y2, 21, 22, 14, €) that will be used in Section 4. Let

1 0 0 O
0 -1 0 O
7=10 0 1 0 (23)
0 0 0 -1
Then it is easy to see that
J? =, JA(t) = —A(t)J, A(t) = A(-t) (24)

the last equality following from I'(¢t) = T'(—t), and moreover:

JF(tvylay%Zlaz%pﬁe) = _F(tay17y2azlaz27,uae)' (25)
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3. The linear equations

First we study the problem of existence of 2T—periodic solutions of equation (21).
We begin by considering the problem of existence of a 2T'—periodic solution of the
following linear non-homogeneous equation in R:

2(t) + w?z(t) = h(t), (26)
where h(t) € L'([-T,T],R). We set

T
Ihfy = / ()]t < oo
T

and extend h(t) to the whole R by 27 —periodicity (i.e. h(t + 2T) = h(t) for any
t € R).

Since the homogeneous equation has a periodic fundamental matrix of period
we can have a 2T —periodic solution only if wT # km, with k € Z. As a
matter of fact, elementary computations show that, in this case, equation (26) has
a (unique) 27 —periodic solution which is given by

27
w

1 4T
- T sw(t — P
2(t) - /th WT + s) cosw(t — s)ds (27)

We assume that 7' € R is such that |sinwT’| > siné for some § € (0, ). Of course
this is equivalent to say that

|wT — kx| > 6
for any k € Z.
Now, from (27) we obtain:
1
z2(t)| < ——=||h 28
01 < g (29)

Next, if h(t) is differentiable in [~T,T], and h(t) € L'([~T,T]) we obtain, inte-
grating by parts and using the periodicity of h(t):
1 2sin(wT) T sinw(t — s)
t) = h(t ———h T)d
(1) 2wsinwT w ( )+/t_T w (s +T)ds
sinw(t — 2kT)
Jr—

(W(T*) = DT )]

1 1 =T, )
= Eh(t) + ST [/t_T h(s+ T)sinw(t — s)ds

Fsinw(t — 26T)(h(T) — h(T—))}
for 2k —1)T <t < (2k+1)T, k € Z. Hence:

01 5 | (1+ 55 ) Wil + s ] (30
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where

[hlle = sup [h(t)].
te[—T,T)

Now, for j € N, we consider the family of equations:
£5(t) + wizi(t) = hy(t) (31)
where )
w; = K
-

and h(t) := {h;(t)},en is a family of 2T'—periodic functions on R such that

(|2l := sup ||A]l1 < oo.
jeN

Assume that, for some g € (1, %), T satisfies the inequalities
|lw; T —kr| > 077 >0 (32)

for any 7 € N and k € Z, where, according to (89) (see Appendix 2), we take 6
satisfying
T(f—-1)

20
and set § = 0578 < 0 < 7/2. Tt follows from Appendix 2 that the set of values
of T € R that satisfy (32) has positive measure (see also Remark 2 in Section 4).
Hence from (32) we get |sin(w;T")| > sin(6j—7) for any j € N.

Let z;(t) be the corresponding 2T —periodic solution of equation (31) and set

0<b<

2(z,t) = sz(t)wj(x). (33)

Now, for any t € [-T,T], we evaluate the L?—norm of the function z(x,t).
The usual integral norm on L?([0,1]) is denoted by | - ||z, i.e. we take ||w|2 =

fol w(x)?dx for any w € L*([0,1]). Since {w;(z)} is an orthonormal system in

L2([0,1]) we have, according to (28) and using also sind > 6/2 for any 6 € [0,7/2]
and p; > jm for any j € N,

oo s oo .23
€ J
l=(@. )3 = D15 OF <Dl Ol < g5 > suplIhllf
j=1 Jj=1 j=1 /’l’_] jEN
e g1 2 _2(2—B) )
< . P S .
< gz 2 s S Il < e sup g R,

since
o 2(2-0
s22-0) g ( )

3—-28

[
3 -
=2
IN
—_
+
—
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Recalling that 1 < 3 < 3, we find that ||z(z,t)||2 is bounded. Moreover, from the
total convergence of the series

o0

>Nzl

j=1

o0
we see that, for any & > 0 there is a p € N such that Z 2|12, < 7/8. Using
Jj=p+1
the uniform continuity of the functions z;(¢) in the compact interval [-T, T}, we

P

can find p > 0 so small that Z |2;(t) — zj(to)|* < /2, whenever |t — to| < p.
j=1

Consequently, we derive for |t —to| < p

ll2(, 1) — z(x, to) |13 = Z\Za i (to)®
j=1
p
<D lz(t) = z(to) +4 Z l251% <5
Jj=1 Jj=p+1

Hence the map t — z(x,t) belongs to C([-T,T], W) where

W = {weL2 ([0,1] ‘/ dx—/lmw(x)dx:O}. (34)

Finally, it is clear that z(z, —T) = z(z,T) a.e.
Now, let H'(x,t) € L1([0,1] x [-T,T]), H?(t), H3(t) € L*([-T,T]) and con-
sider the equation

/ / ’Utt x,t)+¢e 1szmw($,t)} + Hl(x,t)v(:c,t)} dx dt
(35)
/7T{ ()(Ot)JFHS()(l,t)}dt:O

where v(x t) € C([0,1] xR) satisfies the boundary conditions (5), (9). For j € N,
we take v(z,t) = ¢(t)w;(z) where ¢(¢) € C*°(R) is 2T -periodic. Then (35) reads:

/ / (b” (Hw;(z) + %?ﬂt)wj (x)} + H'(x, t)¢(t)wj(x)} dx dt
(36)

" / ) {H2< )o(t)w;(0) + H(0)d(t)w; (1) } dt =0

and hence, writing z(z,t) as in (33), we see that z;(t) has to satisfy equation (31)
with

1
hi(®) = = ([ H i tywy(o) do+ B (0u;(0) + B @uy(0) - (37)
0
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Here we have silently 2T-periodically extended on R with respect to the t—variable,
the functions H', H2, H3. Now:

il < MAIH 3+ [1H? 1+ [|HP]1] (38)
where
M, = Sup”wJ”OO (39)
jEN
and

T 1
11 = [ [ | e oo,
—-T JO0

As a consequence equation (35) has a unique solution z(x,t) € C([-T,T], W) that
satisfies z(z, —T) = 2(z,T) a.e. and

12(,O)ll2 < CooVeEMllH |y + [ H2[ly + [ H2[l1], (40)

where Cg,g = ﬁ 2?52_;2) .
For any H'(z,t) € L*([0,1] x [-T,T)), H*(t), H3(t) € L*([-T,T]) we denote
with

L.(H',H* H?) € C([-T,T],W)

the unique function z(z,t) that satisfies equation (35) and z(x, —T) = z(x,T) a.e
It is obvious that L.(H!', H?, H?) is a linear function from L!([0,1] x [ ,T])
LY([-T,T)) x L*([-T,T)) into C([-T,T),W).

We have the following

Proposition 1. For any given triple (H' (x,t), H*(t), H3(t)) € L'([0,1] x [T, T))
xLY([-T,T)) x L*([-T,T)) with T as in (32), equation (35) has a unique solution
z(x,t) € C([-T,T],W) such that z(x,—T) = z(z,T) a.e. Moreover z(x,t) has the
form

=3 z(tw;)
j=1

zj(t) being the unique 2T —periodic solution of equation (31); furthermore z(x,t)
satisfies the estimate (40). Finally, there exist positive constants c1,8,0, C2,8,0 Such
that if (H(z,t), H*(t), H3(t)) € L>([0,1] x [-T,T]) x L=([-T,T]) x L>=([-T,
T)) the following hold:

a) if H'(z,t) € LY([0,1] x [T, T)) and H?(t), H3(t) € L'([-T,T)), then

2 Dll2 < Mre{ers ol H llso + 1 H2 oo + 1 H? oo
eapoll B+ 2]+ 17 -
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b) if H} (z,t) € L2([0,1] x [-T,T)) and H?(t), H*(t) € L*([-T,T)), then

12( D)ll2 < M1€{01,B,9[HH1||<>0 + 1 [loo + [1H|oc]

. . (42)
te2p0(VT + VI3 + 1213 + |F3)]2]}-

Proof. Only (41) and (42) need to be proved. From the assumptions on H!(x,t),
H?2(t), H3(t) in a) it follows that h;(t) defined as in (37) satisfies h;(t) € L>°([-T,
1)), h;(t) € L*([-T,T]). Moreover

15llc0 < My [[1H oo + 1 H?[loo + [1H?[|oo]
and

gl < M [+ 120+ 12

Similarly if H'(x,t), H?(t), H?(t) satisfy the conditions in b), then h; € L*([~T, T))
and
Ioglla < My [l + 2o+ 1H2])5)

Thus, in case a), from (30) we get:

L+ 20) 1B o+ 12+ 1]

25(t)] < e

i3
] . .
2 [+ 12+ 1)

and, since p; > 27, we find:
00 00 . 2
2 2.2 -8 2" 1 2 3 2
S lzF < 2262 3yt (14 2 ) [IH oo + 12 oo + 15|
j=1 j=1

o0 '26 5
_gJ . .
#3012+ ]

j=1

N 1 28-4
AMPE{ [ oo + I H2 oo + 1 HP oo | D (7% + 25057 )

IN

) 7=t

g [+ WA 1] S
=

M {es s I1H oo + 1H? oo + 15

vengo[JBH+ 12+ 10

IA
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The proof of the statement in b) is quite similar. We only have to note that

t+T 1/2
17]]2 / sin? w(t — s)ds
t—T

sinwT coswT 2 .
< (r- =) i,

IN

t+T
/ h(s+T)sinw(t — s)ds
t—T

Hence, using (29), we get

1 . _
12 ()] <5 | (L+ [sinw; TRyl
J
n 1 sinw;T cos w;T 1/2 ||hH
2| sinw;T| wj 7
1 [ |sinw;T cosw,;T|\ |
< @ +2°07 Y |hllc + 57— [ VT . . h;
oK (1425707 5) |1y M <\/_+\/ ) 1h512

e [ T e/t [lcosw;T|\ ,:
<— (1425207 YH|hilloo + | =57 + =— 1| —L | ||k
<o |a+ mﬂ+<gy+jw el it

c T el/4 |48 .
< (1 4+ 25207 Y |hjlloe + | ——5° + ) ||k
< (1 +257077)||h] ( R N 172512

The conclusion now easily follows, so the proof is complete. O

Next, to study the problem of existence of 27" —periodic solutions of equations
(10)—(11) we consider the problem of existence of bounded solutions (on [—T,T])
of equation (20) that satisfy the boundary condition

0
04(T)
0
2(T)

(44)

To this end we need the following two Lemmas, the first being a slight variation
of a result proved in [11] (see also [3]).

Lemma 1. Let A € C(R,M(n)), where M(n) be the set of all real (nxn)-matrices.

Assume that the linear system &+ A(t)x = 0 has an exponential dichotomy on R

and R_ with constant k and exponent §, projections Py and P_ respectively. Let

PL(T) = X(t)P+X(t)~, X(t) being the fundamental solution of @ + A(t)x = 0

such that X (0) = 1. Assume that Ty > 0 exists such that the following hold:

i) for any T > Ty > 0 one has R = NPy (T)® RP_(T).

ii) Let Ry : R™ — R™ be the projection on R™ such that RRy = RP_(T) and
NRy = NPy (T). Then ||Rr| is bounded uniformly with respect to T for
T>T.
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Then, for any T > Ty and (§,n) € RPy x NP_, h(t) € L*([-T,T],R") and
b € R", there exists a unique function x(t) = x(t,&,n,h,b,T) € WH([-T,0]) N
WhL([0,T)) that satisfies, for almost all t € [T, T), the equation
T+ A(t)x = h(t)
together with the boundary conditions
z(T)—z(-T)=0
T
2(04) =€+ X(D) Yoy — [ (U= PX(s) (o) )
0
0
xmj:n+XGTY%_+/ P_X(s)"'h(s)ds
-7
where (o4, p—) € NPy(T) x RP_(=T) is the (unique) solution of the equation

T
p-—pr = XD = X(=Thn+ [ X(TIPLX(5) " h(s)ds "
+ /0 X(=T)(I— P_)X(s)" *h(s)ds — b.

Finally, z(t,&,n,h,b,T) is linear in (§,n,h,b) for any fized T and the following
holds:

(&m0, 0, T) oo < R{CLIE] + ] + Ca([lAllco + [6])}- (47)

We note that Lemma 1 has been proved in [3, ?] under the assumption that
h(t) € CY([-T,0]) N CP([0,T]), and in this case z(-,&,m,h,b,T) € CY([-T,0]) N
C1([0,T]). However the same proof goes through under the assumption about h(t)
stated in Lemma 1. Of course then z(-, &, 7, h, b, T) only belongs to W1 ([-T,0])N
wh([0,T]).

As an application of Lemma 1 we now show the following result that does not
seem to have been noted previously.

Lemma 2. Let A € C(R,M(n)). Assume that
a) , liin A(t) — Ao € M(n),

b) Ay has no purely imaginary eigenvalues,
c) the linear equation & + A(t)x = 0 has a one dimensional space of bounded
solutions spanned by, say, p(t).

Then the adjoint linear equation & — A*(t)x = 0 has a one dimensional space of
bounded solutions and there exists Ty > 0 such that for any T > Ty, b € R"
and h(t) € L°([-T,T],R™) there exists a unique solution x(t) = xz(t,h,b,T) €
WEH([=T,0]) N WHL([0,T]) of equation

i+ Atz = h(t) (48)
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that satisfies
z(T)—z(-T)=1b
< p(0),z(0T) >=0 (49)
2(0%) = 2(07) =< ¢(0),z(07) — 2(07) > ¥(0)

Y(t) being the unique bounded solution of the adjoint linear equation with |(0)| =
1. Moreover there exists a constant C' independent of T' such that

(-5 b, T) oo < C(|Ihl|o + [B])- (50)

Proof. By assumption b) the linear equation # + Agx = 0 has an exponential
dichotomy on R with projection Py, (P is the projection onto the stable space of
Ap along the unstable space). Then, by roughness, & + A(t)x = 0 has exponential
dichotomies on both R} and R_ and the projections Py can be assumed to satisfy
Tlirfm P (T) = TETOO P_(—T) = P, (see [12]). In the rest of the proof k and § will

denote the constant and the exponent of the dichotomy of system & = A(t)z. As a
consequence assumptions i) and ii) of Lemma 1 are satisfied. Since the conclusion
concerning the adjoint system & — A*(¢t)z = 0 is known (see [12, p. 246]), we only
need to prove the last part. Let x(¢,&,7n,h,b,T) be the unique solution of (48)
that satisfies (45). We show that (£,7) € RP;y x N'P_ exist such that (49) holds.
From (45) it follows that the second and third conditions in (49) read

< p(0),€ >= = (p(0), X(T) ) + <p(0)»/0 (I—- P+)X(8)_1h(8)d8> (51)

and
§—n=X(T)"p- = X(T) s =" (0)[X(=T) - — X(T) " p1]3(0)

T 0 T
+/ (I— Py)X(s) *h(s)ds +/ P_X ()" h(s)ds — / P(s)*h(s)dsy(0)
0 -7 -7
(52)
respectively, where we use, according to [12, p. 246], the fact that ¢(0) € RPN
NP and ¢(t) = X (¢)* (I — P})y(0) for ¢ > 0 and ¢(t) = X (t)* " P*(0) for
t < 0. Now, from (46) we get
o] <@ (ke T(1€] + [n]] + 2k6 " |2l + [0])
and then
1 X(T) i | = IX(0)(I— P)X(T) ' os| < ke Ty |
< ke T {[le] + [nlle™*" + 207 |l + [b]} -
Similarly:

X (=T)" oo | < k2T {[lé] + Inlle™" + 25~ |loo + [0} (54)
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€ —
RP; x NP_ into R x (RPy + N'P_) is an isomorphism since RPy N NP_ =
span{p(0)} and both spaces have the same dimension. Thus, because of (53) and
(54) we see that (51) and (52) can be written as

for a suitable constant ¢ > 0. Now, the linear map (§,n) — ( < p(O),nﬁ - ) from

L& n) =r(h,b) e Rx (RPy + NP_)

where L is an isomorphism provided T is large enough. Hence there exists a unique
(&,m) = (&(h,b),n(h,b)) € RP. + N P_ satisfying (51) and (52). Moreover, since
[l (R, B)|| < Co(||h]l + |b]), with a constant Cy independent of T', we can find a
constant C' independent of T" such that

€], Inl < C(llAllo + [B]).-

Hence (50) easily follows from this and (47). The proof is complete.

4. Existence of periodic solutions

In this section, we prove the existence of 27'/+/z-periodic solutions of (1) (Theo-
rem 1). Using the results of the previous sections, we rewrite the periodic prob-
lem for (1) as a fixed point problem (see equations (75)—(76)) and solve this last
applying a fixed point result (Lemma 3). Finally, we establish the desired 2T"/+/e-
periodic solutions using some symmetry properties of (1).

Let W be the space defined in (34). We set Z = {z € C([-T,T|,W) |
2(=T,z) = 2(T,z) ae}andY =CY[-T,0],R?) N C([0,T],R?) with the norm

lyl = S 0{|y1(t)|a|yl(t)|}+k¢

sup  {[y2(t)], [92(t)[}
t<T t T, t£0

It1<

Unless otherwise specified, y(¢) will denote a function in Y, endowed with this
norm. In Z, instead, we consider the norm

)

12l = llz(z, )l = llell2 sup [|z(,2)]|2-
t T)

Next, let p > 0 be a fixed positive number, and take y(t) € Y and z(z,t) € Z
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in such a way that ||y|| + ||z]| < p. For any fixed choice of such functions we set:

Hy(z,t) = ph(z,t)
Hy(t) = f(lyr(8) + T1()] = kolya(t) + T2(0)] + [2(, 1) * £](0))
—f(T1(t) = kpla(t) = f/(T1(t) = ko2 (t))-
[v2(8) = koya(t) + [2(-, 1) * §)(0)]
Hz(t) = 9([n1() + T1 ()] + kplya(t) + Lo ()] + [2(-,
—g(T1(t) + kT2 (1)) — g'(T1(t) + ko La(1))-
[y1(8) + kpya(t) + [2(- 1) * @] (1)]

t) * ¢l(1))

For(8) = f(T1(8) — koTa(t)) (55)
Hoa(t) = [f/(T1(t) = kDo) — £/ (O)][ya () — kpya(t) + [, ) * G1(0)]
iy () = (D1 (8) + koTa(1))

Haa(t) = g (T1(8) + kT (8)) — g (O)][1 (£) + kpya(t) + [2(,8) # (1))

Hy(t) = Ho (t) + Haa(t), Hs(t) = Hay (t) + Hsa(t)

Hor(t) = F/O)p1(8) = kppa®)],  Has(t) = F/(0)[2( 1)  )(0)

Har () = g0y (t) + kpra(®)],  Haa(t) = g'(0)[2( ) (1)

It is not difficult to see that Hy(z,t) € L'([0, 1] x [T, T]), and, for any 2(z,t) € Z,
H;,Hj, H;; € L*([-T,T)). In fact denote by Q% a neighborhood of I'y (t) £k, s (%)
respectively and set

My = sup{lf @), @) 2 € 07,
My = sup{lo()], 19| = € 04),

= [ (o] + ki) d

M) = sup_ [+ Ta0) + 2~ KTaft) +2) = (0400 = K ()
Bylp)= s Ig'(un +Ta(0) + s+ koTo(0) +2) — (T2 (0) 4 KTy (D)

lyl+121<p

Then, noting that

) *¢(0)] </ |2(z, t)p(a)|dz < lpllallz(, D2 < [lz(, )]l

and similarly:

205 8) x (D] < [lz(z, )],
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we obtain:
[Hallr < [pl [Py < 2[plT [|2lloo,  [[Hilloo < [l 1]l
[Hielle < [pll[helly < 2[plT [[he]loo
[Hzllx < 2TAp(p)[llyll + [121]
[Hsl[x < 2T A (p)[[lyll + [ ]
[ Hallso < My, || Hsilloo < M,

dHoy, dHs,
<I'M <I'M,
72 A I (56)

| Ezz |l < 2T(My + |/ (0))) Iyl + |21

1 Hazl1 < 2T (M, + 19 (0)DIllyll + II=1]

1Ho1lloo < 1F/O)lyll, 1 Hz1]loo < 19" (0)[ll]],

[Hot |11, | Holly < 271 FO)llyll, [ Hsalln, [ Haa [l < 279" (0)] Iy,
12l < 2T £ O)[[|=l] || Hs2llx < 2Tg’(0)][|=]] -

Then, for fixed (y1,y2) € Y, 2(x,t) € Z let 2(x,t) be the unique solution, given
by Proposition 1, of equation (35) where we set H! = Hy, and H' = H; + H; +
H;1 + Hjs for i = 2,3. More precisely

2(x,t) = Lo(Hy, Hy, H3)+ Lo (0, Hy, Hy)+ L (0, Hay, Hs1)+ L (0, Hao, Hz) . (57)
Let Bzxy (p) be the ball of radius p in Z x Y with the norm ||z|| + [|y||. We set
Fi(2,y, 1. Ty€) := Le(Hy, Hy, Hs) + Lc(0, Hy, Hs)
Lic(y) :== L:(0, Hay, Hzy), Lac(2) := L (0, Ha, H3a),
We consider Fi(z,y,u,T,€) as a map from Bzxy(p) X R x Ry 3. — Z where

Ryppe={(T,e) e R* | T >1, ¢ > 0,and T satisfies (32)}.
We have the following result.

Proposition 2. Let (T,e) € Rgg. and A(p) = max{As(p),Ay(p)}. Then there
exist positive constants ki that depends on {||h| o, |htl|ocs M1, My, Mgy, 3,0} and
ko, ..., ks, that depend on {|f'(0)|,]¢'(0)|, M1, My, Mg, 3,0} such that the following
holds:

i)
1F1(2, 9, 1. T )| < kae(L+ [WIT) + kaTVEIA(D) + Ral(lyll + 1211),  (58)

ii)
|Licll € kaTe,  |[Lac]) < ksTVE, (59)

iii)

Hfl(z/ay/a/jﬂT?g) _fl(z//7yl/aM7T75)||

< K TVEAG) + Rl =yl + 17 =) OO
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Proof. From Proposition 1, (56), and (T, ¢) € Ry g . we get
[ Le(Hy, 0,0)|| < 2Ma[plTe[er 0 [[hlloo + c2,8,0l 7t o]
1L2(0, Har, Ha1)|| < My(My + My)eler g0 + c2,6,01]
1L2(0, Haa, Haz)|| < 2C5,0 MiTVE(My + My + |f/(0)] + ' (0))(llyll + |12])

and
1 Le (0, Ha, H3)|| < 4C5,6MiTVEA(p)(lyl + |l2[])

Thus (58) follows taking
ki = Mymax {2[c1,50 [|hlloo + c2,8.0llhulloc], (M + My)ler,p,0 + c2,.0T]}
ko = 4059 M,
ks = 5[My + My + |£'(0)] + g’ (0)]].
Similarly, (59) follows from Proposition 1, (56) and (7', ¢) € Ry g, taking
ks = My(|f(0)] + 19" (0))(c1,8.0 + 2¢2.80), ks = 2Cp0Mi[|f'(0)] + |g'(0)]].

Finally we prove iii). Let Hi(x,t), H{(z,t) etc. be the functions we have
defined in (55) with (', ¢, u) and (2”,y”, ) instead of (z,y, u). Then from

1Hs = Hy |l < 2TAp(p)lly" — y"l + 112" = "]
[1Hs — Hy[l1 < 2T A4 (p)lly" — "Il + [ = 2"|]
1Hgy — il < 2T My + £/ O]l — "Il + 12" = ="l
1H3, — il < 2T[M, + 19" O)[ly" — "Il + 112" = 2"l
and (40) we obtain
L= (0, Hy — Hy', Hy — Hy)|| < ke A(p)TVelly = " || + 1|2 = 2"[l]
IL=(0, H3y — Hy, Hip — Hh)|| < koksTElly' — || + 112 — ="

Inequality (60) now easily follows and the proof is complete.

Now we study the problem of existence of bounded solution to equation (20)
with the boundary conditions (44). To this end, it is better to split the problem
in two parts. We set

() = (T (), D1 (1), T2 (t), Do)
and, for any given y(t) € Y, z(x,t) € Z:

[2(-, 1) * £1(0)
[2(- 1) * ](1)

ha(t) = F(t,y(t), [2(, 1) * 21(0), [2(-, £) * ¢](1), p, €) — M (F)
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where F'(t,y, z, u, €) is defined by (22), and H(t) is the (4 x 2)—matrix

0 0

—V3f(L1(t) = keLa(t))  V3g'(a(t) + ke La(t))
Then consider the boundary value problems
¥+ At)y = ha(t)
y(T) —y(=T) = b(T)
<4(0),(0%) >=0
y(07) = y(07) =< ¥(0),y(0%) — y(07) > ¥(0)
with b(T) as in (44) and A(t) as in (17), and
g+ A(t)y = ha(t)
y(T) —y(=T) =0
<4(0),5(0%) >=0
y(0%) —y(07) =< ¥(0),y(0F) = y(07) > +(0)

(62)

Note that
lim A(t) =-A

t—too

where A has been defined in (15). Thus the hypotheses of Lemma 2 are satisfied
(see also H2)) and we can solve equations (61) and (62) for

Op(t) = Fa(z(x,t),y(t),pn, Tye) €Y (63)
and
90(t) = Lz(z,t) € Y (64)

respectively. We consider Fy as a map from Bzxy(p) X R x [Tp,00) x (0,00)
into Y, and L as a linear map from Z to Y. In the next Proposition we use
the following notation: if z € C(I,R™) where I is an interval, we denote by

2lloe = super /351 |2 (B2

We have the following result.
Proposition 3. Assume the conditions H1) and H2) are satisfied and let A(p) be
the function defined in Proposition 2, My the constant defined in (39) and c1 g,

c2,8,0 those defined in (43). Then there exist constants k and C > 0 independent
of (z(z,t),y(t), u, T,e), such that the following properties hold:

)
172 (=, 6), y(0), 1, T )| < CLhe™T 208 () (gl + 120) + bl <]

6 being the exponent of the dichotomy of (18);
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i)
IL]| < 2C(ks + kg)
where

ky=sup|f'(T1(t) — k,Ta(t)], kg =suplg'(T1(t) + kT2(t))] .
teR teR
iii)
||L1€.7:2(Z(1‘,t),y(t),u,T,é‘)” <
Mie(1f/(0)] + 19" (0))[erp.o + c2,50V2T(VT +€'/%)]
C{ke=5T +2( Al + 1211 + 117l ) }
iv) for any pair (Z/(t),y' (z,t)), (2" (t),y"(z,t)) € Bzxy(p) it results

||72(Zl($,t),y/(t),,U/,T,E) - fQ(Z/l(x?t)?y”(t)7/’[’7 T’ E)H S
20A()[ly' — o[l + 12 = 2"|]

Proof. Let (z,y) € Bzxy(p); from (50) in Lemma 2 we obtain:
155 @)1 < CllAzlloo + [BT)]

] (65)
1G] < Cl[hloo -
Now, using the definition (44) of b(T') we obtain
b(T)| < 21(T)| = 2/¥ (T)PY =1 (0)7(0)| < 2ke ™7 |1(0)] = 2ke =07 |1 (0)|

(we recall that ];Z, $ and P, are the constant, the exponent and the projection of
the dichotomy of system y = A(t)y where A(t) is the matrix defined in (17)) and
it is easy to see that:

1h2(Vlee < 2[Ap) Iyl + [I21) + [wl1A]oc]
1halloo < 2(k s + Kq)ll=]l

Hence i) and ii) follow from (65), (66) with k = 2k|T'(0)).

Next, if u € R, (2'(x,1),y'(1)), (2"(,1),4"(t)) € Bzxy(p), and §,(t), 95 (t) €
Y denote the corresponding solutions of (61), we see that g,(t) = §;(t) — gy (¢) is
a bounded solution of the boundary value problem

g+ A(t)y = ha(t) — hy(t)

y(T) —y(=T) =0

<4(0),4(0%) >=0

y(07) —y(07) =< ¥(0),y(0%) —y(07) > ¢(0)
the meaning of h4(t) and h4(t) being obvious. Hence by a similar argument we
see that

195() — g5 @)1 < 2C{AP) Iy — "l + 112" — =" (11} (68)
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that gives iv). Finally we prove iii). We have
LlE]:Q(y(t)a Z(l‘, t)a M,y T7 6) = LE(07 FI% H3)

where ® ®
Y1 (t) — kwa (t)]

b b
() + ko (1))
P @), 98 (1), Now:
19l 1 H3(6)loo < 19’ (01135

w
—  —~
~ ~~
NN
(I
Q ~
~ 2
N
==
= =
— —_= =

where we set §,(t) = (yﬁb) (t),9
[ Ha(t)]loo < 1£(0)

_— =

and

[H2(t)]l2 < V2T1f (O)lllgll,  [1Hst)]l2 < V2T1g'(0)][|7e]l-
As a consequence, from Proposition 1-b) we get
HLlEFQ(y(t)?Z(x?t)7u7Ta€)||
< Mae(If/(0)] + 19 (0)Der,p,6 + 2,66 V2T (VT + /)]s
Thus, using Proposition 3-i) and g, = Fa(z(x,t),y(¢t), 1, T, €) we see that:
IL1Foll < MiCe(1f(0)] + 19" (0))e1,p.0 + c2,6,0 V2T (VT +'/4)]-
{ke=3T 42| A()(lyll + 121 + [l 1lloo | }

which is iii). The proof is complete. O

Now we need a fixed point Lemma, which has been essentially proved in [2,
Lemma 6].

Lemma 3. Let Z, Y be Banach spaces, Bzxy (p) the closed ball in Z ><_Y centered
at (0,0) and of radius p, O C R™ x (0,5] a subset with (0,0) € O, and F :
Byxy(p) x O — Z XY be a map defined as:

_ Fl(zvyay7o') +Lloy+L20'Z
F(z,y,v,0) = ( Fy(z,y,v,0) + Lz ’

Lic:Y —=Z, Loy : Z — Z and L: Z —'Y being uniformly bounded linear maps
for o > 0 small. Assume that a constant C' and a continuous function A(p,v, o)
exist such that A(0,0,0) =0, and

11 (2, y,v,0) | < C([[v]l + o) + Alp, v, 0)([[2]] + llylD) ,
1F2(z,y,v,0) || < Cllvll + Alp, v, o) ([lz] + [lyl]) ,

a0 Fa(z, 4, v, 0)|| < C|[v]| + 0)a + Alp, v, o) (||2]] + llyl])

1Fi(22, y2,v,0) = Fi(z1,91,v,0) | < Alp, v, 0)(|l22 — 21| + [ly2 — 1))

(69)

when ||z|| + llyll < p, llz1ll + sl < p, and ||z2]| + [[y2]] < p-
If there are 0 < A < 1 and 69 > 0 such that

|Lio L + Log|| < A
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for any 0 < o < &g, then there exist vg > 0, g > 0, p1 > 0 and p2 > 0 such
that for ||v|| < vy, and 0 < o < oy, (v,0) € O, F has a unique fized point
(z(v,0),y(v,0)) € Bz(p1) x By (p2). Moreover,

[z(v, )l + lly(v, o)l < Cr(llvl] + o) (70)
for some positive constant Cy independent of (v,0), and
Iz, o)ll/(Iv]| + o) — 0 (71)
as (v,0) — (0,0), o > 0.

We emphasize the fact that in [2] the above Lemma has been proved with
m =1 (i.e. v =p € R). However, it is straightforward to see that the same proof
also works when v € R™, or when v belongs to a Banach space. Moreover, Lemma
3 can also be extended to the case, where L, L , and Lo , also depend on v but
the assumptions of (69) hold uniformly with respect to v.

Let 8 € (1,3/2) and 6 > 0 be fixed constants satisfying (89). We set

- _ 0 .
55,9,6 = {X c (0,6 3/4] | |X'u§ — ]{?ﬂ'l > ]_,6 V(],k’) € N x Z}

We are now able to state and prove the main result of this paper.

Theorem 1. Let f(z) and g(x) be C'—functions for which H1) and H2) are
satisfied. Then let § € (1,3/2) and 0 > 0 be fived constants satisfying (89), N >0
be a given constant and 5 be the exponent of the dzchotomy of system (18) with

A(t) defined as in (17) Then there exist eg > 0, Ty > 0, Ty < €o o to > 0 and
a positive constant C1 > 0 such that for any (e, 1) € (0,0) X (—po, o), for any
T e [TO, _1/4] such that % € Sg 0.e and any C', 2T —periodic function h(z,t)
such that h(x,—t) = h(z,t) with ||h||so, [[Pt]lcc < N, equation (1) has a unique
weak Q—JTgfperiodic solution u(x,t) such that

w(z, vet) = y1(t) + T1(t) + V3(2x — 1) (y2(t) + Do (b)) + 2(z, 1)

with z(x,t) = Z] 12w, (x), and

21l + llyll < Ci(lul + exp(=0T) + VZ) (72)

Moreover
e 12(, )|z = Vao(|ul + exp(=0T) + VE) (73)
where the norms ||z|| and ||y|| are defined at the beginning of this section, || - |2

is the usual integral norm on L?([0,1]), a is the diameter of the support of ¢ and
o(Ju| + exp(—0T) + /) is independent of a.

Proof. We want to apply Lemma 3 to our situation, but we need to introduce an
extra parameter 7 € (0,1] to control T. Hence we set o = /&, 7 = exp(—9T),
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v= (1), IV = ||(s, 7)|| = || +|7]|, and redefine the operators F;, L;. fori = 1,2
and L making the dependence on 7 explicit. We set (see (32))

~ 0 )
Sho = {x>0| xp2 — k| > 5 0.k eNxZ}.
Then we put

A 1 ~
0= {(y,a) € R?x(0,1) ‘ lu| <1, exp(=do~Y2) <7 <75, — (?T € Sﬁyg} (74)
o

where 19 = exp(—STo) and T} is from Lemma 2, and we now suppose Ty > 1. Note

1/4

that conditions Te/* <1 and T > T} are equivalent to exp(—sa_l/Z) <7 < 719,

while condition _1%- € Spp is equivalent to T/y/z € Sp4. Because of Sgg. =
5[3,9 N (0,e73/4], then under the assumptions of Theorem 1, from (88) and (89) of
Appendix 2, we see that (0,0,0) € O (see also Remark 2 below).

Next, as we have already observed, searching for a weak %—periodic solution

of (1) is equivalent to the search for a solution of (4) such that u(x, —T") = u(z,T).
Writing u(z,t) = (y1(¢t) +T1(¢))w—_1(x) + (y2(t) + T2 (t))wo () + z(z, t), with z(x,t)
as in (20)-(21), we see that u(x,t) is a 2T —periodic solution of (4) if and only if
(z(x,t),y(t)) € Z x Y, where y(t) = (y1(t), y2(t)), is a fixed point of the system:

z2=F1(y,z,v,T,e) + L1 (y) + Loc(2) (75)
Yy = fQ(y727V7T7€) +sz
that satisfies also
y(07) =y(07), 3(0")=45(0") (76)

Indeed, the first equation of (75) comes from (21) and (57), while the second one
is derived from (20), (63) and (64). First we prove that (75) has a unique solution
in Z x Y whose y—component may have a possible jump at t = 0. Observe that,
from Holder’s inequality, we have

a 11/2
1=l < llell [/ ds} < Valloll..

Hence

sup [2( )2 = [lz[llellz* < Vallz]. (77)
te[—T;T)

Owing to Propositions 2 and 3 we see that the assumptions of Lemma 3 are satisfied
with
C = max{k,Ck,2CN}

and
Ap,v,0) = 2CA(p) + kav/a[A(p) + k3]



26 F. Battelli, M. Feckan and M. Franca ZAMP

provided 2@k453/4(kf + ky) + kse'/* = X < 1. Thus according to Lemma 3 there
are vy >, oo > 0 such that for any p, T and ¢ satisfying

il + exp(—6T) < v, VE < g 9
(11, exp(—0T),0) € O, where the set O is defined in (74),

we obtain a unique solution of the fixed point equation (75) such that (72) and
(73) hold, when (72) is derived from (70), and (73) from (71) and (77). Clearly
conditions of (78) are satisfied if

lu| < po = min{%,l}, 0<e<egg:= min{crg,fo_4}
~ In(vp/2) T ~ (79)
To := max {TO, —TO} <T< 5_1/4, % € 58,0,

Consequently, positive constants &, fo and g from the statement of Theorem 1
are established by (79).

We now show that y(t) satisfies (76). We set z(z,t) = z(z,—t) and y(t) =
(y1(=t), =91(=1),y2(—t), —y2(—t)), that is

yi(t) (=)
o= 40 )~ 5 ) e
yz(t) Y2(—1)
Then we have, using (24), (25) and 91 (t) = y1(—t), g2(t) = y2(—t)
y(t) + ADF(E) = —Ty(—t) + A(=t) Jy(=t) = —T[§(—t) + A(=t)y(~1)]
= —JF(=t,y1(=1), y2(=1), [2(-, 1) * ¢1(0), [2(-, =t) * ¢](1), p, €)
(-

= F(t,51(t), 92(t), [2(-,1) * 2](0), [2(-, 1) * ](1), p, €).-

Similarly we see that (Z(z,t),y(t)) satisfies also the second (integral) equation,
that is (Z(x,t),y(t)) is another fixed point of equation (75) that satisfies (72),
(73). Hence
Z($7t) = Z($7 7t)7 and y(t) - ‘]y(it)

In particular:

vit) =y(=t),  v2(t) = ya2(~t) (80)
Now, it is not difficult to verify that

() = (=T1(t) Tu(t) —Ta(t) Ta(h)

is a bounded solution of the adjoint system ¢ — A*(t)y = 0. Hence we can take

P (0) = (*f‘l(o) 0 - fQ(O) 0).
As a consequence:

<p*(0),y(07) = y(07) >= —T'1(0)[y1(0%) — y1(07)] = T2(0) [y2(0F) — y2(07)]
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and then, using (80) we get

<9(0),y(07) —y(07) >= — < ¥"(0),y(07) —y(07) >
that is < ¢*(0),y(0") —y(07) >= 0. Thus y(07) = y(0~) (see (61)-(62)). This
concludes the proof of Theorem 1. O

Remark 2. The period T satisfies conditions of Theorem 1 if T' € Sy . where:

Soe = (\@55/4,9,573/4) N [T0,5_1/4}

where aB = {ab | b € B} for any a € R and B C R.
From (88) in Appendix A2 we get

10
liminf[m(Sp 0 )e'/4] > 1 — —0.
im inflm(Sp,.c)e™"] 21— —
So for 0 < 6 < 7/10 the set of those T € [Ty, e~ /4] satisfying the assumptions of

Theorem 1, has a positive measure. Hence, for any ¢ > 0 sufficiently small, there
isaT € Sp.N[L(1-2100)c /4 e-1/4).

Remark 3. In particular, when h(x,t) = 0, Theorem 1 gives the existence of
several layers of free symmetric weak periodic vibrations of (1) for any small ¢ >
0. Note that in this case the parameter p does not play any role, so it can be
chosen p = 0. Accumulation of periodic orbits on homoclinic and heteroclinic
cycles to hyperbolic equilibria for reversible ordinary differential equations is also
studied in [16]. Here we deal with the partial differential equation (1) possessing
an infinite dimensional center part and a symmetric homoclinic solution in the
first two modes.

5. Appendix 1: Numerical approximations of the eigenvalues

By following [2] and [9], we have

cos g cosh g = 1.

Then we get cos uy = coslll e Numerically we find p; = 4.73004075.
Moreover, 0 < pu1 < po < --- and so coshpu; < coshpus < ---. Since pp ~

m(2k + 1)/2 and cos(w(2k + 1)/2) = 0, we get

< Qe Hk
cosh g —

|sin Oy - |pux — m(2k + 1) /2| = | cos pg, — cos(w(2k +1)/2)| =

for a 0y € (ux, m(2k +1)/2). But we have

1> |sin | = /1 — cos? g, > /1 — cos? p; = 0.999844212
since
1 1
<
cosh ur — cosh pq

0 < cospug = = COS 4] -
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Figure 1. The graphs of functions y = cosz and y = sech x.

Next, we can easily see (cf. Fig. 1) that in fact (4k — D)7/2 < pog—1, por <
(4k + 1)w/2 and function cosx is positive on intervals (ug,7(2k 4+ 1)/2) for any
k € N. So function sinz is increasing on these intervals, and it is positive on
por < (4k + 1)7/2 and negative on (4k — 1)7/2 < pog—1. From these arguments
we deduce

| sin 6| > |sin pg| > |sin pq| = 0.9998444212 .

This gives
Lk — m(2k +1)/2] < ————e "1 = 0.017654973.
| sin g |
So we obtain
2k +1
[, > % —0.017654973 > k .
Finally, we obtain
2 T
—m(2k+1)/2| < — e Mt < TR < ete 81
[ ( )2l = | sin p1q] | sin py | -4 (81)

for ¢ = 2.546875863 < 2.6.

6. Appendix 2: Diophantine approximations of the eigenvalues

We observe that from (81) we have

Wi > gm > j. (82)
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Next, for y > 0 we have

2
‘%x@j 1) = | (2 g xr? > [ — | >

(83)

T (2j+1)%—kn

2
5

— X (2j + D)rj — xr5 .

Lemma Al. If0 < 8 <1 then for almost all x > 0 and each n € N there are
infinitely many j, k € N such that

1
x5 = km| < P (84)

Proof. We know [14] that for almost all x > 0 and each n € N there are infinitely
many j,k € N such that

4 X | = onj8
Then from (83) we get
1 s . L 1 Ky 1
2 - —J7 2 —297 ﬁX
2 _ k| < —— + (25 + 1)ce ™ —J<(__)_
XK 7r|_2njﬁ+4x(g+ e R T s =)
for )
Kﬁ = sup 7T_{4(2j + 1)Ce*j7l'jl+5 + C2€72jﬂ—jl+ﬁ} .
jeN 16
Hence for such j that
2xnKg < j (86)

we obtain (84). We note that there are infinitely many j,k € N satisfying both
(85) and (86). The proof is finished. O

Lemma A2. If3>1,0< 60 < m and T* > 0 then the Lebesque measure of the
set Sz, of all x > 0 satisfying x < T™ and

0
s — k| > =5 V(i k) €N X Z (87)

has an estimate

203 40*(B+1)

T > S D >T(1 — — .
> m(Spor-) 2 ( w(ﬂfl)) (28 +1)

Proof. 1If k € Z is negative (87) is trivially satisfied since 0 < 6 < 7. Thus we

assume k € Z, k > 0. Next, if x ¢ S ¢ - then there are (jo, ko) € N x Z, kg > 0,

such that

0
X115, — ko] < —5
Jo
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which implies

kom 0 ko 0
and T2
%<i%+—£@.
TJo ™

Hence, using also u; > j:

J

iB 26,2
en Jjrm ™ e TIT G
262 1 20T 1
< TZ]-—zm t— Zj_,@
JjEN jEN

IN

207 < 1 20T* > 1
T(1+/1 Wdl‘)—‘r = (1+/1 x—ﬁdx)
462(B+1) | 20T*B

T(268+1)  w(B-1)

The proof is finished.

From Lemma A2 we obtain
lim inf 7m(5579,T*) >1- —296 .
T*—+o00 T* m(0—1)
So for a given 3 > 1, we take 6 € (0, 7) such that

m(B-1)
O<9<—§E—.

ZAMP

(83)

(89)

Finally, we note that Lemma A1 implies that, for 0 < 5 < 1 and almost all x > 0,
there is no @ > 0 such that (87) holds. This is the reason why we include Lemma
A1 in this paper. Since according to its statement, we necessarily have to suppose
B > 1 in order to get Sggr- # 0. Moreover, we do not know in general the
structure of the set Sg g 7+ also if it is nonempty. On the other hand, for 8 = 0,
we can construct such a y that (87) holds. We take x = i—g for p,q € N with ¢

odd and (p,q) = 1. Then from (83) we obtain

2q o q . 2 ‘ ‘J( . —j 2 —2j
2 knl >l (2 + 1) — k| — m— (4(2) 4+ 1)ce ™ + Jﬂ)
‘ % k‘ ‘2(] ) —k 3 (25 + 1)ce ce

> —(4—q®(y

for . .
D(5) = 4(2) + 1)ce ™™ 4 P20,

Since 3®(j) < 3.9985175 for any j € N, we can take xy = i—g for p e Nwithg=1,3
and (p,q) = 1 for which (87) holds with 5 =0 and 6 = 0.000582137/p.
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